Isoperimetric Functions of Amalgamations of Nilpotent Groups

Christian Hidber

TR-98-001

January 1998

Abstract We consider amalgamations of finitely generated nilpotent groups of class c. We show that doubles satisfy a polynomial isoperimetric inequality of degree 2c^2. Generalising doubles we introduce non-twisted amalgamations and we show that they satisfy a polynomial isoperimetric inequality as well. We give a sufficient condition for amalgamations along abelian subgroups to be non-twisted and thereby to satisfy a polynomial isoperimetric inequality. We conclude by giving an example of a twisted amalgamation along an abelian subgroup having an exponential isoperimetric function.

1 Introduction

1.1 Isoperimetric Functions

The isoperimetric function of a finitely presented group G limits the number of defining relators needed to show that a word represents the identity in G. Hence the isoperimetric function is a measure for the complexity of the word problem. Suppose G = F/R where F is a free group freely generated by the finite set F and R is the normal closure of a finite set of relators R ⊂ F . Thus P = ⟨F | R⟩ is a finite presentation of G. For short we identify words w ∈ F with their residue classes wR ∈ G. A word w is equal to 1 in G if and only if w is freely equal to a word of the form m∏ i=1 u^{−1}_i r^{ϵi}_i u_i with u_i ∈ F, r_i ∈ R and ϵ_i = ±1.

Let Δ_P : R → N be the so-called area function defined by

Δ_P (w) = min{m ∈ N | w = m∏ i=1 u^{−1}_i r^{ϵi}_i u_i for u_i ∈ F, r_i ∈ R, ϵ_i = ±1 }

for a word w ∈ R. We denote by |w| the length of w. Associated with Δ_P is the isoperimetric function Φ_P of the finite presentation P defined by Φ_P (n) = max{Δ_P (w) | w ∈ R and |w| ≤ n}.

A partial ordering ⪯ on functions on the natural numbers is used to compare isoperimetric functions. For f, g : N → N let f ⪯ g if and only if there exists a constant K such that f(n) ≤ Kg(Kn) + Kn for all n ∈ N. Hence we get an equivalence relation ∼= where f ∼= g if and only if f ⪯ g and g ⪯ f. If P and Q are different finite presentations of the same group then Φ_P ∼= Φ_Q, cf. [Alo90]. Any N → N function equivalent to Φ_P is called an isoperimetric function of G, denoted by Φ_G. We say that G satisfies a polynomial isoperimetric inequality of degree k if Φ_G is bounded above by a polynomial of degree k.

We note that all finitely generated nilpotent groups are finitely presented. For a finitely generated free nilpotent group G of class c we have n^{c+1} ⪯ Φ_G by [BMS93, Ger93]. Pittet shows in [Pit95], based on [Gro93, 5.A^′_2], that Φ_G ⪯ n^{c+1}. Hence the isoperimetric function of a free nilpotent group of class c is equivalent to n^{c+1}. For an arbitrary finitely generated nilpotent group G of class c we have Φ_G ⪯ n^{2c}, cf. [Hid97].

1.2 Isoperimetric Functions of Amalgamations

Let G_i for i = 1, 2 be a group finitely presented by P_i = ⟨F_i | R_i⟩, H_i a subgroup of G_i generated by E = F_1 ∩ F_2 and let the canonical map w → w with w ∈ E be an isomorphism between H_1 and H_2. The group given by the finite presentation P = ⟨F_1 ∪ F_2 | R_1 ∪ R_2⟩ is called the generalised free product of G_1 and G_2 amalgamating

H_1 and H_2 or an amalgamation of G_1 and G_2 along H and is denoted by G_1 ∗_H G_2 with H ∼= H_1 ∼= H_2.

Let G = G_1 ∗_H G_2. The following results are contained in [BGSS91]: If G_1, G_2 are abelian then Φ_G ⪯ n^2. If G_1, G_2 are automatic then G is asynchronously automatic and thus Φ_G ⪯ 2^n. If G_1, G_2 are free and H is cyclic then G is automatic and thus Φ_G ⪯ n^2.

If H is finite then Φ_G ⪯ Φ̄_{G1} + Φ̄_{G2} , where Φ̄_{Gi} is the superadditive closure of Φ_{Gi} , cf. [Bri93].

Let P = ⟨F | R⟩ be a finite presentation for a group G and H a subgroup of G generated by E ⊆ F. Let w be a word in the generators F representing an element in H and ρ(w) a word of minimal length in the generators E such that ρ(w) =_G w. The function δ_{H,G}(n) defined by the maximum of |ρ(w)| over all w ∈ H in the generators F of length ≤ n is called the distortion of H in G. In analogy to the isoperimetric function, the distortion does not depend up to ∼=-equivalence on the presentation P , cf. [Far94].

The following results are contained in [Hid97]: Let G_i for i = 1, 2 be a finitely presented group satisfying a polynomial isoperimetric inequality, H a finitely generated subgroup of G_i and G = G_1 ∗_H G_2. If H is linearly distorted then Φ_G ⪯ 2^n. If H is normal and at most exponentially distorted in G then Φ_G ⪯ 2^n. If H is central and at most polynomially distorted in G_i then G satisfies a polynomial isoperimetric inequality. In general, if H is at most polynomially distorted then Φ_G ⪯ 2^{(2n)}. Thus any amalgamation G = G_1 ∗_H G_2 of finitely generated nilpotent groups satisfies a double exponential isoperimetric inequality. However, if G_i is torsionfree and H cyclic, then G satisfies a polynomial isoperimetric inequality of degree 4c^2. Our goal is to lower the double exponential upper bound for Φ_G to a polynomial upper bound for the case where G is a double, a non-twisted amalgamation or an amalgamation along a suitable abelian subgroup.

1.3 Rewriting Process

Let G be a finitely presented group, H a finitely presented subgroup of G and w a word of length n equal to 1 in G. Suppose that we already know Φ_H or an upper bound thereof. To compute an upper bound for Φ_G we use the following approach: We rewrite w to a word ρ(w) in the generators of H. We then compute an upper bound Φ_ρ(n) for the number of relators needed to rewrite w to ρ(w) and an upper bound δ_ρ(n) for the length of ρ(w). Since ρ(w) =_G w the word ρ(w) is equal to 1 in H as well. The area of ρ(w) is bounded above by Φ_H (δ_ρ(n)). Therefore the area of w is bounded above by Φ_H (δ_ρ(n)) plus the number of relators needed to rewrite w to ρ(w). Hence Φ_H (δ_ρ(n)) + Φ_ρ(n) is an upper bound for the isoperimetric function of G. Let P = ⟨F | R⟩ be a finite presentation of the group G, F the free group freely generated by F and H a finitely generated subgroup of G. We may assume, without loss of generality, that H is generated by a subset E ⊂ F. Let E be the subgroup of F generated by E. A rewriting process ρ from G to H relative to P , E is a partial map F^ρ→ E defined on all words w ∈ H such that ρ(w) =_G w and ρ(1) = 1. In general ρ is not a homomorphism. Define δ_ρ(n) by the maximal length of ρ(w) for all w ∈ H with |w| ≤ n. We call δ_ρ the distortion of the rewriting process ρ. In analogy to Φ_P , we define Φ_ρ(n) to be the function defined by max{Δ_P (w^{−1}ρ(w)) | w ∈ H and |w| ≤ n}. We call Φ_ρ the isoperimetric function of the rewriting process ρ.

Let ρ_1 be a rewriting process from G_1 to a subgroup H_1 ⊆ G_1 relative to some finite presentation and finite set of generators. Suppose ψ is a retraction from G_1 to a finitely presented group G_2. There exists a rewriting process ρ_2 from G_2 to H_2 = ψ(H_1) relative to a given finite presentation for G_2 and finite set of generators for H_2 such that δ_{ρ2} ⪯ δ_{ρ1} and Φ_{ρ2} ⪯ Φ_{ρ1} , cf. [Hid97]. Since a group is trivially a retract of itself, upper bounds on the isoperimetric function and the distortion of a rewriting process do not depend up to ∼=-equivalence on a given presentation.

If a rewriting process ρ minimises the word length, i.e. |ρ(w)| = min{|v| for v ∈ E and v =_G w} for all w ∈ H, then δ_ρ is called the distortion of H in G, c.f. section 1.2. Analogously, if ρ minimises the area, i.e. Δ_P (w^{−1}ρ(w)) = min{Δ_P (w^{−1}v) for v ∈ E and v =_G w} for all w ∈ H, then Φ_ρ is called the generalised isoperimetric function of H in G, cf. [Far94].

1.4 Main Results

Let G be a suitable amalgamation G_1 ∗_H G_2 with G_i for i = 1, 2 a finitely presented nilpotent group. Using bracketings introduced in section 2 we construct in section 3 and section 4 a rewriting process ρ from G to H such that ρ has a polynomial upper bound on its distortion and isoperimetric function. Since H is also a nilpotent group, Φ_H has a polynomial upper bound as well. Thus Φ_G(n) ⪯ Φ_ρ(n) + Φ_H (δ_ρ(n)) is then bounded above by a polynomial. However, this rewriting process ρ requires a suitable central series for G_1 and G_2.

Let ι_i : H → G_i be the injection of H in G_i. We call the amalgamation G a double and denote it by G_1 ∗_{H,id} G_2, if and only if G_1 = G_2 and ι_1 = ι_2. In section 5 we show that for doubles suitable central series of the form required by the rewriting process ρ in section 4 exist. Thereby we get:

Theorem 2 Let G be a double of a finitely generated nilpotent group of class c. Then Φ_G(n) ⪯ n^{2c2} .

We denote the j-th term of the lower central series of G_i by γ_j G_i. In section 6 we introduce non-twisted amalgamations:

Definition 1 We call an amalgamation G_1 ∗_H G_2 non-twisted if and only if γ_jG_1 ∩ H ⊈ γ_kG_2 implies γ_kG_2 ∩ H ⊆ γ_j G_1 for all j, k ∈ N.

If G_1 ∗_H G_2 is non-twisted then γ_kG_2 ∩ H ⊈ γ_jG_1 also implies γ_j G_1 ∩ H ⊆ γ_kG_2, c.f. lemma 4. We note that doubles are examples of non-twisted amalgamations. We show that if G is non-twisted then there exist central series for G_1 and G_2 of the form required by the rewriting process ρ constructed in section 4. Thereby we get our main result:

Theorem 4 Let G be a non-twisted amalgamation of finitely generated nilpotent groups of class c. Then Φ_G(n) ⪯ n^{2(2c+1)c2} .

In section 7 we focus on amalgamations along abelian subgroups:

Theorem 5 Let G = G_1 ∗_H G_2 be an amalgamation of finitely generated nilpotent groups. Suppose H ⊆ γ_jG_q and H ∩ γ_{j+1}G_q = {1} for some positive integer j and q = 1 or q = 2. Hence H is abelian. Then G is non-twisted and thereby satisfies a polynomial isoperimetric inequality.

We conclude this section by giving an example of a twisted, i.e. not non-twisted, amalgamation along an abelian subgroup having an exponential isoperimetric function:

Theorem 7 Let G_i for i = 1, 2 be the free nilpotent group of class 2 and rank 2. There exists a twisted amalgamation G = G_1 ∗_H G_2 with H abelian, isolated and normal such that Φ_G(n) ∼= 2^n.

2 Bracketings

Given a suitable presentation for an amalgamation, we introduce bracketings for words representing elements in the amalgamated subgroup. We will use bracketings in the following sections to construct rewriting processes from an amalgamation to its amalgamated subgroup.

Let F be the free group freely generated by F_1 ∪F_2. A product of words v_0 · · · v_t ∈ F is called an alternating product if and only if v_j ∈ F_{ij} and v_{j+1} ∉ F_{ij} for 1 ≤ j < t and for t > 0 all v_j are not empty. In this case t is called the number of alternations in v_0 · · · v_t. Clearly any word in F can be written as an alternating product.

Let G = G_1 ∗_H G_2 where G_i for i = 1, 2 is a finitely presented group, and H is a finitely generated subgroup of G_i. Let w = v_0 · · · v_t ∈ H be an alternating product. Thus v_j ∈ H for some j. In the following definition we define a bracketing for w such that any subword of w enclosed by brackets represents an element of H. By lemma 1 a bracketing exists for a word w if and only if w ∈ H.

Definition 2 Suppose G = G_1 ∗_H G_2 where G_i for i = 1, 2 is generated by F_i, and H is a subgroup of G_i. We define bracketings for some words w in the generators F_1 ∪ F_2 by induction on the number t of alternations in w.

1. If t = 0 then (w) is a bracketing for w if and only if w ∈ H. Suppose we have defined bracketings for alternating products with less than t alternations and w = v_0 · · · v_t is an alternating product.

2. If for some j < t the two alternating products v_0 · · · v_j and v_{j+1} · · · v_t have bracketings β_1 and β_2 then β_1 β_2 is a bracketing for w.

3. If w = v_0w_0v_{j1} w_1 · · · v_{jl} w_lv_t ∈ H such that for each w_i (0 ≤ i ≤ l) there exists a bracketing β_i and v_{ji} w_i · · · v_{jk} w_k is not in H for 0 ≤ i ≤ k ≤ l and j_0 = 0 then (v_0β_1v_{j1} · · · v_{jl} β_lv_t) is a bracketing for w.

Lemma 1 [Hid97, section 4] Suppose w ∈ G_1 ∗_H G_2 is a word in the generators of G_1 and G_2. There exists a bracketing for w if and only if w is an element of H.

3 Collection

Let G_1 ∗_H G_2 be an amalgamation of finitely generated nilpotent groups and w ∈ H a word in the generators of G_1 and G_2. To construct in section 4 a rewriting process ρ from G_1 ∗_H G_2 to H we will use rewriting processes ρ_i from the G_i to H for i = 1, 2 and induction on the number of alternations of w. In order to rewrite w to a word in the generators of H, we only have to consider, by section 2, the following three cases: 1) w a word either in the generators of G_1 or a word in the generators of G_2, 2) w = w_1w_2 for some w_1, w_2 ∈ H and 3) w = v_1w_1v_2 · · · w_kv_{k+1} with all w_j ∈ H and all v_j ∈ G_1 or all v_j ∈ G_2. In this section we focus on the last case. Let all v_j ∈ G_i. Based on lemma 2 we construct in lemma 3 a word x in the generators of G_i such that w = v_1w_1v_2 · · · w_kv_{k+1} =_G w_1w_2 · · · w_kxv_{k+1}, i.e. we collect the subwords w_j to the left. We then derive upper bounds on the length of x and the area of w^{−1}w_1w_2 · · · w_kxv_{k+1}.

For convenience we introduce the following convention: For a finite presentation P = ⟨F | R⟩ we denote by F the free group freely generated by F and by R the normal closure of R in F . Analogously, if E is a subset of F we denote by E the subgroup of F generated by E. If U is a set of words we denote by U^{±1} the set {u, u^{−1} | u ∈ U}. For a word w ∈ F we denote the number of letters in E by |w|_E and call it the relative length of w with respect to E. For words v, w ∈ F we denote by [v, w] the commutator v^{−1}w^{−1}vw. Let P = ⟨F | R⟩ be a finite presentation for a group G and w, v words in the generators F. By w = v we denote equality in the word-monoid generated by F, by w =_F v equality in the free group F and by w =_G v equality in G.

Let m_j for j = 1, . . . , d be non-negative integers. By ∑ ∑_d r=1 rpr≤j m^{p1}_1 · · · m^{pd}_d we denote the finite sum of m^{p1}_1 · · · m^{pd}_d over all d-tuples (p_1, . . . , p_d) of non-negative integers p_r such that ∑d r=1 r p_r ≤ j. Lemma 2 Let G be a nilpotent group finitely presented by P = ⟨F | R⟩ and G = N_1 ⊇ N_2 ⊇ . . . ⊇ N_d ⊇ N_{d+1} = {1} a central series of G such that [N_i, N_j] ⊆ N_{i+j} . Suppose F is the disjoint union of N_i for i = 1, . . . , d such that N_i generates N_i. There exists a map η : F × F → F and a positive integer D such that η(e, w) =_G w^{−1}ew and η(e, w) ∈ F_i for e ∈ N_i, w ∈ F . Moreover, η(e, w) satisfies the following inequalities |η(e, w)|_{Nj} ≤ D^{j−i} ∑ ∑_j r=1 rpr≤j−i n^{p1}_1 · · · n^{pd}_d (1) Δ_P (w^{−1}e^{−1}wη(e, w)) ≤ D^{2d−i} ∑ ∑_j r=1 rpr≤2d−i n^{p1}_1 · · · n^{pd}_d (2)

with n_j = |w|_{Nj} for j = 1, . . . , d.

Proof: Let w ∈ F , n = |w| and e ∈ F^{±1}. We define η(e, w) by induction on n. For n = 0 we have w = 1. Hence we define η(e, 1) by e.

Suppose n > 0 and η is defined for all words of length < n. Let w ∈ F such that |w| = n. Let e ∈ N_i, w = fv with f ∈ N_k and v ∈ F . Let u_{e,f} = g_1 · · · g_t with g_s ∈ N_{i+k} for s = 1, . . . , t. By the induction hypothesis we have w^{−1}ew =_F v^{−1}ee^{−1}f^{−1}efv =_G v^{−1}eu_{e,f} v = v^{−1}eg_1 · · · g_tv =_G η(e, v)η(g_1, v) · · · η(g_t, v). We define η(e, w) by η(e, v)η(g_1, v) · · · η(g_t, v). Since [N_i, N_j] ⊆ N_{i+j} there exists, for any letter e ∈ N_i and f ∈ N_k, a word u_{e,f} in the generators N_{i+k} such that u_{e,f} =_G [e, f]. Let D be a positive integer such that |u_{e,f} | and Δ_P ([e, f]^{−1}u_{e,f} ) ≤ D for all e,f ∈ F^{±1}. We prove the inequalities (1) and (2) by induction on n.

For n = 0 the inequalities hold.

Suppose n > 0 and the inequalities hold for all words v of length < n. Let e ∈ N^{±1}_i , w ∈ F and f ∈ N^{±1}_k such that |w| = n and w = fv. Let u_{e,f} = g_1 · · · g_t with g_s ∈ N^{±1}_{i+k} for s = 1, . . . , t. By the definition of η(e, w) we have |η(e, w)|_{Nj} = |η(e, fv)|_{Nj} ≤ |η(e, v)|_{Nj} + ∑t s=1 |η(g_s, v)|_{Nj} . Let n_j = |w|_{Nj} for j = 1, . . . , d. Since |v|_{Nk} = n_k − 1 and |v|_{Nj} = n_j for j ≠ k we get by e ∈ N_i, g_s ∈ N_{i+k} and the induction hypothesis |η(e, w)|_{Nj} ≤ D^{j−i} ∑ ∑_d r=1 rpr≤j−i n^{p1}_1 · · · n^{pk}�^1_{k−1} (n_k − 1)^{pk} n^{pk+1}_{k+1} · · · n^{pd}_d +

D^{j−i−k} t∑ s=1 ∑ ∑_d r=1 rqr≤j−i−k n^{q1}_1 · · · (n_k − 1)^{qk} · · · n^{qd}_d .

Since t ≤ D and k ≥ 1 we have D^{j−i−k} t∑ s=1 ∑ ∑_d r=1 rqr≤j−i−k n^{q1}_1 · · · (n_k − 1)^{qk} · · · n^{qd}_d ≤ D^{j−i} ∑ ∑_d r=1 rqr ˇj�i q_k≥1 n^{q1}_1 · · · (n_k − 1)^{qk−1} · · · n^{qd}_d (3)

because if a d-tupel (q_1, . . . , q_d) satisfies ∑d r=1 rq_r ≤ j−i−k then (q_1, . . . , q_k +1, . . . , q_d) satisfies ∑d r=1 rq_r ≤ j − i. Thus we get |η(e, w)|_{Nj} ≤ D^{j−i} ∑ ∑_d r=1 rprˇj�i p_k=0

n^{p1}_1 · · · (n_k − 1)^{pk} · · · n^{pd}_d +

D^{j−i}(n_k − 1) ∑ ∑_d r=1 rprˇj�i p_k≥1 n^{p1}_1 · · · (n_k − 1)^{pk−1} · · · n^{pd}_d +

D^{j−i} ∑ ∑_d r=1 rqr ˇj�i q_k≥1 n^{q1}_1 · · · (n_k − 1)^{qk −1} · · · n^{qd}_d

≤ D^{j−i} ∑ ∑_d r=1 rpr≤j−i n^{q1}_1 · · · n^{pk}_k · · · n^{pd}_d .

Hence inequality (1) holds.

We note that if x^{−1}yx =_G 1 then Δ_P (x^{−1}yx) = Δ_P (y) and if xy =_G 1 =_G y^{−1}z then Δ_P (xz) ≤ Δ_P (xy) + Δ_P (y^{−1}z). As above, let η(e, w) = g_1 · · · g_t =_G w^{−1}ew with g_s ∈ N^{±1}_{i+k} for s = 1, . . . , t and t ≤ D. Thus we get Δ_P (w^{−1}e^{−1}wη(e, w))

≤ Δ_P (v^{−1}f^{−1}e^{−1}feu_{e,f} v) + Δ_P (v^{−1}u^{−1}_{e,f} e^{−1}vη(e, w)) ≤ D + Δ_P (v^{−1}g^{−1}_t · · · g^{−1}_1 e^{−1}vη(e, v)η(g_1, v) · · · η(g_t, v)) ≤ D + Δ_P (v^{−1}g^{−1}_t · · · g^{−1}_1 vv^{−1}e^{−1}vη(e, v)v^{−1}g_1 · · · g_tv) + Δ_P (v^{−1}g^{−1}_t · · · g^{−1}_1 vη(g_1, v) · · · η(g_t, v)).

Since η(g_s, v) =_G v^{−1}g_sv we get

Δ_P (w^{−1}e^{−1}wη(e, w)) ≤ +Δ_P (v^{−1}e^{−1}vη(e, v)) + ∑t s=1 Δ_P (v^{−1}g^{−1}_s vη(g_s, v)).

Because |v|_{Nk} = n_k − 1 and |v|_{Nj} = n_j for j ≠ k we get by the induction hypothesis Δ_P (w^{−1}e^{−1}wη(e, w)) ≤ D + D^{2d−i} ∑ ∑_d r=1 rpr≤2d−i n^{p1}_1 · · · (n_k − 1)^{pk} · · · n^{pd}_d +

D^{2d−i−k} t∑ s=1 ∑ ∑_d r=1 rqr≤2d−i−k n^{q1}_1 · · · (n_k − 1)^{qk} · · · n^{qd}_d .

By t ≤ D we get as in (3) Δ_P (w^{−1}e^{−1}wη(e, w)) ≤ D + D^{2d−i} ∑ ∑_d r=1 rpr ˇ2d�i p_k=0

n^{p1}_1 · · · (n_k − 1)^{pk} · · · n^{pd}_d +

D^{2d−i}(n_k − 1) ∑ ∑_d r=1 rpr ˇ2d�i p_k≥1 n^{p1}_1 · · · (n_k − 1)^{pk−1} · · · n^{pd}_d +

D^{2d−i} ∑ ∑_d r=1 rqr ˇ2d�i q_k≥1 n^{q1}_1 · · · (n_k − 1)^{qk−1} · · · n^{qd}_d

≤ D^{2d−i} ∑ ∑_d r=1 rpr≤2d−i n^{q1}_1 · · · n^{pk}_k · · · n^{pd}_d .

Hence inequality (2) holds as well. 2 Lemma 3 Let G be a nilpotent group finitely presented by P = ⟨F | R⟩ and G = N_1 ⊇ N_2 ⊇ . . . ⊇ N_d ⊇ N_{d+1} = {1} a central series of G such that [N_i, N_j] ⊆ N_{i+j} . Suppose F is the disjoint union of N_i for i = 1, . . . , d such that N_i generates N_i. For s = 1, . . . , t let v_s be a word in the generators N_1, n = ∑t s=1 |v_s| and w_s ∈ F such that ∑t s=1 |w_s|_{Nj} ≤ m^j for a positive integer m. There exists a word x ∈ F such that w_1w_2 · · · w_tx =_G v_1w_1v_2w_2 . . . v_tw_t, |x|_{Nj} ≤ K_j n m^{j−1} and (4) Δ_P ((v_1w_1 · · · v_tw_t)^{−1}w_1 · · · w_tx) ≤ A n m^{2d−1} (5) with A and K_j for j = 1, . . . , d suitable positive integers.

Proof: By lemma 2 there exists a map η : N_1 × F → F and a positive integer D such that η(v, w) =_G w^{−1}vw for v a word in the generators N_1, w ∈ F and |η(v, w)|_{Nj} ≤ |v|D^{j−1} ∑ ∑_j r=1 rpr≤j−1 |w|^{p1}_{N1} · · · |w|^{pd}_{Nd} , (6)

Δ_P (w^{−1}v^{−1}wη(v, w)) ≤ |v|D^{2d−1} ∑ ∑_j r=1 rpr≤2d−1 |w|^{p1}_{N1} · · · |w|^{pd}_{Nd} . (7) Let v_s for s = 1, . . . , t be a word in the generators N_1, n = ∑t s=1 |v_s| and w_s ∈ F such that ∑t s=1 |w_s|_{Nj} ≤ m^j for a positive integer m. By induction on t we define a word x such that (4) holds.

For t = 1 we define x by η(v_1, w_1) since v_1w_1 =_G w_1η(v_1, w_1).

Suppose t > 1 and a word y ∈ F exists such that w_2w_3 · · · w_ty =_G v_2w_2v_3w_3 . . . v_tw_t and y satisfies (4). Hence v_1w_1v_2w_2 · · · v_tw_t =_G v_1w_1w_2w_3 · · · w_ty =_G w_1w_2 · · · w_tη(v_1, w_1w_2 · · · w_t)y.

We define x by η(v_1, w_1w_2 · · · w_t)y.

We prove inequality (4) by induction on t. For t = 1 inequality (6) yields |x|_{Nj} = |η(v_1, w_1)|_{Nj} ≤ nD^{j−1} ∑ ∑_j r=1 rpr≤j−1 m^{1·p1} · · · m^{d·pd} ≤ nD^{j−1} ∑ ∑_j r=1 rpr≤j−1 m^{j−1} ≤ D^{j−1}j^{j−1}nm^{j−1}. We define K_j by D^{j−1}j^{j−1}. Thus inequality (4) holds for t = 1.

Suppose t > 1 and (4) holds for y. By |w_1w_2 · · · w_t|_{Nj} ≤ m^j and inequality (6) we get |x|_{Nj} ≤ |η(v_1, w_1w_2 · · · w_t)|_{Nj} + |y|_{Nj} ≤ |v_1|D^{j−1} ∑ ∑_j r=1 rpr≤j−1 m^{1·p1} · · · m^{d·pd} + K_j(n − |v_1|)m^{j−1} ≤ |v_1|D^{j−1} ∑ ∑_j r=1 rpr≤j−1 m^{j−1} + K_j (n − |v_1|)m^{j−1} ≤ |v_1|D^{j−1}j^{j−1}m^{j−1} + K_j(n − |v_1|)m^{j−1} ≤ K_j n m^{j−1}. Thus inequality (4) holds.

We prove inequality (5) by induction on t. Let A = D^{2d−1}(2d)^{2d−1}. For t = 1 inequality (5) holds by (7). Suppose t > 1 and (5) holds for y. Since

Δ_P ((v_1w_1v_2w_2 · · · v_tw_t)^{−1}w_1w_2 · · · w_tx) ≤ Δ_P ((v_1w_1v_2w_2 · · · v_tw_t)^{−1}v_1w_1w_2w_3 · · · w_ty) + Δ_P ((v_1w_1w_2w_3 · · · w_ty)^{−1}w_1w_2 · · · w_tη(v_1, w_1w_2 · · · w_t)y) ≤ Δ_P ((v_2w_2v_3w_3 · · · v_tw_t)^{−1}w_2w_3 · · · w_ty) + Δ_P ((w_1w_2 · · · w_t)^{−1}v^{−1}_1 w_1w_2w_3 · · · w_tη(v_1, w_1w_2 · · · w_t)) we get by the induction hypothesis and (7)

Δ_P ((v_1w_1v_2w_2 · · · v_tw_t)^{−1}w_1w_2 · · · w_tx) ≤ A(n − |v_1|)m^{2d−1} + A|v_1|m^{2d−1} ≤ A n m^{2d−1}. Hence inequality (5) holds as well. 2

4 Rewriting along a Central Series

Let G = G_1 ∗_H G_2 be an amalgamation of finitely presented nilpotent groups. Suppose there exists a central series N_{i,j} for i = 1, 2 of length < d for G_i such that N_{1,j} ∩ H = N_{2,j} ∩ H and [N_{i,r}, N_{i,s}] ⊆ N_{i,r+s} (8) for all positive integers r and s. The goal of this section is to construct in proposition 1 a rewriting process ρ from G to H and to derive upper bounds on the distortion and the isoperimetric function of ρ. We show in the following sections that central series of the form (8) exist for doubles, non-twisted amalgamations and some amalgamations along abelian subgroups.

We give an outline of the construction of ρ: Let P_i = ⟨F_i | R_i⟩ be a finite presentation for G_i of the following form (see the figure below): F_i is the disjoint union of N_{i,j} for j = 1, . . . , d such that N_{i,j} generates N_{i,j}. Since N_{1,j} ∩ H = N_{2,j} ∩ H each N_{i,j} contains a subset E_j generating H ∩ N_{i,j} and E = ⋃d j=1 E_j generates H. Fi N_{i,1} E_1 N_{i,j} E_j N_{i,d} E_d Hence there exits a finite presentation P = ⟨F | R⟩ for G with F = F_1 ∪ F_2, R = R_1 ∪ R_2 such that E = F_1 ∩ F_2 and E_j = N_{1,j} ∩ N_{2,j}. Let ρ_i be a rewriting process from G_i to H relative to P_i, E. Let w ∈ F represent an element in H. Using ρ_i we construct ρ(w), our rewriting process ρ from G to H relative to P , E, by induction on the number of alternations of w.

Suppose w has no alternations: Thus w is an element of F_i for i = 1 or i = 2. We define ρ(w) as ρ_i(w), an element in E.

Suppose w has t ≥ 1 alternations: Since w represents an element in H there exists by section 2, lemma 1 a bracketing β for w. If β is of the form β_1β_2, then w = w_1w_2 with w_1, w_2 representing words in H having < t alternations. Hence we define ρ(w) as ρ(w_1)ρ(w_2) by the induction hypothesis. If β is of the form (v_1β_1v_2 · · · β_kv_{k+1}), then w = v_1w_1v_2 · · · w_kv_{k+1} with all v_j ∈ F_1 or all v_j ∈ F_2 and all w_j ∈ H having < t alternations. Let all v_j ∈ F_i. By section 3, lemma 3 there exists a word x ∈ F_i such that w =_G w_1w_2 · · · w_kxv_{k+1}. Since all w_j represent elements in H, the word xv_{k+1} ∈ F_i is also an element of H. We define ρ(w) as ρ(w_1)ρ(w_2) · · · ρ(w_k)ρ_i(xv_{k+1}), a word in the generators of H. To compute upper bounds on the distortion and the isoperimetric function of ρ we use the corresponding upper bounds on x given by lemma 3 and on ρ_i given by the following theorem. It is crucial for the proof of proposition 1 to express these upper bounds in terms of | · |_{Ni,j} , the relative length with respect to N_{i,j}, and not in the full wordlength | · |.

Theorem 1 [Hid97, Section 3.2] Let G be a finitely presented nilpotent group, H a subgroup of G and let G = N_1 ⊇ N_2 ⊇ . . . ⊇ N_d ⊇ N_{d+1} = {1} be a central series of G such that [N_r, N_s] ⊆ N_{r+s} for all positive integers r and s.

• There exists a finite presentation P = ⟨F | R⟩ for G such that F is the disjoint union of N_j for j = 1, . . . , d and N_j generates N_j . Each N_j contains a subset E_j, which generates H ∩ N_j.

• Let E = ⋃d j=1 E_j . Thus E generates H. There exists a rewriting process ρ from G to H relative to P , E and a positive integer K such that for j = 1, . . . , d |ρ(w)|_{Nj} ≤ K ∑ ∑_d r=1 rpr≤j n^{p1}_1 · · · n^{pd}_d (9)

and Δ_P (w^{−1}ρ(w)) ≤ K ∑ ∑_d r=1 rpr≤2d n^{p1}_1 · · · n^{pd}_d (10)

with w ∈ H and n_j = ∑j k=1 |w|_{Nk} . Remark 1 We note that for G a finitely generated nilpotent group of class c theorem 1 implies Φ_G(n) ⪯ n^{2c}: Let N_j = γ_j G for j = 1, . . . , c + 1. Hence N_{c+1} = {1} and [N_r, N_s] ⊆ N_{r+s} for all r and s. By theorem 1 there exists a rewriting process ρ from G to {1} with respect to some finite presentation P such that

Δ_P (w^{−1}ρ(w)) ≤ K ∑ ∑_c r=1 rpr≤2c n^{p1} · · · n^{pc}

for all words w =_G 1, n = |w| and some constant K. Hence Δ_P (w^{−1}ρ(w)) ≤ KLn^{2c} for some constant L, yielding Φ_G(n) ⪯ n^{2c}, c.f. [Hid97].

Proposition 1 Let G = G_1∗_H G_2 where G_i for i = 1, 2 is a finitely presented nilpotent group and H a subgroup of G_i. Suppose G_i = N_{i,1} ⊇ N_{i,2} ⊇ . . . ⊇ N_{i,d} ⊇ N_{d+1} = {1} a central series of G_i such that [N_{i,r}, N_{i,s}] ⊆ N_{i,r+s} and N_{1,j} ∩ H = N_{2,j} ∩ H for j, r, s = 1, . . . , d. There exists a rewriting process ρ from G to H such that δ_ρ(n) ⪯ n^d and Φ_ρ(n) ⪯ n^{2d+1}.

Proof: Let P_i = ⟨F_i | R_i⟩ for i = 1, 2 be the finite presentation for G_i given by theorem 1. Let P = ⟨F | R⟩ with F = F_1 ∪ F_2, R = R_1 ∪ R_2 be a finite presentation for G such that E = F_1 ∩ F_2 generates H. Since N_{1,j} ∩ H = N_{2,j} ∩ H we may assume, without loss of generality, that E_j = N_{1,j} ∩ N_{2,j} generates N_{1,j} ∩ H = N_{2,j} ∩ H and

E = ⋃d j=1 E_j. Let ρ_i be the rewriting process from G_i to H relative to P_i, E given by theorem 1.

Suppose w ∈ H is a word in F and β a bracketing for w. We may assume, without loss of generality, that w is a word in the generators N_{1,1} ∪ N_{2,1}. We define ρ(w) by induction on the number t of alternations in w.

For t = 0 we have β = (w) with w ∈ F_i. We define ρ(w) by ρ_i(w). Suppose t > 0 and ρ is defined for all words with less than t alternations. Suppose β = β_1β_2. Let w = w_1w_2 with β_l for l = 1, . . . , k a bracketing for w_l. We define ρ(w) by ρ(w_1)ρ(w_2).

Suppose β = (v_1β_1 · · · β_kv_{k+1}). Let w = v_1w_1 · · · w_kv_{k+1} with β_l a bracketing for w_l and v_l ∈ N_{i,1}. Because ρ(w_l) are words in E ⊆ F_i, there exists by lemma 3 a word x ∈ F_i such that ρ(w_1) · · · ρ(w_k)x =_G v_1ρ(w_1) · · · v_kρ(w_k). (11)

Hence

w = v_1w_1 · · · w_kv_{k+1} =_G v_1ρ(w_1) · · · v_kρ(w_k)v_{k+1} =_G ρ(w_1) · · · ρ(w_k)xv_{k+1} =_G ρ(w_1) · · · ρ(w_k)ρ_i(xv_{k+1}).

Since xv_{k+1} ∈ H is a word in F_i the rewriting process ρ_i is defined on xv_{k+1}. We define ρ(w) by ρ(w_1) · · · ρ(w_k)ρ_i(xv_{k+1}).

Let w ∈ H be a word in the generators N_{1,1} ∪ N_{2,1}, n = |w| and t the number of alternations in w. By induction on t we prove |ρ(w)|_{Ej} ≤ D^j n^j (12) for a suitable positive integer D. This implies δ_ρ(n) ⪯ n^d, since j ≤ d.

For t = 0 we have w ∈ F_i and ρ(w) = ρ_i(w). Since w is a word in the generators N_{i,1} we have ∑j k=1 |w|_{Ni,k} = n for j = 1, . . . , d. Hence we get by theorem 1, inequality (9) |ρ(w)|_{Ej} = |ρ_i(w)|_{Ej} ≤ L_1 ∑ ∑_j r=1 rpr≤j n^{p1} · · · n^{pj} ≤ L_1 ∑ ∑_j r=1 rpr≤j n^j for some constant L_1.

For any j ≤ d the number of j-tuples (p_1, . . . , p_j) such that ∑j r=1 rp_r ≤ j is bounded above by a constant. Hence there exists a positive integer L_2 such that ∑ ∑_j r=1 rpr≤j n^j ≤ L_2n^j (13)

for all j ≤ d. Let D = L_1L_2L_4 with L_4 a positive integer which we will construct below. Thus |ρ(w)|_{Ej} ≤ L_1L_2n^j ≤ Dn^j and inequality (12) holds for t = 0.

Suppose (12) holds for all words w ∈ H in the generators N_{1,1} ∪ N_{2,1} with less than t alternations. Let w be a word with t ≥ 1 alternations representing an element in H, n = |w| and β a bracketing for w.

If β = β_1β_2 then w = w_1w_2 with w_k ∈ H for k = 1, 2. Hence

|ρ(w)|_{Ej} ≤ |ρ(w_1)|_{Ej} + |ρ(w_2)|_{Ej} ≤ D^j |w_1|^j + D^j |w_2|^j_2 ≤ D^j n^j by the induction hypothesis (12).

If β = (v_1β_1 · · · β_kv_{k+1}) let w = v_1w_1 · · · w_kv_{k+1} such that β_l is a bracketing for w_l. Let m = ∑k l=1 |w_l|. Since w_l ∈ H we have ∑k l=1 |ρ(w_l)|_{Ej} ≤ D^j m^j by the induction hypothesis. Let x ∈ F_i be the word given in (11). By lemma 3 and ∑k l=1 |v_l| ≤ n − m − |v_{k+1}| we have |xv_{k+1}|_{Ni,j} ≤ |x|_{Ni,j} + |v_{k+1}|_{Ni,j} ≤ L_3(n − m − |v_{k+1}|)D^{j−1}m^{j−1} + |v_{k+1}| ≤ L_3D^{j−1} (n − m)m^{j−1} (14) for a suitable positive integer L_3. By ∑j r=1 |xv_{k+1}|_{Ni,r} ≤ jL_3D^{j−1}(n − m)m^{j−1} and (9) we get |ρ_i(xv_{k+1})|_{Ej} ≤ L_1 ∑ ∑_j r=1 rpr≤j j∏ q=1 ( qL_3D^{q−1}(n − m)m^{q−1} )p_q . (15)

By ∑j r=1 rp_r ≤ j ≤ d and m < n we have j∏ q=1 (qL_3)^{pq} ≤ d^dL^d_3 , j∏ q=1 (D^{q−1})^{pq} ≤ D^( ∑_j q=1(q−1)pq) ≤ Dj−1 and

j∏ q=1 (n − m)^{pq} m^{(q−1)pq} ≤ (n − m)^( ∑_j q=1 pq)m( ∑_j q=1 qpq− ∑_j q=1 pq)

≤ (n ∑_j q=1 pq − m ∑_j q=1 pq )m(j− ∑_j q=1 pq) ≤ nj − mj. Let L_4 = d^dL^d_3. Note that L_3 does not depend on x or v_{k+1}. By (15) and (13) we get |ρ_i(xv_{k+1})|_{Ej} ≤ D^{j−1}L_1L_2L_4(n^j − m^j) ≤ D^j (n^j − m^j).

By the definition of ρ, the induction hypothesis and ∑k l=1 D^j |w_l|^j ≤ D^j m^j we get |ρ(w)|_{Ej} ≤ k∑ l=1 |ρ(w_l)|_{Ej} + |ρ(xv_{k+1})|_{Ej} ≤ k∑ l=1 D^j |w_l|^j + D^j (n^j − m^j) ≤ D^j n^j .

Therefore inequality (12) holds.

Let w ∈ H be a word in the generators N_{1,1} ∪ N_{2,1}, n = |w| and t the number of alternations in w. By induction on t we prove

Δ_P (w^{−1}ρ(w)) ≤ A(t + 1)n^{2d} (16) for a suitable positive integer A. By t + 1 ≤ n we then have Φ_ρ(n) ⪯ n^{2d+1}.

For t = 0 we have w ∈ F_i and ρ(w) = ρ_i(w). Since w is a word in the generators N_{i,1} we have ∑j k=1 |w|_{Ni,k} = n for j = 1, . . . , d. By (10) we get

Δ_P (w^{−1}ρ(w)) = Δ_P (w^{−1}ρ_i(w)) ≤ Q_1 ∑ ∑_j r=1 rpr≤2d n^{p1} · · · n^{pd} ≤ Q_1 ∑ ∑_j r=1 rpr≤2d n^{2d} ≤ Q_2n^{2d}

with Q_1, Q_2 suitable positive integers as in (13). Let A = Q_1Q_2Q_3Q^{2d}_4 Q_5 with Q_3, Q_4 and Q_5 positive integers which we will define below. Hence for t = 0 inequality (16) holds.

Suppose (16) holds for all words in the generators N_{1,1} ∪ N_{2,1} representing an element in H with less than t alternations. Let w be a word with t ≥ 1 alternations representing an element in H, n = |w| and β a bracketing for w.

If β = β_1β_2 then w = w_1w_2 with w_k ∈ H for k = 1, 2. Let t_k be the number of alternations in w_k. Hence

Δ_P (w^{−1}ρ(w)) ≤ Δ_P (w^{−1}_1 ρ(w_1)) + Δ_P (w^{−1}_2 ρ(w_2)) ≤ A(t_1 + 1)|w_1|^{2d} + A(t_2 + 1)|w_2|^{2d} ≤ A(t + 1)n^{2d}

by (t_1 + 1) + (t_2 + 1) ≤ t_1 + 1 and the induction hypothesis (12).

If β = (v_1β_1 · · · β_kv_{k+1}) let w = v_1w_1 · · · w_kv_{k+1} such that β_l, for l = 1, . . . , k is a bracketing for w_l. Let m = ∑k l=1 |w_l| and x ∈ F_i the word given in (11). Since ∑k l=1 |ρ(w_l)|_{Ej} ≤ D^j m^j by (12), we get by lemma 3 and ∑k l=1 |v_l| ≤ n − m Δ_P ((v_1ρ(w_1) · · · ρ(w_k)v_{k+1})^{−1}ρ(w_1) · · · ρ(w_k)xv_{k+1}) ≤ Q_3(n − m)m^{2d−1} ≤ Q_3n^{2d} (17)

for a suitable positive integer Q_3. Also by lemma 3 we have ∑j r=1 |xv_{k+1}|_{Ni,r} ≤ Q_4(n − m)m^{j−1} for a suitable positive integer Q_4. Thus we get by m < n and inequality (10) of theorem 1

Δ_P (v^{−1}_{k+1}x^{−1}ρ_i(xv_{k+1})) ≤ Q_1 ∑ ∑_d r=1 rpr≤2d d∏ l=1 (Q_4(n − m)m^{l−1})^{pl} ≤ Q_1 ∑ ∑_d r=1 rpr≤2d Q^{2d}_4 n^{2d} ≤ Q_1Q^{2d}_4 Q_5n^{2d}

for a suitable positive integer Q_5. We note that Q_5 as well as Q_3 and Q_4 do net depend on w. By A = Q_1Q_2Q_3Q^{2d}_4 Q_5 we have

Δ_P (v^{−1}_{k+1}x^{−1}ρ_i(xv_{k+1})) ≤ An^{2d}. (18)

Let t_l be the number of alternations in w_l. By the induction hypothesis and the inequalities (10) of theorem 1, (17) and (18) we get

Δ_P (w^{−1}ρ(w)) ≤ Δ_P (w^{−1}v_1ρ(w_1) · · · ρ(w_k)v_{k+1}) + Δ_P ((v_1ρ(w_1) · · · ρ(w_k)v_{k+1})^{−1}ρ(w_1) · · · ρ(w_k)xv_{k+1}) + Δ_P (v^{−1}_{k+1}x^{−1}ρ_i(xv_{k+1})) ≤ k∑ l=1 A(t_l + 1)|w_l|^{2d} + Q_3n^{2d} + An^{2d}.

Since ∑k l=1(t_l + 1) = t − 1 we eventually have

Δ_P (w^{−1}ρ(w)) ≤ A(t − 1)m^{2d} + Q_3n^{2d} + An^{2d} ≤ A(t + 1)n^{2d}.

Thus inequality (16) holds. 2

5 Doubles

Let G be a double of a finitely generated nilpotent group A. Hence the lower central series of A already satisfies the condition of proposition 1, yielding:

Theorem 2 Let G be a double of a finitely generated nilpotent group of class c. Then Φ_G(n) ⪯ n^{2c2} .

Proof: Let A be a finitely generated nilpotent group of class c and H a subgroup of A. Let G = A ∗_{H,id} A. Let N_{i,j} = γ_j A for i = 1, 2. Hence N_{i,j} is a central series of A of length c with [N_{i,r}, N_{i,s}] ⊆ N_{i,r+s} and N_{1,j} ∩ H =_G N_{2,j} ∩ H. By proposition 1 there exists a rewriting process ρ from G to H such that δ_ρ ⪯ n^c and Φ_ρ ⪯ n^{2c}. Since H is also nilpotent of class ≤ c we have Φ_H (n) ⪯ n^{2c}, cf. remark 1. Thus we get Φ_G(n) ⪯ Φ_ρ(n) + Φ_H (δ_ρ(n)) ⪯ n^{2c} + (n^c)^{2c} ⪯ n^{2c2} . 2 6 Non-Twisted Amalgamations

We first introduce and illustrate non-twisted amalgamations. We then give in section 6.1 an outline of the proof that non-twisted amalgamations of finitely generated nilpotent groups satisfy a polynomial isoperimetric inequality. After proving preparatory lemmata in the following sections we get in section 6.5, theorem 4 our result.

We recall the definition of non-twisted amalgamations:

Let G_1 ∗_H G_2 be an amalgamation and γ_jG_q for q = 1, 2 the j-th term of the lower central series of G_q. We call G non-twisted if and only if γ_iG_1 ∩ H ⊈ γ_j G_2 implies γ_j G_2 ∩ H ⊆ γ_iG_1 for all i, j ∈ N.

Lemma 4 Let G_1 ∗_H G_2 be a non-twisted amalgamation. Then γ_j G_2 ∩ H ⊈ γ_iG_1 implies γ_iG_1 ∩ H ⊆ γ_j G_2 for all positive integers i and j.

Proof: Let G_1 ∗_H G_2 be a non-twisted amalgamation and let γ_jG_2 ∩ H ⊈ γ_iG_1 for some positive integers i and j. Suppose γ_iG_1 ∩ H ⊈ γ_j G_2.

Thus we have by definition γ_j G_2 ∩ H ⊆ γ_iG_1, since G_1 ∗_H G_2 is non-twisted, in contradiction to γ_jG_2 ∩ H ⊈ γ_iG_1. Hence γ_iG_1 ∩ H ⊆ γ_jG_2. 2

Let w ∈ γ_jG_1 ∩ H be a word in the generators of G_1 such that w ≠_{G1} 1 and let v be a word in the generators of G_2 such that [w, v] ∈ H. There exists a positive integer k such that γ_jG_1 ∩ H ⊆ γ_kG_2 and γ_jG_1 ∩ H ⊈ γ_{k+1}G_2.

Hence [w, v] ∈ γ_{k+1}G_2 ∩ H, but [w, v] is in general not an element of γ_j G_1 ∩ H anymore. However, if G_1 ∗_H G_2 is non-twisted then [w, v] is an element of γ_jG_1 ∩ H. Thus, commutators in non-twisted amalgamations “respect” the lower central series of its factors. Note that not all amalgamations are non-twisted, c.f. the example in section 7.

6.1 Outline

Let G = G_1 ∗_H G_2 be a non-twisted amalgamation of finitely generated nilpotent groups. We give an outline of the proof that G satisfies a polynomial isoperimetric inequality: The idea is to construct central series (N_{q,k})_{k∈N} for G_q for q = 1, 2 such that N_{1,k} ∩ H = N_{2,k} ∩ H and [N_{q,r}, N_{q,s}] ⊆ N_{q,r+s} (19) holds for all positive integers k, r and s. By applying proposition 1 we then get a polynomial upper bound on Φ_G in theorem 4.

We proceed as follows: In section 6.2, lemma 5 we construct a refinement (N_{q,k})_{k∈N} of the lower central series of G_q such that

N_{1,k} ∩ H = N_{2,k} ∩ H for all k. (20)

In lemma 6 of section 6.3 we show that some condition on (N_{q,k})_{k∈N} , i.e. that (N_{q,k})_{k∈N} contains a sufficient number of copies of γ_j G_q for each j, implies [N_{q,r}, N_{q,s}] ⊆ N_{q,r+s}. In section 6.4, lemma 7 we refine (N_{i,k})_{k∈N} such that the condition is satisfied for all j less or equal to the minimum of the length of (N_{1,k})_{k∈N} and (N_{2,k})_{k∈N} , while preserving property (20). In lemma 8 we further refine the resulting central series such that the condition is satisfied for all k. Thereby we get in section 6.5, proposition 2 a refinement (N_{q,k})_{k∈N} of the lower central series of G_q satisfying (19). We then get in theorem 3 by section 4, proposition 1 a rewriting process from G to H having a polynomial upper bound on its distortion and isoperimetric function. Since H is also a nilpotent group, H satisfies polynomial isoperimetric inequality as well. Hence we get in theorem 4 a polynomial upper bound on the isoperimetric function of G.

6.2 Intersection

Let A ∗_H B be a non-twisted amalgamation of nilpotent groups. In lemma 5 we construct refinments (A_k)_{k∈N} , (B_k)_{k∈N} of the lower central series of A and B where A_k is of the form (γ_iA ∩ γ_jB)γ_{i+1}A for some positive integers i and j and B_k is of the form (γ_jB ∩ γ_iA)γ_{j+1}B for some i and j. Exploiting the non-twistedness of A ∗_H B we show that A_k ∩ H = B_k ∩ H for all k.

Lemma 5 Let A ∗_H B be a non-twisted amalgamation of finitely generated nilpotent groups of class ≤ c. There exist refinements (A_k)_{k∈N} and (B_k)_{k∈N} of length ≤ 2c of the lower central series of A and B such that

A_k ∩ H = B_k ∩ H for all k ∈ N.

Proof: The proof proceeds in 3 steps. In step 1) we define (A_k)_{k∈N} and (B_k)_{k∈N} . In step 2) we show that they refine the lower central series of A and B respectively and in step 3) that A_k ∩ H = B_k ∩ H for all k ≥ 1.

1) We define (A_k)_{k∈N} and (B_k)_{k∈N} by induction on k. For k = 1 let

A_k = A, B_k = B, i_k = 1, and j_k = 1. (21)

Suppose k > 1 and we have defined A_l, B_l, i_l and j_l for all l < k. We define A_k, B_k, i_k and j_k as follows:

A_k = (γ_{ik}�_1 A ∩ γ_{jk}�_{1+1}B)γ_{ik}�_{1+1}A; (22) B_k = (γ_{ik}�_{1+1}A ∩ γ_{jk}�_1 B)γ_{jk}�_{1+1}B; (23) if γ_{ik}�_{1+1}A ∩ H ⊂ γ_{jk}�_{1+1}B ∩ H then i_k = i_{k−1}, j_k = j_{k−1} + 1; (24) if γ_{jk}�_{1+1}B ∩ H ⊂ γ_{ik}�_{1+1}A ∩ H then i_k = i_{k−1} + 1, j_k = j_{k−1}; (25) if γ_{ik}�_{1+1}A ∩ H = γ_{jk}�_{1+1}B ∩ H then i_k = i_{k−1} + 1, j_k = j_{k−1} + 1; (26)

Since A∗_H B is non-twisted either condition (24), (25) or (26) holds always. Hence we have

i_{k−1} + 1 ≥ i_k ≥ i_{k−1}, j_{k−1} + 1 ≥ j_k ≥ j_{k−1} and i_k + j_k > i_{k−1} + j_{k−1}, i_k + j_k ≥ k for all k > 1. (27)

2) In order to prove that (A_k)_{k∈N} and (B_k)_{k∈N} are refinements of length ≤ 2c of the lower central series of A and B it suffices to show that i) A_k ⊆ A_{k−1}, B_k ⊆ B_{k−1} for all k > 1, that ii) A_{2c+1} = {1} = B_{2c+1} and that iii) for each j there exist indices m and n such that γ_jA = A_m and γ_jB = B_n.

i) A_k ⊆ A_{k−1} for k > 1: For k = 2 we have A_2 ⊆ A = A_1 by (21). For k > 2 we have i_{k−1} ≥ i_{k−2} and j_{k−1} ≥ j_{k−2} by (27). Hence we get by (22)

A_k = (γ_{ik}�_1 A ∩ γ_{jk}�_{1+1}B)γ_{ik}�_{1+1}A ⊆ (γ_{ik}�_2 A ∩ γ_{jk}�_{2+1}B)γ_{ik}�_{2+1}A = A_{k−1}. B_k ⊆ B_{k−1} for all k > 1: follows analogously.

ii) A_{2c+1} = {1} = B_{2c+1}: Since i_{2c} + j_{2c} ≥ 2c by (27) we have i_{2c} ≥ c or j_{2c} ≥ c. Suppose i_{2c} ≥ c. By (27) there exists an index p ≤ 2c such that i_p = c. Since A is nilpotent of class ≤ c we have γ_{iq}�_{1+1}A = γ_{c+1}A = {1} for all q > p.

Hence {1} = γ_{iq}�_{1+1}A ∩ H ⊆ γ_{jq}�_{1+1}B yielding j_q = j_{q−1} + 1 for all q > p by (24) and (26). Thus we have j_{2c} = j_{p+(2c−p)} = j_p + (2c − p). (28)

By (27) we have i_p + j_p ≥ p and thereby j_p ≥ p − c since i_p = c. By (28) we get j_{2c} ≥ (p − c) + (2c − p) = c. Thus we have

i_{2c} ≥ c and j_{2c} ≥ c (29)

yielding A_{2c+1} = (γ_{i2c} A ∩ γ_{j2c+1}B)γ_{i2c+1}A = {1} and B_{2c+1} = (γ_{i2c+1}A ∩ γ_{j2c} B)γ_{j2c+1}B = {1} because A and B are nilpotent groups of class ≤ c.

For j_{2c} ≥ c we analogously get A_{2c+1} = {1} = B_{2c+1} .

iii) For each j there exists an index m such that γ_j A = A_m: For j = 1 we have A_1 = γ_1A by (21). For j ≥ c + 1 we have γ_j A = {1} = A_{2c+1} by ii).

Suppose 2 ≤ j ≤ c: Since i_{k−1} + 1 ≥ i_k ≥ i_{k−1} for all k ≥ 2 by (27) and i_{2c} ≥ c by (29), there exists an index m > 1 such that i_m = j and i_m = i_{m−1} + 1. Because i_m = i_{m−1} + 1 we have γ_{jm}�_{1+1}B ∩ H ⊆ γ_{im}�_{1+1}A ∩ H by (25) or (26). Hence A_m = (γ_{im}�_1 A ∩ γ_{jm}�_{1+1}B)γ_{im}�_{1+1}A = γ_{im}�_{1+1}A = γ_{im} A = γ_j A.

For each j there exists an index n such that γ_j B = B_n: follows analogously.

By i), ii) and iii) we now have that (A_k)_{k∈N} and (B_k)_{k∈N} are refinements of length ≤ 2c of the lower central series of A and B respectively.

3) In the last step we show by induction on k that A_k ∩ H = B_k ∩ H for all k ≥ 1. k = 1: By definition we have A_1 ∩ H = A ∩ H = H = B ∩ H = B_1 ∩ H. k = 2: By definition we have

A_2 ∩ H = (γ_1A ∩ γ_2B)γ_2A ∩ H = (γ_2B ∩ H)(γ_2A ∩ H) and B_2 ∩ H = (γ_2A ∩ γ_1B)γ_2B ∩ H = (γ_2A ∩ H)(γ_2B ∩ H).

Hence A_2 ∩ H = B_2 ∩ H.

k > 2: Since A ∗_H B is non-twisted we have by lemma 4 γ_{ik}�_{1+1}A ∩ H ⊆ γ_{jk}�_{1+1}B or γ_{jk}�_{1+1}B ∩ H ⊆ γ_{ik}�_{1+1}A.

Suppose γ_{ik}�_{1+1}A ∩ H ⊆ γ_{jk}�_{1+1}B: By (22) we have

A_k ∩ H = (γ_{ik}�_1 A ∩ γ_{jk}�_{1+1}B)(γ_{ik}�_{1+1}A ∩ H) ⊆ γ_{jk}�_{1+1}B ∩ H ⊆ B_k ∩ H and by (23) we have B_k ∩ H = γ_{jk}�_{1+1}B ∩ H. To prove A_k ∩ H = B_k ∩ H it therefore suffices to show that γ_{jk}�_{1+1}B ∩ H ⊆ A_k.

By the induction hypothesis we have A_{k−1} ∩ H = B_{k−1} ∩ H. Thus we get by (22) and (23)

(γ_{ik}�_2 A ∩ γ_{jk}�_{2+1}B)γ_{ik}�_{2+1}A ∩ H = (γ_{ik}�_{2+1}A ∩ γ_{jk}�_2 B)γ_{jk}�_{2+1}B ∩ H. (30)

By (24), (25) or (26) we either have i_{k−1} = i_{k−2} or i_{k−1} = i_{k−2} + 1.

Suppose i_{k−1} = i_{k−2}: With j_{k−1} ≥ j_{k−2} and (30) we have

γ_{jk}�_{1+1}B ∩ H ⊆ γ_{jk}�_{2+1}B ∩ H ⊆ (γ_{ik}�_1 A ∩ γ_{jk}�_{2+1}B)γ_{ik}�_{1+1}A ⊆ γ_{ik}�_1 A. Thus we get by (22) γ_{jk}�_{1+1}B ∩ H ⊆ γ_{ik}�_1 A ∩ γ_{jk}�_{1+1}B ⊆ A_k.

Suppose i_{k−1} = i_{k−2} + 1: By (25) and (26) we have γ_{jk}�_{2+1}B ∩ H ⊆ γ_{ik}�_{2+1}A = γ_{ik}�_1 A.

Since j_{k−1} ≥ j_{k−2} we get by (22) γ_{jk}�_{1+1}B ∩ H ⊆ γ_{ik}�_1 A ∩ γ_{jk}�_{1+1}B ⊆ A_k.

The case γ_{jk}�_{1+1}B ∩ H ⊆ γ_{ik}�_{1+1}A follows analogously. 2

6.3 Additivity

In the following lemma 6 we show that if a refinement (A_k)_{k∈N} of the lower central series of a nilpotent group contains a sufficient number of copies of each term of the lower central series then [A_r, A_s] ⊆ A_{r+s} for all r and s.

To navigate in (A_k)_{k∈N} we need the auxiliary functions τ^{min}, τ^{max} : N → N which we define as follows: Let τ^{min}(0) = 0 and

τ^{min}(j) = min{r ∈ N | A_r = γ_jA} (31) τ^{max}(j) = max{r ∈ N | A_r = γ_j A and r ≤ l} (32)

where l = min{r ∈ N | A_r = {1}} and j and r are positive integers. Thus τ^{min}(j) is the index of the first and τ^{max}(j) is the index of the last term in (A_k)_{k∈N} which is equal to γ_j A.

Lemma 6 Let A be a nilpotent group of class c and (A_k)_{k∈N} a refinement of the lower central series of A. Suppose τ^{min}(j) − τ^{min}(j − 1) ≤ τ^{max}(j) − τ^{min}(j) + 1 holds for all positive integers j ≤ c. Then [A_r, A_s] ⊆ A_{r+s} for all positive integers r and s.

Proof: Let r and s be positive integers. We may assume, without loss of generality, that r ≥ s. With σ(r) = max{j ∈ N | A_r ⊆ γ_jA and j ≤ c + 1} we have [A_r, A_s] ⊆ [γ_{σ(r)}A, γ_{σ(s)}A] ⊆ γ_{σ(r)+σ(s)}A = A_τ max_{(σ(r)+σ(s))}.

Suppose σ(r) + σ(s) > c. Since A is nilpotent of class ≤ c we have γ_{σ(r)+σ(s)}A = {1} and therefore [A_r, A_s] = {1} ⊆ A_{r+s}. In order to prove lemma 6 it therefore suffices to show that τ^{max}(σ(r) + σ(s)) ≥ r + s for all positive integers r and s with σ(r) + σ(s) ≤ c.

Let j_1, j_2 and k be positive integers such that j_1 + k ≤ j_2 + k ≤ c. We first show that τ^{min}(j_2) − τ^{min}(j_1) ≤ τ^{min}(j_2 + k) − τ^{min}(j_1 + k) (33) holds. Since τ^{max}(i) < τ^{min}(i + 1) for all i ≤ c we have by the hypothesis τ^{min}(i) − τ^{min}(i − 1) ≤ τ^{min}(i + 1) − τ^{min}(i) ≤ τ^{min}(i + k) − τ^{min}(i + k − 1) for all positive integers k ≤ c + 1 − i. Hence

τ^{min}(j_2) − τ^{min}(j_1) ≤ j2∑ i=j1+1 τ^{min}(i) − τ^{min}(i − 1)

≤ j2∑ i=j1+1 τ^{min}(i + k) − τ^{min}(i + k − 1)

≤ τ^{min}(j_2 + k) − τ^{min}(j_1 + k).

Thus inequality (33) holds for all k such that j_1 + k ≤ j_2 + k ≤ c.

Let r be a positive integer such that σ(r) ≤ c. By the definition of σ we have A_r ≠ {1}. Thus A_τ min_{(σ(r)+1)} = γ_{σ(r)+1}A ⊂ A_r ⊆ γ_{σ(r)}A yielding r ≤ τ^{min}(σ(r)+1)−1.

Let r, s be positive integers such that σ(r) + σ(s) ≤ c: By (33) and τ^{min}(1) = 1 we now have

r + s ≤ τ^{min}(σ(r) + 1) − 1 + τ^{min}(σ(s) + 1) − 1 ≤ τ^{min}(σ(r) + 1) − 1 + τ^{min}(σ(r) + σ(s)) − τ^{min}(σ(r)) = τ^{min}(σ(r) + 1) − τ^{min}(σ(r)) + τ^{min}(σ(r) + σ(s)) − 1.

Again by (33) and the hypothesis we get

r + s ≤ τ^{min}(σ(r) + σ(s)) − τ^{min}(σ(r) + σ(s) − 1) + τ^{min}(σ(r) + σ(s)) − 1 ≤ τ^{max}(σ(r) + σ(s)).

Hence lemma 6 holds. 2

6.4 Refining a Central Series

Let G = G_1 ∗_H G_2 be an amalgamation of nilpotent groups of class ≤ c and (C_{q,k})_{k∈N} for q = 1, 2 a refinement of the lower central series of G_q such that C_{1,k} ∩H = C_{2,k} ∩H for all k, c.f. section 6.2. Define τ^{min}_q and τ^{max}_q for (C_{q,k})_{k∈N} as in section 6.3. Let

μ_q = max{j ≤ c + 1 |

τ^{min}_q (i) − τ^{min}_q (i − 1) ≤ τ^{max}_q (i) − τ^{min}_q (i) + 1 for all i < j}. (34)

Thus if μ_q ≤ c then μ_q is the index of the first term of the lower central series of G_q for which (C_{q,k})_{k∈N} does not contain enough copies to satisfy the condition in lemma 6. We may assume, without loss of generality that τ^{min}_1 (μ_1) ≤ τ^{min}_2 (μ_2). Suppose τ^{min}_1 (μ_1) ≤ c. Hence (C_{1,k})_{k∈N} does not satisfy the condition of lemma 6. We refine in lemma 7 and lemma 8 the central series (C_{q,k})_{k∈N} by inserting the required number of copies of C_{1,τ} min_{1 (μ1)} = γ_{μ1} G_1 after C_{1,τ} min_{1 (μ1)} and the same number of copies of C_{2,τ} min_{1 (μ1)} after C_{2,τ} min_{1 (μ1)}. Thereby we get refinements (C̃_{q,k})_{k∈N} of (C_{q,k})_{k∈N} such that μ̃_1 > μ_1 while preserving C̃_{1,k} ∩ H = C̃_{2,k} ∩ H. In proposition 2 of section 6.5 we will iteratively refine the central series until μ̃_q = c + 1 for q = 1, 2. Thereby the resulting central series will satsify the condition in lemma 6. Let l_q be the length of (C_{q,k})_{k∈N} plus 1. In lemma 7 we construct the refinements for the case τ^{min}_1 (μ_1) < l_q for q = 1, 2 and in lemma 8 for the case τ^{min}_1 (μ_1) = l_1 < l_2.

Lemma 7 Let G = G_1 ∗_H G_2 with G_q for q = 1, 2 a non-trivial nilpotent group of class ≤ c and H a subgroup of G_q. Let (C_{q,k})_{k∈N} be a refinement of the lower central series of G_q such that C_{1,k} ∩ H = C_{2,k} ∩ H for all k. Define τ^{min}_q , τ^{max}_q and μ_q for (C_{q,k})_{k∈N} as in (31), (32) and (34) respectively. Let t = min{τ^{min}_1 (μ_1), τ^{min}_2 (μ_2)}, l_q = min{k ∈ N | C_{q,k} = {1}} and l = max{l_1, l_2}. Suppose 0 < l_q − t < 2c and l ≤ 2^{2c−(l−t)}c. There exists a refinement (C̃_{q,k})_{k∈N} for q = 1, 2 of (C_{q,k})_{k∈N} such that C̃_{1,k} ∩ H = C̃_{2,k} ∩ H for all k and 0 ≤ l̃_q − t̃ < l_q − t < 2c and l̃ ≤ 2^{2c−(l̃−t̃)}c with t̃, l̃_q defined for (C̃_{q,k})_{k∈N} as t, l for (C_{q,k})_{k∈N} above.

Proof: We may assume, without loss of generality, that t = τ^{min}_1 (μ_1) ≤ τ^{min}_2 (μ_2). Let s = max{2τ^{min}_q (μ_q) − τ^{min}_q (μ_q − 1) − τ^{max}_q (μ_q) − 1 | q = 1, 2 }.

Since τ^{min}_1 (μ_1) = t < l_1 we have μ_1 ≤ c and therefore τ^{min}_1 (μ_1) − τ^{min}_1 (μ_1 − 1) > τ^{max}_1 (μ_1) − τ^{min}_1 (μ_1) + 1.

by the definition of μ_1. Hence s > 0. We construct the new refinement (C̃_{q,k})_{k∈N} by inserting s copies of C_{q,t} after C_{q,t}: C̃_{q,k} = C_{q,k} for k = 1, . . . , t C̃_{q,k} = C_{q,t} for k = t + 1, . . . , t + s C̃_{q,k} = C_{q,k−s} for k = t + s + 1, . . .

Thus C̃_{1,k} ∩ H = C̃_{2,k} ∩ H since C_{1,k} ∩ H = C_{2,k} ∩ H.

We define τ̃^{min}_q , τ̃^{max}_q , μ̃_q, t̃ and l̃_q for (C̃_{q,k})_{k∈N} as above.

First, we show τ̃^{min}_1 (μ̃_1) > t + s: Since C̃_{q,k} = C_{q,k} for k ≤ t we have μ̃_1 ≥ μ_1. By construction we have τ̃^{min}_1 (i) = τ^{min}_1 (i) for i ≤ μ_1 and τ̃^{max}_1 (μ_1) = τ^{max}_1 (μ_1) + s.

Thus we get

τ̃^{min}_1 (μ_1) − τ̃^{min}_1 (μ_1 − 1) = τ^{min}_1 (μ_1) − τ^{min}_1 (μ_1 − 1) ≤ s − τ^{min}_1 (μ_1) + τ^{max}_1 (μ_1) + 1 ≤ τ̃^{max}_1 (μ_1) − τ̃^{min}_1 (μ_1) + 1.

Hence μ̃_1 > μ_1. Since l_1 > t we have C_{1,t} ≠ {1} and thereby τ̃^{min}_1 (μ_1 + 1) > τ̃^{max}_1 (μ_1). Thus τ̃^{min}_1 (μ̃_1) > τ̃^{max}_1 (μ_1) = τ^{max}_1 (μ_1) + s ≥ τ^{min}_1 (μ_1) + s = t + s.

Next, we show τ̃^{min}_2 (μ̃_2) > t + s:

Suppose τ^{min}_2 (μ_2) = t: By the definition of s we get τ̃^{min}_2 (μ̃_2) > t + s as above. Suppose τ^{min}_2 (μ_2) > t: By construction we have τ̃^{min}_2 (μ̃_2) > t yielding τ̃^{min}_2 (μ̃_2) > t + s since C̃_{2,t} = C̃_{2,t+s}.

We now have τ̃^{min}_q (μ̃_q) > t + s for q = 1, 2 yielding t̃ = min{τ̃^{min}_1 (μ̃_1), τ̃^{min}_2 (μ̃_2)} > t + s.

Since t < l_1 we have C_{1,t} ≠ {1} and thereby l̃_q = l_q + s. Hence we get 0 ≤ l̃_q − t̃ = l_q + s − t̃ < l_q − t < 2c and l̃_q − t̃ < l_q − t ≤ l − t. Together with

s ≤ max{2τ^{min}_q (μ_q) − τ^{max}_q (μ_q) | q = 1, 2} ≤ max{τ^{min}_1 (μ_1), τ^{min}_2 (μ_2)} ≤ l and the hypothesis we eventually have l̃ = l + s ≤ 2l ≤ 2 · 22c−(l−t)c ≤ 22c−(^~l−^~t)c. 2 Lemma 8 Let G = G_1 ∗_H G_2 with G_q for q = 1, 2 a non-trivial nilpotent group of class ≤ c and H a subgroup of G_q. Let (C_{q,k})_{k∈N} be a refinement of the lower central series of G_q such that C_{1,k} ∩ H = C_{2,k} ∩ H for all k. Define τ^{min}_q , μ_q and l_q for (C_{q,k})_{k∈N} as in lemma 7. Suppose l_1 = τ^{min}_1 (μ_1) ≤ τ^{min}_2 (μ_2), 0 < l_2 − τ^{min}_2 (μ_2) < 2c and l_2 ≤ 2^{2c−(l2−τ min2 (μ2))}c.

There exists a refinement (C̃_{2,k})_{k∈N} of (C_{2,k})_{k∈N} such that

C_{1,k} ∩ H = C̃_{2,k} ∩ H for all k, 0 ≤ l̃_2 − τ̃^{min}_2 (μ̃_2) < l_2 − τ^{min}_2 (μ_2) < 2c and l̃_2 ≤ 2^{2c−(l̃2−τ̃ min2 (μ̃2))}c with τ̃^{min}_2 , μ̃_2 and l̃_2 defined for (C̃_{2,k})_{k∈N} as in lemma 7.

Proof: Let s = 2τ^{min}_2 (μ_2) − τ^{min}_2 (μ_2 − 1) − τ^{max}_2 (μ_2) − 1. Since τ^{min}_2 (μ_2) < l_2 we have μ_2 ≤ c and therefore s > 0 by the definition of μ_2. We construct the refinement (C̃_{2,k})_{k∈N} of (C_{2,k})_{k∈N} by inserting s copies of C_{2,t} after C_{2,t} as in lemma 7. Hence C_{1,k} ∩ H = C_{2,k} ∩ H = C̃_{2,k} ∩ H for all k ≤ τ^{min}_2 (μ_2). Since l_1 = τ^{min}_1 (μ_1) ≤ τ^{min}_2 (μ_2) we have for all k ≥ τ^{min}_2 (μ_2)

C_{1,k} ∩ H = {1} ⊆ C̃_{2,k} ∩ H ⊆ C̃_{2,τ} min_{2 (μ2)} ∩ H = C_{2,τ} min_{2 (μ2)} ∩ H = {1}. Hence C_{1,k} ∩ H = C̃_{2,k} ∩ H for all k.

We define τ̃^{min}_2 , τ̃^{max}_2 , μ̃_2 and l̃_2 for (C̃_{2,k})_{k∈N} as above.

We show τ̃^{min}_2 (μ̃_2) > τ^{min}_2 (μ_2) + s: Since C̃_{2,k} = C_{2,k} for k ≤ τ^{min}_2 (μ_2) we have μ̃_2 ≥ μ_2. By construction we have τ̃^{min}_2 (i) = τ^{min}_2 (i) for i ≤ μ_2 and τ̃^{max}_2 (μ_2) = τ^{max}_1 (μ_2) + s.

Thus we get

τ̃^{min}_2 (μ_2) − τ̃^{min}_2 (μ_2 − 1) = τ^{min}_2 (μ_2) − τ^{min}_2 (μ_2 − 1) ≤ s − τ^{min}_2 (μ_2) + τ^{max}_2 (μ_2) + 1 ≤ τ̃^{max}_2 (μ_2) − τ̃^{min}_1 (μ_2) + 1.

Hence μ̃_2 > μ_2 and therefore Since l_2 > τ^{min}_2 (μ_2) we have C_{1,τ} min_{2 (μ2)} ≠ {1} and thereby τ̃^{min}_2 (μ_2 + 1) > τ̃^{max}_2 (μ_2). Thus τ̃^{min}_2 (μ̃_2) > τ̃^{max}_2 (μ_2) = τ^{max}_2 (μ_2) + s ≥ τ^{min}_2 (μ_2) + s.

Also by C_{2,τ} min_{2 (μ2)} ≠ {1} we have l̃_2 = l_2 + s. Hence we get 0 ≤ l̃_2 − τ̃^{min}_2 (μ̃_2) = l_2 + s − τ̃^{min}_2 (μ̃_2) < l_2 − τ^{min}_2 (μ_2) < 2c and l̃_2 − τ̃^{min}_2 (μ̃_2) < l_2. Together with s ≤ τ^{min}_2 (μ_2) < l_2 and the hypothesis we eventually have l̃_2 = l_2 + s ≤ 2l_2 ≤ 2 · 22c−(l2−τ^{min}_2 (μ2))c ≤ 22c−(^~l2−τ̃^{min}_2 (μ̃2))c. 2 6.5 Main Result

Let G = G_1 ∗_H G_2 be a non-twisted amalgamation of nilpotent groups. Combining the results of section 6.2, section 6.3 and section 6.4 we construct in proposition 2 a central series (C_{q,k})_{k∈N} for G_q for q = 1, 2 such that C_{1,k} ∩ H = C_{2,k} ∩ H and [C_{q,r}, C_{q,s}] ⊆ C_{q,r+s}. By proposition 1 of section 4 we then get in theorem 3 a rewriting process ρ from G to H such that δ_ρ and Φ_ρ are bounded above by a polynomial. Since H is also finitely generated and nilpotent, Φ_H is bounded above by a polynomial, c.f. remark 1. Thereby we get in theorem 4 that Φ_G(n) ⪯ Φ_ρ(n) + Φ_H(δ_ρ(n)) is bounded above by a polynomial, our main result.

Proposition 2 Let G = G_1 ∗_H G_2 be a non-twisted amalgamation with G_q for q = 1, 2 a non-trivial nilpotent group of class ≤ c and H a subgroup of G_q. There exists a refinement (C_{q,k})_{k∈N} of length ≤ 2^{2c}c of the lower central series of G_q such that C_{1,k} ∩ H = C_{2,k} ∩ H and [C_{q,r}, C_{q,s}] ⊆ C_{q,r+s} for all positive integers k, r and s.

Proof: Since G_1∗_H G_2 is non-twisted there exists by lemma 5 a refinement (A_{q,k})_{k∈N} of length ≤ 2c of the lower central series of G_q such that A_{1,k} ∩ H = A_{2,k} ∩ H for all k. By iterated application of lemma 7 we get a further refinement (B_{q,k})_{k∈N} such that B_{1,k} ∩ H = B_{2,k} ∩ H for all k and

0 ≤ l_{B,q} − t_B < 2c, l_B ≤ 2^{2c−(lB−tB )}c and l_{B,1} = t_B or l_{B,2} = t_B. (35)

with l_{B,q}, l_B and t_B defined for (B_{q,k})_{k∈N} as in lemma 7. We may assume, without loss of generality, that l_{B,1} = t_B. Let C_{1,k} = B_{1,k} for all k. By iterated application of lemma 8 to (B_{2,k})_{k∈N} we get a refinement (C_{2,k})_{k∈N} of (B_{2,k})_{k∈N} such that C_{1,k} ∩ H = C_{2,k} ∩ H for all k, l_{C,q} = τ^{min}_{C,q} (μ_{C,q}) and l_{C,q} ≤ 2^{2c}c.

with τ^{min}_{C,q} , μ_{C,q},l_{C,q} defined for (C_{q,k})_{k∈N} as in lemma 7. Since l_{C,q} = τ^{min}_{C,q} (μ_{C,q}) we have μ_{C,q} = c + 1 and therefore τ^{min}_{C,q} (j) − τ^{min}_{q,q} (j − 1) ≤ τ^{max}(j) − τ^{min}(j) + 1 for all j < μ_{C,q} = c + 1 by the definition of μ_{C,q}. Hence we get by lemma 6 [C_{q,r}, C_{q,s}] ⊆ C_{q,r+s} for all r and s. 2 Theorem 3 Let G = G_1 ∗_H G_2 be a non-twisted amalgamation with G_q for q = 1, 2 a finitely generated nilpotent group of class c and H a subgroup of G_q. There exists a rewriting process ρ from G to H such that δ_ρ(n) ⪯ n^{2(2c)c} and Φ_ρ(n) ⪯ n^{2(2c+1)c+1}.

Proof: We may assume, without loss of generality, that G_q for q = 1, 2 is not trivial. By proposition 2 there exists a central series (N_{q,k})_{k∈N} of G_q of length ≤ 2^{2c}c such that N_{1,k} ∩ H = N_{2,k} ∩ H and [N_{q,r}, N_{q,s}] ⊆ N_{q,r+s} for q = 1, 2 and all positive integers k, r and s. By proposition 1 there exists therefore a rewriting process ρ from G to H such that δ_ρ(n) ⪯ n^{2(2c)c} and Φ_ρ(n) ⪯ n^{2(2c+1)c+1}. 2 Theorem 4 Let G be a non-twisted amalgamation of finitely generated nilpotent groups of class c. Then Φ_G(n) ⪯ n^{2(2c+1)c2} .

Proof: For c ≤ 1 we have Φ_G(n) ⪯ n^2, c.f. [BGSS91, Hid97]. Let c ≥ 2 and let G = G_1 ∗_H G_2. By theorem 3 there exists a rewriting process ρ from G to H such that δ_ρ(n) ⪯ n^{2(2c)c} and Φ_ρ(n) ⪯ n^{2(2c+1)c+1}.

Since H ⊆ G_q and G_q is a finitely generated nilpotent group of class ≤ c the subgroup H is also finitely generated and nilpotent of class ≤ c. Hence Φ_H (n) ⪯ n^{2c}, c.f. remark 1. We now get

Φ_G(n) ⪯ Φ_ρ(n) + Φ_H(δ_ρ(n)) ⪯ n^{2(2c+1)c+1} + n^{2(2c+1)c2} ⪯ n^{2(2c+1)c2} since c ≥ 2. 2

7 Amalgamation along Abelian Subgroups

We show in theorem 5 that an amalgamation of finitely generated nilpotent groups along a suitable abelian subgroup satisfies a polynomial isoperimetric inequality. However, there exist amalgamations along abelian subgroups having an exponential isoperimetric function and we give in theorem 7 an example. Besides being a twisted amalgamation, i.e. not non-twisted, along an abelian subgroup, the example’s subgroup is also isolated and normal.

Theorem 5 Let G = G_1 ∗_H G_2 be an amalgamation of finitely generated nilpotent groups. Suppose H ⊆ γ_jG_q and H ∩ γ_{j+1}G_q = {1} for some positive integer j and q = 1 or q = 2. Hence H is abelian. Then G is non-twisted and thereby satisfies a polynomial isoperimetric inequality.

Proof: We may assume, without loss of generality, that H ⊆ γ_j G_1 and H ∩ γ_{j+1}G_1 = {1} for some j. Let i and k be some positive integers such that γ_iG_1 ∩ H ⊈ γ_kG_2. Hence γ_iG_1 ∩ H ≠ {1} and therefore i ≥ j. Thus γ_kG_2 ∩ H ⊆ H = γ_j G_1 ∩ H ⊆ γ_iG_1 ∩ H.

Thus G is a non-twisted amalgamation and therefore satisfies a polynomial isoperimetric inequality by theorem 4. 2

We give in theorem 7 an example of a twisted amalgam of finitely generated nilpotent groups along an abelian, isolated and normal subgroup having an exponential isoperimetric function. To this end we need the following result due to M. Bridson:

Theorem 6 [Bri95, Main Theorem] The Dehn function for any finite presentation of a semidirect product of the form A <_Ψ F , with A a finitely generated abelian group and F a finitely generated free group, is ≃ equivalent to either a polynomial or an exponential function.

The action of F on A via Ψ induces an action on A modulo its torsion subgroup and hence a representation σ : F → Gl_m(Z), where m = rk_Z A. The Dehn function of A <_Ψ F is polynomial iff there exists a subgroup of finite index F̃ ⊆ F such that σ(F̃ ) ⊆ Gl_m(Z) consists entirely of unipotent elements; the degree of the polynomial is then d, where

d − 2 = Λ(imΨ) := max{r|N_1N_2 · · · N_r ≠ 0 for some I + N_i ∈ σ(F̃ )}.

In particular d ≤ rk_Z A + 1. A subgroup H of a group G is called isolated if and only if g^n ∈ H implies g ∈ H for all g ∈ G and all non-zero integers n.

Theorem 7 Let G_i for i = 1, 2 be the free nilpotent group of class 2 and rank 2. There exists a twisted amalgamation G = G_1 ∗_H G_2 with H abelian, isolated and normal such that Φ_G(n) ∼= 2^n.

Proof: Let G_1 = ⟨a, b, c | [b, a]c^{−1}, [b, c], [a, c]⟩, the free nilpotent group of class 2 and rank 2 and H_1 the subgroup generated by b and c. Let G_2 = ⟨a^′, b^′, c^′ | [b^′, a^′]c^{′−1}, [b^′, c^′], [a^′, c^′]⟩ and H_2 = ⟨b^′, c^′⟩ ⊂ G_2. Note that H_i ∼= Z^2 for i = 1, 2 is an abelian, isolated and normal subgroup of G_i. Let φ : H_1 −→ H_2 be the isomorphism given by b → c^′ and c → b^′. Let G = G_1 ∗_H G_2 with H ∼= H_1 ∼= H_2 and let φ be the amalgamation isomorphism.

Since γ_2G_1 ∩ H = ⟨c⟩ = ⟨b^′⟩ ⊈ γ_2G_2 ∩ H and γ_2G_2 ∩ H = ⟨c^′⟩ = ⟨b⟩ ⊈ γ_2G_1 ∩ H the amalgamation G is twisted.

We use the same notation as in theorem 6: Let F =< a, a^′ >⊂ G, a free subgroup of rank 2. We now have G = F H, H is normal in G and H ∩ F = {ε}. Let Ψ : F → AutH with Ψ(v)(h) = v^{−1}hv for v ∈ F and h ∈ H, hence G = H <_Ψ F . For b^rc^s an arbitrary element of H we have

Ψ(a)(b^rc^s) = a^{−1}b^rc^sa =_G a^{−1}b^rac^s =_G b^rc^{r+s}

and analogously Ψ(a^′)(b^rc^s) =_G b^{r+s}c^s. Let σ be the representation of theorem 6.

Hence σ(a) = ( 1 0 1 1 ) and σ(a^′) = ( 1 1 0 1 ) . Let F̃ ⊆ F be a subgroup of finite

index and α = a^′ a ∈ F . Since F̃ is of finite index there exist n, m > 0 such that α^n

and α^{n+m} are in the same coset of F̃ , yielding α^m ∈ F̃ . Because σ(α) = ( 1 1 1 2 )

has an eigenvalue > 1, σ(α^m) also has an eigenvalue > 1. Therefore σ(α^m) is not unipotent. Hence we get Φ_G(n) ∼= 2^n by theorem 6. 2

Note that the amalgamated subgroup in theorem 7 is exponentially distorted, i.e. δ_{H,G}(n) ∼= 2^n, cf. [Hid97].

Acknowledgement. The results on doubles and the example of a twisted amalgamation are part of my PhD thesis. I would like to thank my advisors U. Stammbach, ETHZ, and G. Baumslag, NYCC, for their help, guidance and support.

Christian Hidber The International Computer Science Institute 1947 Center Street, Suite 600 Berkeley, California 94704-1198

e-mail: hidber@icsi.berkeley.edu

References

[Alo90] J.M. Alonso. Les inégaliteś isoperimétriques et quasi-isométries. C.R.

Acad. Sci. Paris Série 1, 311:761–764, 1990.

[BGSS91] G. Baumslag, S.M. Gersten, M. Shapiro, and H. Short. Automatic Groups and Amalgams. J. Pure and Applied Algebra, 76:229–316, 1991.

[BMS93] G. Baumslag, C.F. Miller, and H. Short. Isoperimetric Inequalities and the Homology of Groups. Invent. Math., 113(3):531–560, 1993.

[Bri93] S.G. Bricks. On Dehn Functions and Product of Groups. Trans. Amer.

Math. Soc., 335(1):369–384, 1993.

[Bri95] M.R. Bridson. Optimal Isoperimetric Inequalities for Abelian-by-Free Groups. Topology, 34(3):547–564, 1995.

[Far94] B. Farb. The Extrinsic Geometry of Subgroups and the Generalized Word Problem. Proc. London Math. Soc., 68(3):577–593, 1994.

[Ger93] S.M. Gersten. Isoperimetric and Isodiametric Functions of Finite Presentations. In Roller M.A. Niblo G.A., editor, Geometric Group Theory, Volume I, volume 181 of London Mathematical Society Lecture Notes Series, pages 79–96. Cambridge University Press, 1993. Proceedings of the Symposium held in Sussex, 1991.

[Gro93] M. Gromov. Asymptotic Invariants of Infinite Groups. In Niblo G.A.

and Roller M.A., editors, Geometric Group Theory, Volume II, volume 182 of London Mathematical Society Lecture Comments Series. Cambridge University Press, 1993.

[Hid97] C. Hidber. Isoperimetric Functions of Finitely Generated Nilpotent Groups and their Amalgams. PhD thesis, Swiss Federal Institute of Technology, 1997. Diss ETH No. 12166.

[Pit95] Pittet C. Isoperimetric Inequalities for Homogeneous Nilpotent Groups. In R. Charney, M. Davis, and M. Shapiro, editors, Geometric Group Theory, volume 3 of Ohio State Univ. Math. Res. Inst. Publ., pages 159–164. de Gruyter, 1995. Proceedings of a Special Research Quarter at The Ohio State University, Spring 1992.