INTERNA TION AL COMPUTER SCIENCE INSTITUTE 1947 Center St. Suite 600 Berk eley Califo rni 94704-1198 (510) 643-9153 AX (510) 643-7684 Ho to ene�t from noise Leszek Plask ota TR-95-05 Septem er 1995 Abstract compare nonadaptiv and adaptiv designs for estimating linear functionals in the (minim ax) statistical setting. It is kno wn that adaptiv designs are no etter in the orst case setting for con e and symm etri classes, as ell as in the erage case setting with Gaussian distributions. In the statistical setting, the opp osite is true. Namely adaptiv designs can signi�can tly etter. Moreo er, using adaptiv designs one can obtain uc etter estimators for noisy data than for exact data. These results hold ecause adaption and noisy data mak the Mon te Carlo sim ulation ossible. Departmen of Mathematics, Informatics, and Mec hanics, Univ ersit of arsa w, oland. In tro duction Man in teresting results ha een recen tl obtained for the minim ax statistical set- ting of estimating linear functionals e con ex and symme tric classes. One of the most imp ortan results is due to Donoho (1994) who pro ed, under mil assumptions, that linear estimators are within 11 of eing optimal among all nonlinear es- timators. He also ga form ulas for the optimal linear estimators. This as done establishing relation et e en the minim ax statistical setting and the problem of optimal overy in the orst case setting. Optimali prop erties of linear estimators in the orst case setting ha een kno wn efore, see, e.g., Smoly ak (1965), Sukharev (1986), Magaril{Il’y aev and Osip enk (1991). Hence, Donoho’s results for statistical estimation corresp ond to those of Smoly ak and others for optimal reco ery in the orst case setting. add that for classes giv en as balls in Hilb ert spaces, the same results can obtained using relations et e en the statistical and the e rage case settings with Gaussian distributions, see Plask ota (1996). The relations et e en optimal estimators in the statistical, orst and erage case settings men ti oned ab hold for estimators using �xed, nonadaptiv designs. It is no natural to ask whether simil ar relations hold for adaptiv designs. Adaptiv designs ha een studied in the orst and erage case settings. The question ho uc adaption helps is one of the fundamen tal problems in information- ase omplexity see, e.g., raub et al. (1988) and Plask ota (1996). In particular, it is kno wn that adaption do es not help in the orst case setting for con ex and sym- metric classes, and, under some additional assumptions, in the erage case setting for Gaussian distributions, see Section 3. (This also holds for appro ximati ng linear op erators. On the other hand, for some nonlinear op erators adaption is exp onen tially more erful in the orst and e rage case settings.) Ho ab out adaption in the statistical setting? Remark ably there is not uc on this sub ject in the statistical literature. It is, ho ev er, kno wn that adaption do es not help asymptotically for nonparametric regression, see Golub ev (1992). This discussion ma lead us to the conjecture that for con e and symm etri classes adaption do es not help in the statistical setting. Ho ev er, the opp osite is true. More precisely pro vide simple and natural example whic rev eals the follo wing imp ortan and rather surprising things: Adaptiv designs can exp onen tially etter than nonadaptiv designs in the statistical setting for con e and symm etri classes. In the statistical setting one can sometim es obtain uc etter estimators using noisy data rather than exact data. These results hold ecause adaption in the statistical setting mak es the Mon te Carlo sim ulation ossible, and for man problems the error of the Mon te Carlo (random- ized) metho is uc smaller than the error of an non{randomized (ev en adaptiv e) metho d. no comm en on the result that noisy data ma lead to smaller errors than exact data. or noisy data, the error is de�ned, in particular, taking an erage with resp ect to noise. or exact data, the e rage e noise disapp ears and are bac in the orst case error setting. Hence, noisy and exact data really corresp ond to the di�eren error settings and this hange mak es the result ossible. The problem for whic adaption is signi�can tly etter in the statistical setting is ulti ariate in tegration of Lipsc hitz functions. Ho ev er, from the pro of it will clear that simil ar results hold for other problems for whic randomized algorithms are etter than non{randomized ones. It ould in tere sting to erify whether this is the only reason wh adaption helps in the statistical setting. In other ords: can adaption help in the statistical setting for problems for whic randomization do es not help? The answ er is unkno wn. Nonadaptiv and adaptiv designs Let linear space of real functions de�ned on domain and let sub class of assume that is onvex and symmetric (with resp ect to zero). Supp ose that for an (unkno wn) observ data n; (1) where and is the white noise ector, i.e., iid (0 ). stress that also allo whic corresp onds to the exact (non{noisy) data. Our aim is to estimate the alue ), where is linear functional e An estimator is of the form ), i.e., it only uses the data In the statistical setting, the err o of is giv en as st sup )) where denotes the exp ectation er Here =1 is the design Although this is not the only of de�ning the error, this de�nition has een most often used in the statistical literature, see, e.g., Sac ks and Ylvisak e (1978), Sp ec km an (1979), Ibragimo and Hasminski (1984), Nussbaum (1985), Donoho (1994), Donoho et al. (1995). In (1) assume that the design oin ts are giv en in adv ance. One of ossible and natural generalizations is to assume that the successiv observ ations are er- formed for oin ts whic are hosen adaptiv ely dep ending on the results of previous observ ations. That is, no ha )) n; (2) where iid (0 and are measurable mappings. Suc design will called adaptive emark Thr oughout this ap er we assume, for simplicity, that the numb er of observations in any adaptive design is xe d. Sometimes it is asonable to onsider adaptive designs with varying dep ending on ’s; se also emark 3. Our aim is to compare the er of adaptiv and nonadaptiv designs. De�ne st non n; inf arbitrary nonadaptiv as the minim al error that can ac hiev e for nonadaptiv observ ations, and st adp n; inf arbitrary adaptiv as the corresp onding minim al error for adaptiv observ ations. Clearly st adp n; st non n; daptiv designs in di eren settings Adaptiv designs ha een studied in the orst and e rage cases settings. The follo wing sample results are ypical and imp ortan t. 3.1 orst case setting Supp ose that the noise in (1) and (2) is deterministi rather than random, and kno that is ounded in norm, i.e., De�ne the error of an estimator as the orst case error, or sup sup k� Then for the resp ectiv th minim al errors ha or adp n; or non n; see, e.g., akh alo (1971), Gal and Micc hel li (1980), raub and z niak owski (1980), raub et al. (1983). 3.2 Av erage case setting Assume that data are again of the form (1) or (2), but the function is no the realization of zero mean Gaussian sto hastic pro cess on The error of is de�ned as the exp ected (a erage) error er oth and the noise i.e., vg )) Assuming additionally that the functional is con tin uous, ha vg adp n; vg non n; see, e.g., adane et al. (1988), Plask ota (1996). Th us adaption do es not help in oth the orst case and e rage case settings. emark or eing line ar op er ator, adaption stil do es not essential l help. amely, we have or adp n; or non n; and vg adp n; vg non n; emark In the aver age ase setting, it is as onable to onsider adaptive designs with varying or such designs, adaption usual ly do es not help for line ar se e, e.g., asilkowski 1986 and laskota 1996 owever, ounter examples wher the opp osite is true ar also known, se laskota 1993 3.3 Statistical setting As already men tioned in the in tro duction, adaption do es not help in the statistical setting for the nonparametric regression. The result reads as follo ws, see Golub ev (1992). Let the Sob olev class of functions [0 1] of regularit suc that =0 )) Supp ose that instead of functional, an to estimate the function in the {norm. That is, the error of an estimator u; is no giv en as st sup u; )) Then st adp n; st non n; as (Here means that lim !1 1.) Moreo er, optimal design is giv en equidistan oin ts. daption elp in statistic al setting no presen problem of ul tiv ariate in tegration for whic adaption is exp onen- tially etter in the statistical setting. Let [0 1] with 2. Let the class of 1{Lipsc hitz functions, i.e., Ob viously is con ex and symm etri c. Supp ose an to estimate the in tegral of u; using data (1) or (2). Then ha the follo wing result. elo means that there exist constan ts suc that for all ha .) eorem or estimating the inte gr al of al ipschitz function de ne on the {dimensional unit cub we have st non n; =d and st adp n; =d for for as Hence, for nonadaptiv designs the mini m al error is of order =d whic strongly dep ends on the dimensi on Actually in this case ha the curse of dimension- ality since ha to erform exp onen tiall (in man observ ations to reduce the error to desired lev el Note that the eha vior of st non n; is the same for exact as ell as for noisy data. Ho e e r, the situation drastically hanges if allo adaptiv observ ations. or exact data the error is still prop ortional to =d but for noisy data the mini m al error of adaptiv estimators surprisingly reduces to and is indep enden of In particular, the curse of dimensionalit anishes, and for large it is uc etter to deal with noisy than exact data. Wh is this ossible? The idea is ery simple. Assume that ha noisy data, i.e., 0. If mak observ ations at the same oin and subtract their results, will obtain Gaussian random ariable with kno wn distribution. Hence, the statistical setting with non{zero noise pro vides us with an additional to ol whic is the random um er generator. This to ol together with adaption allo ws us to implem e randomized algorithms and, in particular, the classical Mon te Carlo metho d. or ulti ariate in tegration the exp ected error of Mon te Carlo is uc smaller than that of non{randomized metho ds, and are done. The formal pro of of the theorem follo ws. ro The case of exact data, 0, corresp onds to the orst case setting with exact data 0). Hence, using the ell kno wn results from the orst case, see, e.g., No ak (1988), obtain st non n; 0) st adp n; 0) =d Moreo er, the equispaced design and the arithmetic mean =1 ha error prop ortional to =d Let 0. Consider �rst nonadaptiv design =1 and linear estimator =1 where ’s are some reals. Then st st 0) =1 st non n; 0) On the other hand, ha st st 0) =d as complete the pro of of the nonadaptiv case, it su ces to sho that the error of order =d cannot reduced using nonlinear estimators. Indeed, let suc that st non n; 0) =d Then can select satisfying 0, and =d It is clear that the error will not increase if the set is replaced the in terv al ]. or suc ‘reduced’ problem the data consist of pure noise, and suc data are kno wn to useless. ero is the est estimator among all nonlinear estimators, and the error is at least whic is larger than =d as claimed. no construct an adaptiv design and an estimator with error prop ortional to Assume without loss of generalit that (2 1). Let �1 exp f� (2 u: The adaptiv design � =1 with is giv en as follo ws. Let set (0 0) for and 1)+2 1)+2 for As the estimator tak � =1 claim that st � � Indeed, for an and the di�erence 1)+2 1)+2 has the zero mean normal distribution with ariance Hence, is distributed uniformly on the unit in terv al, and the design oin ts +1 are distributed uniformly on the cub Our estimator is then nothing but the classical Mon te Carlo metho d, see, e.g., No ak (1988), applied to noisy data. obtain that for an � )) =1 where sup Since (2 1), the error st � � is prop ortional to as claim ed. The lo er ound for st n; is pro vided the follo wing argumen t. Consider the simpler problem of estimating the in tegral of 0{Lipsc hitz (constan t) function. This is equiv alen to estimating real parameter from its noisy observ ations with ariance It is ell kno wn that for suc estimation the mini m al error is just The pro of is complete emark The metho � � onstructe in the pr of uses the ‘c ontinuous’ version of the onte arlo, i.e., the oints ar sele cte andomly fr om the whole unit cub e. The same err or ounds an obtaine by using ‘discr ete’ onte arlo, wher sele ction is made fr om grid of ar dinality at le ast pr op ortional to emark showe that st � � wher 1)(2 1) ne an get rid of the dep endenc on by gener ating all andom sample oints fr om only one andom numb er (0) i.e., using only inste ad of ‘pr eliminary’ observations. In the latter ase the onstant is oughly 1) or over, we wil stil have similar upp er ound if those two observations ar made at di er ent oints, but su ciently close to ach other. enc e, the main esult also holds in the ase when ep ate observations ar not al lowe d. Ac kno le gm en ts. ould lik to thank Da vid Donoho, ric No ak, Henryk o- zniak owski for in te rest and helpful comm en ts on this pap er, and Mic hael Nussbaum for directing atten tion to Golub ev’s result. the optimal it of linear metho ds for op erator appro im ation in con classes. In ssian. tatistical estimation and optimal reco ery ., ., elet shrin asymptopia ser. ptimal se en tial and nonse en tial pro ced res for ev al atin nctional. se en tial erimen tal desi ns for nonparametric estimation of smo oth re ression nctions. nonparametric estimation of the al of linear nctional in ssian white noise. In ssian. ., adaption with noisy informati on. optimal reco ery of nctionals from inacc rate data. In ssian. Deterministic and to hastic rror nds in merical nalysis. ol of prin er, erlin. pline smo othin in re ression mo del and asymptotic ciency in note on aryin cardinalit in the era case settin oisy Information and omp tational omple it app ear in am rid Univ ersit Press. inear estimation for appro im ately linear mo dels. optimal reco ery of nctions and nctionals of them. PhD thesis, Mosco tate Univ. In ssian. Minima estimates of linear nctionals in il ert space. Unp lished man script. the istence of optimal ne metho ds for appro im atin linear nctionals. eneral heory of ptimal orithm s. ca demic Press, ew or ., Information, Uncertain omple it ddison esley Mass. ., Information{ a sed omple it cademic Press, ew or Informati on of aryin cardinalit