vera ge Case Anal ysis of ynami Graph Algorithms 25 [30] R. E. arjan. Data Structur es and Network lgorithms olume 44 of CBMS-NSF gional Confer enc Series in Applie Mathematics So ciet for Industrial and Applied Mathematics, Philadel phi a, ennsylv ania, 1983. [31] R. Th urimella. chniques for the Design of Par al lel Gr aph lgorithms PhD thesis, Univ ersit of exas, Austin, 1989. [32] V. V. azirani. theory of alternating paths and blossoms for pro ving correctness of the general graph maxim um matc hing algorithm. Combinatoric 14(1):71 109, 1994. 24 vid Alber ts, Monika Ra uch Henzinger [12] G. N. rederic kson. Data structures for on-line up dating of minim um spanning trees, with applications. SIAM J. Comput. 14:781 798, 1985. [13] G. N. rederic kson. Am biv alen data structures for dynamic 2-edge-connectivit and smallest spanning trees. In Pr c. 32nd Symp. on oundations of Computer Scienc pages 632 641, 1991. [14] H. N. Gab w. matroid approac to �nding edge connectivit and pac king arb orescences. In Pr c. 23r Symp. on The ory of Computing pages 112 122, 1991. [15] Z. Galil. Finding the ertex connectivit of graphs. SIAM J. Comput. 9:197 199, 1980. [16] M. Rauc Henzinger. ully dynamic cycle equiv alence in graphs. In Pr c. 35th Symp. on oundations of Computer Scienc pages 744 755, 1994. [17] M. Rauc Henzinger and V. King. Randomized dynamic algorithms with olylogarithmic time er op eration. app ear in Pr c. 27th Symp. on The ory of Computing 1995. [18] R. M. Karp. ersonal comm unications. [19] N. Klein and R. E. arjan. linear-time algorithm for minim um spanning tree. In Pr c. 26th Symp. on The ory of Computing pages 15, 1994. [20] L. Lo v� a sz and M. D. Plummer. Matching The ory olume 29 of nnals of Discr ete Mathematics North-Holland, Amsterdam, 1986. [21] S. Micali and V. azirani. An algorithm for �nding maxim um matc hing in general graphs. In Pr c. 21st Symp. on oundations of Computer Scienc pages 17 27, 1980. [22] K. Mulm uley Randomized, ultidimensional searc trees: dynamic sampling. In Pr c. 7th Symp. on Computational Ge ometry pages 121 131, 1991. [23] H. Nagamo hi and T. Ibaraki. Linear time algorithms for �nding sparse -connected spanning subgraph of -connected graph. lgorithmic 7:583 596, 1992. [24] M. H. Rauc h. ully dynamic biconnectivit in graphs. In Pr c. 33r Symp. on oundations of Computer Scienc pages 50 59, 1992. [25] M. H. Rauc h. Impro ed data structures for fully dynamic biconnectivi In Pr c. 26th Symp. on The ory of Computing pages 686 695, 1994. [26] J. H. Reif, G. Spirakis, and M. ung. Re-randomization and erag case analysis of fully dynamic graph algorithms. Alcom ec hnical Rep ort TR 93.01.3. [27] O. Sc arzk opf. Dynamic Maintenanc of Convex Polytop es and elate Structur es PhD thesis, reie Univ ersit� at Berlin, 1992. [28] R. Seidel. Bac kw ards analysis of randomized geometric algorithms. In J. ac h, editor, New ends in Discr ete and Computational Ge ometry pages 37 67. Springer erlag, Berlin, 1993. [29] D. D. Sleator and R. E. arjan. data structure for dynamic trees. J. Comput. Sys. Sci. 26:362 391, 1983. vera ge Case Anal ysis of ynami Graph Algorithms 23 In fact, bac kw ards analysis �rst as used in computational geometry for exactly this purp ose Chew ]. Note that our tec hnique can also used to analyze the erag case erformance of randomized dynamic graph algorithms. (A randomized algorithm is an algorithm that mak es use of random hoices for computing the solution to orst case input.) or the connectivit problems considered in this pap er the running time of an up date consists of parts: an exp ected running time of n= log (where is the um er of edges after the up date) plus an amortized constan time for rebuilds. It is an in teresting op en question whether the data structure can impro ed distributing the costs of rebuilds er previous up dates in that giv es an exp ected time ound of n= log er up date. Eppstein suggested that go erag case eha vior for some of the ab problems can also sho wn for no de insertions and deletions. Ac kno wl edgm e ts The authors ould lik to thank Emo elzl for helpful discussions. References [1] D. Alb erts and M. Rauc Henzinger. Av erage case analysis of dynamic graph algorithms. In Pr c. 6th Symp. on Discr ete lgorithms pages 312 321, 1995. [2] H. Alt, K. Mehlhorn, H. agener, and E. elzl. Congruence, similarit and symmetries of geometric ob jects. Discr ete Comp. Ge om. 3:237 256, 1988. [3] B. Bollob� as. andom Gr aphs Academic Press, London, 1985. [4] J. Cheriy an, M. Y. Kao, and R. Th urimella. Algorithms for parallel -v ertex connectivit and sparse certi�cates. SIAM J. Comput. 22:157 174, 1993. [5] L. Chew. Building oronoi diagrams for con ex olygons in linear exp ected time. CS ec Rep ort TR90-147, Dartmouth College, 1986. [6] K. L. Clarkson, K. Mehlhorn, and R. Seidel our results on randomized incremen tal construc- tions. Comp. Ge om.: The ory and Appl. 3:185 212, 1993. [7] J. Edmonds. aths, trees, and o ers. Canad. J. Math. 17:449 467, 1965. [8] D. Eppstein. Av erage case analysis of dynamic geometric optimization. In Pr c. 5th Symp. on Discr ete lgorithms pages 77 86, 1994. [9] D. Eppstein. ersonal comm unication, 1995. [10] D. Eppstein, Z. Galil, and G. F. Italiano. Impro ed sparsi�cation. ec hnical Rep ort 93-20, Dept. of Inf. and Comp. Sc., Univ. of Calif., Irvine, CA 92717, 1993. [11] D. Eppstein, Z. Galil, G. F. Italiano, and A. Nissenzw eig. Sparsi�cation tec hnique for sp eeding up dynamic graph algorithms. In Pr c 33r Symp. on oundations of Computer Scienc pages 60 69, 1992. 22 vid Alber ts, Monika Ra uch Henzinger k-Edge Connectivit and k-V ertex Connectivit Eppstein et al. 11 giv dynamic algorithm for -edge connectivit with orst case up date time log n=k )), whic sligh tly mo dify in order to sp eed up the go case. It uses an algorithm Gab 14 for the static problem and the follo wing lemma. Lemm 9.1 23 31 et gr aph and sp anning for est of et sp anni ng for est of and let Then is -e dge onne cte if and only if is -e dge onne c te d. or notational con enience let the empt graph. or eac store in the ab minim um spanning tree data structure to main tain ho ose to the suitable subgraph. If an up date op eration do es not hange (go case) incur amortized cost log ). In the bad case incur log n=k )) log n=k )). The size of the suitable subgraph in this case is ), so Theorem 3.1 get the follo wing result. Theorem 9.2 Ther exists data structur that answers the question whether the curr ent gr aph is -e dge onne c te in onstant time and that an up date in min (1 n=m )( log n=k ))) amortize exp cte time with esp ct to the rr-mo del. discuss next ho to test dynamically if the graph is -v ertex connected. Lemma 9.1 also holds for -v ertex connectivit pro vided that is hosen to scan-�rst searc forest of 23 quic kly test for the go case de�ne suitable subgraph as follo ws: um er all ertices during prepro cessing phase with unique lab el et een and in an arbitrary but �xed Then, use the linear-time algorithm of 23 to �nd This algorithm sometimes mak es arbitrary hoices whic ertex to select next. mak unique requiring that if more than one ertices can selected, the algorithm has to use the one with the minim um lab el. Ev en with this additional requiremen the algorithm runs in time log ). Th us, can test if the insertion of an edge forces to hange running this algorithm on in time log ). If this is the case can construct new suitable subgraph running this algorithm on in time log ). esting if deletion hanges is ob vious: If an edge of is deleted, has to recomputed, otherwise nothing has to done. In the go case are done. In the bad case additionally migh ha to hec whether the new suitable subgraph is -v ertex connected. or this purp ose use the (static) time -v ertex algorithm Galil 15 ]. This pro vides the follo wing result. Theorem 9.3 Ther exists data structur that answers the question whether the curr ent gr aph is -vertex onne cte in onstant time and that an up date in min (1 n=m )( )) exp cte up date time with esp c to the rr-mo del. Conclusion presen general tec hnique for analyzing dynamic graph algorithms in the erag case setting. Note that this tec hnique can also used for analyzing the exp ected time of randomized incremen tal algorithms for static graph problems. There ha orst case input graph and the algorithm orks main taining curren solution while inserting the edges one one in random order. vera ge Case Anal ysis of ynami Graph Algorithms 21 spl it er tex ): Divide path in to (up to) three parts deleting the edges incide to Return list p; x; ] where is the subpath consisting of all the ertices from head path )) to bef or ), is the subpath consisting of all ertices from af ter to tail path )), is the cost of the deleted edge bef or ), and is the cost of the deleted edge af ter )). If is originally the head of path ), is ull and is unde�ned; if is originally the tail of path ), is ull and is unde�ned. Ev ery path in the dynamic path data structure is represen ted balanced binary tree whose lea es represen the ertices of the path, and whose in ternal no des represen the edges of the path. eac in ternal no de of suc tree constan amoun of lo cal (w eigh t information is stored. Ev ery path in the extended dynamic path data structure is stored as path or subpath of dynamic path data structure. The edge eigh ts are the co er alues. Whenev er an op eration (except Link and nl ink in olv es path that is subpath of another path, reconstruct suitable sequence of nl ink op erations. After erforming the op eration execute the corresp onding Link sequence. execute nitial iz compute �rst the co er alue for the edges of left-to- righ scan of with eac edge of stored at its endp oin ts in Then build dynamic tree data structure for using the co er alues as edge eigh ts. realize ov er u; )) using spl it pupdate and concatenate as follo ws. W.l.o.g. as- sume that is closer to head than If is not the head of then split at bef or ). If is not the tail of then split the subpath con taining at af ter ). add to all edge eigh ts in the subpath starting at using pupdate and merge together again using concatenate Ob viously ncov er u; )) can realized in the same except that subtract instead of adding 1. implemen the Link op eration do not use the concatenate op eration ecause an to execute this op eration in constan time. Instead create new no de for whose hildren are the ro ots of the data structures for and Afterw ards up date the lo cal information. An nl ink is the rev ersal of the Link op eration. Lef tU ncov er ed query can answ ered using pmincost If an to answ er ig htU ncov er ed query �rst execute ev er se ), use pmincost ), and execute ev er se again. The running time of nitial iz is since the scan can executed in linear time and the dynamic tree for path with giv en edge eigh t can built in time ). Link or nl ink op eration tak es constan time since, as sho wn in 29 ], the lo cal information can up dated in constan time. An of the other op erations is enclosed in sequence at most nl ink and Link op erations. The op eration itself consists of constan um er of dynamic path op erations whic tak time log giving total of time log ). This sho ws the claimed ounds on the running times. 20 vid Alber ts, Monika Ra uch Henzinger se quenc of up date op er ations starting with andom sub gr aph of of size wher is the numb er of dges in after op er ation 8.4 An Extended Dynamic ath Data Structure In this section presen the extended dynamic path data structure for the main tenance of the co er alues of the edges of paths. It is based on the dynamic paths data structure whic Sleator and arjan used for their dynamic trees 29 ]. consider the follo wing problem. are giv en set of paths suc that paths are either ertex-disjoin or one path is con tained in the other one. Eac path has leftmost degree one ertex (also called the head and righ tmost degree one ertex (also called the tail ). There is co er alue asso ciated to eac edge in one of the paths. It coun ts the um er of edges whic co er The data structure allo ws the follo wing op erations: nitial iz Build data structure for partial path with set of co ering edges ov er Increase the co er alue of eac edge in whic is co ered ncov er Decrease the co er alue of eac edge in whic as co ered Link Link the data structures for and the edge This is allo ed if neither nor are subpaths of another path in the data structure. nl ink Undo the Link op eration that created This is allo ed if is curren tly not link ed with another path. ig htU ncov er ed Return the righ tmost unco ered edge on if it exists. Lef tU ncov er ed Return the leftmost unco ered edge on if it exists. Multiple edges are allo ed, but not self-lo ops. sequence of Link and nl ink op erations re- sults in \link age tree". Let the depth of this tree. In this section describ an imple- men tation of the data structure that tak es constan time for Link and nl ink log time for ig htU ncov er ed Lef tU ncov er ed ov er and ncov er and time for nitial iz ). In their pap er on dynamic trees 29 Sleator and arjan in tro duce data structure for the dynamic main tenance of collection of ertex-disjoin edge eigh ted paths. Eac path has head and tail. The data structure supp orts 11 kinds of op erations. subset of them is quoted elo from 29 ]. The op erations path head tail bef or and af ter ha the ob vious meaning. pmincost path ): Return the ertex closest to tail suc that af ter )) has minim um cost among edges on pupdate path real ): Add to the cost of ev ery edge on ev er se path ): Rev erse the direction of making the head the tail and vice ersa. concatenate path p; real ): Com bine and adding the edge tail head )) of cost Return the com bined path. vera ge Case Anal ysis of ynami Graph Algorithms 19 (1) First discuss up dating the maxcov er alues. Using the dynamic tree data structure of the spanning tree of can �nd dist u; to eac tree edge inciden to in time log ). Inserting or deleting dist u; from the heap max determines the new alue of maxcov er in time log ). Since at most four heaps are a�ected, up dating all maxcov er alues at lev el-0 clusters tak es time log ). Eac maxcov er alue of an in ternal no de can computed in constan time from the maxcov er alue of its hildren and, th us, all maxcov er alues can up dated in time log ). (2) Next up date the dynamic tree data structures of and ). If pr oj pr oj (and th us )) then increase the over-c ounter of all tree edges et een and Otherwise incremen the over-c ounters of all edges on the tree path et een and pr oj ), and et een and pr oj ). In an case this can done in time log in the corresp onding dynamic tree data structures. (3) up date max and max delete the old maxcov er alue of the corresp onding tree degree hild and insert the new one if the alue has actually hanged. This tak es time log ). (4) No discuss up dating the partial and complete paths. distinguish three cases: (4a) If and are con tained in the same basic cluster and the up date is an insertion, then execute ov er pr oj p oj )) If they are in the same cluster and the up date is deletion execute ncov er pr oj pr oj )) (4b) If and are not con tained in the same basic cluster, but oth elong to the same complete path, let the highest lev el suc that ). can determine in time log ). The only maxc over alues that ha hanged and are used to co er partial or complete path are maxcov er and maxcov er ), where is the tree edge connecting and ). Let )) denote the former alue of maxcov er maxcov er )), and let and the curren alues. execute ncov er +1 )) )) and ncov er +1 )) )) and then ov er +1 )) )) and ov er +1 )) )). (4c) If do es not elong to the complete path of then the maxim um maxcov er alue in max is the only maxcov er alue that hanges the co era ge of some partial or complete path con taining (namely the complete path of ). Th us, unco er >from the old maxim um elemen of max and co er it with the new maxim um elemen of max ). do the same for same for (5) Finally discuss up dating the toptobr alues. Since at most complete paths are a�ected the up date and for cluster the toptobr alue can computed in time log using ), the data structure for the complete path of up dating all toptobr alues tak es time log ). This sho ws in that the data structure can up dated in time log in the case of non-tree up date. Using the analysis of Section giv es the follo wing theorem. Theorem 8.1 Ther exists dynamic data structur that answers 2-e dge onne c tivity queries in time log and that an up date in total exp cte time log =1 n= during 18 vid Alber ts, Monika Ra uch Henzinger 4. eep an in teger alue eng th whic denotes the length of the partial path of 5. If has complete path, also eep an in teger alue toptobr ), whic denotes the distance et een the head of the complete path and the unco ered edge on the complete path closest to the head. sp eed up the go case added the heaps max ), the dynamic tree data structures, the heaps that main tain the max to the data structure of 13 ], and replaced the data structure for partial and complete paths. The algorithm of 13 uses the maxcov er alues and the maxim um elemen ts stored in the max heaps to main tain the in arian (I) as follo ws. Let and hildren of cluster and let the tree edge connecting them. If the neither nor has tree degree then the partial path of is co ered maxcov er and maxcov er ). If the tree degree of is 3, the maxim um elemen of max is used to co er the complete path of emplo the query algorithm 13 whic uses the eng th and toptobr alues of the partial and complete paths and some information at basic clusters. (The remaining data structures are actually only needed to main tain these alues e�cien tly .) 8.3 Up dates The am biv alen data structure can up dated in time after ev ery edge insertion or dele- tion 13 ]. Our mo di�cations increase the orst case running time only constan factor. As sho wn in Section ebuilding the dynamic partition creates only (1) amortized cost er non-tree up date, so do not consider ebuilds in the follo wing. sho the go erage case eha vior of the gaca data structure sho elo that an insertion or deletion of non-tree edge requires time log ). The insertion or deletion of non-tree edge u; do es not a�ect the structure of or or the eng th alues. Let u; the set of clusters at all lev els con taining or and let the lev el- cluster con taining sho �rst that the up date a�ects only the data structures at clusters in u; and discuss afterw ards ho to up date these data structures. (1) The de�nition of maxcov er implies that only maxcov er and maxcov er alues with are a�ected. (2) The only dynamic trees a�ected are the ones of and of ). (3) The only max heaps a�ected are the ones of the at most clusters and whose complete path con tain the partial paths of or ). (4) This implie that only for u; the and data structures are a�ected. (5) This in turn sho ws that only the toptobr alues of (1) clusters are a�ected, namely those of and of Note that in u; con tains log clusters, at most at eac lev el. up date the data structures at all of these clusters ottom-up starting with the lev el-0 clusters. No discuss ho to up date eac of the ab men tioned data structures. vera ge Case Anal ysis of ynami Graph Algorithms 17 sequence of Link and nl ink op erations results in \link age tree". Let the depth of this tree. Belo describ an implemen tation of this data structure that tak es constan time for Link and nl ink log time for ig htU ncov er ed Lef tU ncov er ed ov er and ncov er and time for nitial iz ). use this data structure to main tain the complete and partial paths together with their co erage information. Note that the head of complete path can con tained in another complete path. mak them ertex-disjoin simply create second cop of these shared no des in the extended path data structure. Since is log in our application ig htU ncov er ed Lef tU ncov er ed ov er and ncov er tak time log ). While inserting and deleting edges in ov er and ncov er partial and complete paths suc that main tain the follo wing in arian t (I) dge on omplete ath is over by no dges it is bridge in 8.2 he omplete Data Structure The gaca data structure main tains minim um spanning tree dynamic restricted partition of order ), top ology tree and 2-dimensional top ology tree with additional information stored at the no des of the top ology trees. describ the lab els need some further de�nitions. The distance et een no des in basic cluster is de�ned to the um er of edges on the unique tree path connecting them. If the non-tree edge u; is inciden to and lies in let pr oj the no de on the partial path of that is closest to and let dist u; the um er of edges on the partial path of et een pr oj and the tree edge inciden to or eac tree edge inciden to denote maxcov er the maxim um of of dist u; er all no des that are connected non-tree edge to no de in often denote maxcov er also the no de on the partial path that has distance maxcov er from since it simpli�e the description. eac no de of with eep the in teger alue maxcov er for ev ery tree edge inciden to or basic clusters and and eac tree edge inciden to eep heap max that con tains dist u; for all no des that are connected to no de in non-tree edge. The maxim um of max is maxcov er ). or lev el- clusters and with and ev ery tree edge inciden to the alue maxcov er can computed in constan time from the maxcov er alues of the hildren of in 13 ]. or eac lev el- cluster eep at its no de of the follo wing data structure: 1. If is basic cluster, eep dynamic tree data structure of the spanning tree of or eac tree edge not on the partial path of main tain the um er of non-tree edges co ering its over-c ounter The over-c ounter of is used as its cost in the dynamic tree for Edges on the partial path ha cost zero. 2. If has non-empt complete path, main tain an additional heap max ). Let the degree-1 hild of and let the tree edge inciden to Note that is lev el-( -1) cluster. The heap max main tains the maxim um of all maxcov er alues for all lev el-( -1) clusters 3. main tain partial and complete paths in data structure as describ ed in the previous section. 16 vid Alber ts, Monika Ra uch Henzinger 2. the concatenation of the partial paths of the hildren of in if is the union of clusters with tree degree 1, and 3. empt in all other cases. The data structure )) for the partial (complete) path of cluster is binary searc tree of depth log whose lea es in left-to-righ order corresp ond to the ertices on the partial path. This data structure is describ ed in detail in Section 8.4. share the data structures among sev eral paths in the follo wing y: 1. If is non-basic cluster with one hild, its and are iden tical to the data structures of the hild of 2. If is non-basic cluster with hildren and and one of them has tree-degree 2, then is empt and the data structure represen ting the partial path of consists of new ro ot whose hildren are and ). 3. If is non-basic cluster with hild with tree degree and hild with tree degree 3, then is empt and consists of new ro ot whose hildren are newly created no de and the ro ot of ). store at the tree edge et een and 4. If is non-basic cluster with hild with tree degree and hild with tree degree 1, then is empt and consists of new ro ot whose hildren are the ro ots of and ). Ev ery no de of except for the ro ot or leaf with tree-degree has non-empt partial path. Th us, ev ery cluster that is inciden to non-tree edge has non-empt partial path. extend the dynamic path data structure of 29 to the follo wing extende dynamic ath data structur It represen ts set of paths suc that paths are either ertex-disjoin or one path is con tained in the other one. Note that eac edge on one of the paths is represen ted just once ecause of the sharing of data structures describ ed ab e. There is co er alue asso ciated to eac edge in one of the paths. It coun ts the um er of edges whic co er nitial iz Build data structure for partial path with set of co ering edges ov er Increase the co er alue of eac edge in whic is co ered ncov er Decrease the co er alue of eac edge in whic as co ered Link Link the data structures for and the edge This is allo ed if neither nor are subpaths of another path in the data structure. nl ink Undo the Link op eration that created This is allo ed if is curren tly not link ed with another path. ig htU ncov er ed Return the righ tmost unco ered edge on if it exists. Lef tU ncov er ed Return the leftmost unco ered edge on if it exists. Ev ery no de has at most hildren. vera ge Case Anal ysis of ynami Graph Algorithms 15 -Edge Connectivi rederic kson giv es data structure, called ambivalent data structur that answ ers 2-edge connec- tivit queries in time log 13 ]. It can up dated in time ). This data structure is also based on the top ology tree data structure. can mo dify the am biv alen data structure and the up date algorithm in order to sp eed up the go case. call the mo di�ed am biv alen data structure go d-aver age ase ambivalent data structur gac data structur and describ it elo w. As efore giv eac edge cost and then connect dumm edges of cost and main tain minim um spanning tree of The basic idea for testing 2-edge connectivit is the concept of overing tree edge is over if there exists non-tree edge x; suc that lies on the tree path et een and As sho wn in 13 ], no des and are 2-edge connected i� all edges in the tree path et een and are co ered. Th us, to answ er 2-edge connectivit queries the am biv alen data structure main tains for ev ery tree edge bit indicating if it is co ered. up date the data structure fast if non-tree edges are mo di�ed, the gaca data structure main tains instead cov er alue for eac tree edge whic is lo er ound on the um er of non-tree edges co ering the tree edge. do this e�cien tly partition in to hains, called omplete aths as in 13 ]. Subpaths of complete paths are called artial aths and are used to compute the cov er alues of edges on complete paths e�cien tly while tra ersing the top ology tree ottom-up. 8. artial and omplete aths The artial ath of basic cluster is 1. the unique no de of that is inciden to the tree edge inciden to if the tree degree of is 1, 2. the tree path et een the no des of that are inciden to the tree edges inciden to if the tree degree of is 2, and 3. empt if the tree degree of is 3. The partial path of lev el- cluster with is 1. the concatenation of the partial paths of the hildren of in if consists of the union of clusters and one of them has tree-degree 2, 2. the unique ertex in the hild with tree degree 3, if is the union of tree degree and tree degree cluster, 3. empt if is the union of clusters of tree degree 1, and 4. the partial path of the hild of in if consists of one cluster of lev el 1. The omplete ath of eac basic cluster is empt The complete path of lev el- cluster with is 1. the partial path of the hild with tree degree 1, the tree edge connecting it to its siblin with tree degree 3, and the (only) no de of its sibling, if is the union of cluster with tree degree and cluster with tree degree (whic is called the he ad of the complete path) 14 vid Alber ts, Monika Ra uch Henzinger 4. the corresp onding 2-dimensional top ology tree The no des of are augmen ted with the follo wing lab els: (a) eac leaf of eep lists, eac one con taining the non-tree edges of et een and of the same parit added this data structure to sp eed up up dates in the go case. (b) Asso ciated with eac no de of are up to edges whic represen the parit classes. These are called the sele cte dges or eac selected edge main tain the distances of its endp oin ts to the oundary ertices of the corresp onding clusters. Note that at eac no de of and store only constan amoun of distance information ecause ev ery cluster has tree degree at most three. In con trast to 11 do not need to main tain selected edges of minimum weight Ho ev er, could do this replacing the lists in 4.(a) priorit queues. answ er query as follo ws: If the ro ot no de of do es not ha selected edge, then is forest and hence bipartite. If has selected edges, one of them in tro duces an dd cycle. Th us, is not bipartite. If exactly one selected edge is stored at determine after eac up date the length of the cycle induced this selected edge. This tak es logarithmic time using the dynamic tree data structure of As sho wn in 11 the orst-case up date time for this data structure is ). sho next that the insertion or deletion of non-tree edge u; that do es not mo dify the dynamic restricted partition tak es time log ). If the dynamic restricted partition do es not hange, art 1, 2, and of the data structure do not hange. describ elo ho to up date art 4. First assume that is inserted. Let and ha to compute the parit class of in order to insert it in to the righ list at the leaf no de in If use the dynamic tree data structure to determine the parit of and of the selected edges of If determine the distance of to oundary ertex of determining the um er of non-dashed edges on the path in et een them. This can computed in time log using the dynamic tree data structure for Then compare the parit of with the parities of the selected edges stored at (if they exist) in constan time using the distance information in the data structure and Lemma 7.1. After determining the parit class of insert in the appropriate list. This tak es constan time. If the selected edges of hange, ercolate this hange up in Since can up date eac lev el in constan time using Lemma 7.1 the whole pro cedure tak es time log ). If is to deleted, delete it from the list at in whic it is con tained. If as selected edge replace it the next edge in if there exists one. This tak es constan time. Up dating the ancestors of tak es time log as in the case of insertions. As efore tak the minim um spanning tree to the suitable subgraph. Rebuilds caused non-tree edges add constan amortized time to eac up date as in Section 5. The analysis for minim um spanning trees carries er, so get the follo wing theorem. Theorem .2 Ther exists data structur that answers bip artiteness queries in onstant time and that an up date in total exp cte time log =1 n= during se quenc of up date op er ations starting with andom sub gr aph of of size for any wher is the numb er of dges in after op er ation vera ge Case Anal ysis of ynami Graph Algorithms 13 main tain connectivit dynamically rederic kson 12 assigns cost to edges in the curren graphs and connects di�eren connected comp onen cost (dumm y) edges. Then he augmen ts the top ology tree data structure in order to answ er connectivit queries in constan time. Ho ev er his algorithm mo di�es the additional parts of the data structure only if the minim um spanning tree of hanges, i.e., in the bad case. Using the minim um spanning forest data structure presen ted in the previous section giv es the follo wing result. Theorem .1 Ther exists data structur that answers onne ctivity queries in onstan time and that an up date in total exp cte time log =1 n= during se quenc of up date op er ations starting with andom sub gr aph of of size for any wher is the numb er of dges in after op er ation artiteness In this section analyze the erage case erformance of an algorithm for dynamic bipartiteness due to Eppstein et al. 10 11 ]. As efore giv eac edge cost and connect di�eren connected comp onen ts dumm edges of cost 2. The algorithm uses again the top ology tree data structure (see Section 5). The basic idea is to main tain minim um spanning tree of the graph and to use and additionally to main tain the parities of the cycles whic are induced the non-tree edges. The graph is bipartite if and only if no non-tree edge induces an dd cycle. or non-tree edge let denote its induced cycle. Let u; the distance of the ertices and in i.e., edges in tro duced to satisfy the degree constrain ts are not coun ted. oundary vertex of cluster is an endp oin of tree edge connecting the cluster with di�eren cluster at the same lev el of the top ology tree. The follo wing lemma is sho wn in 11 ]. Lemm .1 et and any two clusters at the same level of the top olo gy tr e, and let and any two non-tr dges etwe en and et oundary vertex of and let oundary vertex of et and esp ctivel the endp oints of and in and let and esp ctivel the endp oints of and in The two cycles and have the same arity if and only if the quantity is even. can partition the edges joining clusters and at the same lev el of means of this lemma in parit classes using only lo cal information, i.e. information a ilable in and This is useful, since up dates whic are not lo cal to and ma nev ertheless hange the parities of the cycles induced edges joining and but the classes remain the same. This leads to data structure whic is sligh mo di�cation of the data structure giv en in 11 consisting of 1. MST 2. dynamic tree data structure 29 of (for determining distances et een no des in giving dashed edges length and non-dashed edges length 1, 3. top ology tree for where store at eac no de the distances et een ev ery pair of oundary ertices of 12 vid Alber ts, Monika Ra uch Henzinger Up datin the Data Structure decide whether are in go or bad case, ha hec if the up dated edge is tree edge. In the case of deletion, this is easy to decide, since kno for eac edge in if it is in In the case of an insertion use an additional dynamic tree data structure 29 (describ ed elo w) to decide in time log whic case ccurs. The algorithm in 12 up dates and in time after an arbitrary edge insertion or deletion. Buildi ng and main taining the priorit queues at the lea es of increases this time only constan factor. ebuild in the dynamic partition causes additional costs of to up date and In the go case these costs can amortized as describ ed ab e. Th us, omit these additional costs in the follo wing discussion. are left with sho wing that and can up dated in time log if non-tree edge u; is inserted or deleted. Note �rst that has not to mo di�ed (when there are no ebuilds ). urthermore the insertion or deletion of u; only a�ects the min alue of (1) the no de where is the cluster that con tains and is the cluster that con tains and (2) ancestors of Adding or deleting u; from the priorit queue of tak es time log ). Afterw ards compute ottom-up the new min alue of ev ery ancestor of Using the min alue of its hildren this tak es constan time er ancestor. Since has depth log 12 ], up dating all ancestors tak es time log as ell. Th us, up dating tak es time log if kno that u; is not tree edge. determine if an edge u; that has to inserted ecomes tree edge, use the dynamic tree data structure for compare the cost of u; with the maxim um cost on the tree path et een and esting this and up dating the dynamic tree tak es time log er op eration. The space requiremen for the data structure is linear. Using the linear exp ected time algorithm for minim um spanning trees 19 during prepro cessing giv es the follo wing lemma. Lemm Ther exists data structur that maintains minimum sp ann ing for est of gr aph with any al-value ost-function on the dges. The data structur an up date in time if tr dge is inserte or delete and in time log plus (1) amortize time if non-tr dge is inserte or delete d. The data structur ne ds line ar sp ac and line ar exp cte pr epr e ssin time. No an to analyze the erag case up date time of this data structure according to the rr-mo del. consider an arbitrary but �xed eigh for ev ery edge in (i.e. whenev er an edge is in it has the same eigh t ). Ev ery minim um spanning forest is suitable subgraph. Therefore can apply Theorem 3.1 to analyze the exp ected time er op eration, ignoring the cost of rebuilds. Since sho ed efore that the total time sp en for rebuilds during up dates is ), this implies the follo wing result. Theorem Ther exists data structur for maintaining minimum sp ann ing for est such that for any the exp cte time for se quenc of up dates starting with andom sub gr aph of of size for any is log =1 n= wher is the numb er of dges in after op er ation Connectivit or dynamic connectivit ac hiev an erage up date time according to the rr-mo del whic consists of parts: an exp ected time of n= log and an amortized cost of (1), where is the um er of edges in after the up date op eration. vera ge Case Anal ysis of ynami Graph Algorithms 11 In eac step of the ebuild pro cedure previously restored conditions are preserv ed. sa that cluster is touche an up date if one of the ertices of the up dated edge is an elemen of Note that gro ws or shrinks at most ertices when it is touc hed. It is easy to see that only constan um er of clusters are in olv ed in ebuild Th us, its cost is ). In the go case (a non-tree up date) can ev en sho an amortized constan ebuild cost er op eration. or this purp ose sho the follo wing lemmas. Lemm .1 ach cluster of tr de gr or cr ate by non-tr op er ation has ar din ality less than Pr of. Let suc cluster. Consider the ebuild whic created If as created in Step it has cardinalit 1. If as created either in Step or Step it has cardinalit less than Lemm .2 ach blue cluster cr ate by non-tr op er ation has ar dinality at le ast Pr of. Let suc cluster. Consider the ebuild whic created Since is blue cluster resulting from non-tree up date as not created in Step 1. If as created either in Step or Step it has cardinalit at least than Lemm .3 non-tr up date do es not onvert non-blue cluster into blue cluster. Pr of. ree degree clusters can only destro ed, but cannot ecome blue during non-tree up date. The only ossibili to con ert non-blue cluster in to blue one during non-tree up date is to insert new cluster et een and its neigh oring tree degree cluster. explici tly excluded it in Step 1. It also cannot happ en in Step or 3. Lemm The amortize rebuild ost of non-tr up date is onstant. Pr of. Step clearly tak es (1) orst case time for non-tree up date. Th us ebuild can incur non-constan orst case cost only if Step or Step are executed. Step is executed if the a�ected cluster ecomes larger than If less than 12 non-tree up dates touc hed since its creation kno that its size at creation as at least Th us Lemma 5.1 it as created tree up date. Since eac ebuild creates only constan um er of new clusters can harge the cost of destro ying to the tree up date that created If more than 12 non-tree up dates touc hed can harge constan amoun of the cost for destro ying to eac of these op erations. Step is executed if blue cluster ecomes to small. If this cluster as non-blue when created Lemma 5.3 there ust ha een tree up date whic con erted this cluster from non-blue to blue. Since eac tree-edge op eration con erts only constan um er of clusters can harge the cost of destro ying to the tree up date whic con erted it. If as created tree up date harge the cost of destro ying it to the tree up date whic created it. Otherwise, as created as blue cluster non-tree op eration. Th us Lemma 5.2 it had size at least when it as created. Th us, at least 24 up dates ust ha touc hed since its creation. can harge constan amoun of the cost for destro ying to eac of them. 10 vid Alber ts, Monika Ra uch Henzinger main tain minim um spanning tree of in dynamic tree data structure. implici tly main tain dynamic restricted ultilev el partition of order means of top ology tree and o-dimensional top ology tree ev ery no de of with eep bit that is set to i� there is an edge et een cluster and cluster Let min the edge of minim um cost et een and eac leaf of eep priorit queue of all non-tree edges with one endp oin in and one endp oin in and min ). (This priorit queue is not part of the original top ology tree data structure, but added to sp eed up up dates.) an in ternal no de of only eep min whic can computed in constan time from the min alue of the (at most four) hildren of .3 Up datin the appin rom to Whenev er an edge x; is inserted in to and the degree of (or is already greater than o ha to up date the mapping from to In general just add new no de at suitable lo cation in the cycle represen ting in and new edge for an appropriate index to sp ecial case ccurs when the degree of in is exactly 2: is represen ted just one ertex in efore the insertion and ertices after the insertion. In order to sta within the claimed space ound also ha to remo no de from the cycle in represen ting particular ertex in when an edge is deleted. .4 Up datin the Dynamic artition The insertion or deletion of no de in migh in alidate the partition violating some of the conditions. restore them the follo wing ebuild pro cedure. 1. If Condition (1) is violated then If this ebuild is caused tree-edge then just restore Condition (1) splitting all a�ected clusters in to sub clusters that ful�ll Condition (1). If this ebuild is caused non-tree edge x; in then do the follo wing: If or lies in cluster with tree degree less than three, add the new no de to this cluster. Otherwise create new cluster con taining et een the (tree degree 3) clusters con taining and The ertex is handled symmetrically 2. If the cardinalit of cluster is larger than (th us violating Condition (2)), the cluster is split using the splitting pro cedure of 12 whic splits cluster in to clusters of size at most and at least 3. If cluster violates Condition (3) join it with one of its neigh ors resulting in either non-blue cluster or cluster with cardinalit at least 1. If in the latter case this cardinalit is larger than this cluster split again resulting in clusters of size at most 3(2 1) and at least vera ge Case Anal ysis of ynami Graph Algorithms asic De nitions �rst review the data structure rederic kson and mak some hanges needed to sp eed up the go case. alw ys eep the graph connected dumm edges of eigh build top ology tree map to graph of maxim um degree replacing ertex of of degree cycle of new ertices in The edges connecting and +1 and the edge connecting and get eigh of so they alw ys sta in the minim um spanning forest of They are called dashe edges. Ev ery edge x; is replaced an edge ), where and are the appropriate indices of the edge in the adjacency lists for and Note, that the edges of minim um spanning forest of are \subset" of those for The top ology tree data structure decomp oses based on minim um spanning tree of In the follo wing whenev er use the term tr dge refer to an edge of the curren minim um spanning tree in case of deletion or the new minim um spanning tree in case of an insertion. ac hiev fast up dates for non-tree edges mo dify the de�nitions of clusters giv en in 13 ]. asic cluster is set of ertices that induces subgraph of that is connected. An edge is incident to cluster if exactly one of its endp oin ts is in the cluster and it is internal to cluster if oth endp oin ts are in the cluster. The tr de gr of cluster is the um er of tree edges inciden to the cluster. call cluster blue if it has tree degree or if it has tree degree and is not incide to tree degree cluster. dynamic estricte artition of or der with resp ect to is partition of the ertices so that (1) eac cluster with tree degree has cardinalit 1, (2) eac set in the partition is basic cluster with tree degree and cardinalit (3) eac blue cluster has cardinalit at least 3. These conditions guaran tee that there are m=k basic clusters in dynamic restricted partition of order dynamic estricte multilevel artition of or der is hierarc of dynamic partitions, one partition er level level- cluster is basic cluster created dynamic restricted partition of order level- cluster is (1) the union of lev el-( -1) clusters that are connected tree edge suc that one of them has tree degree or oth ha tree degree 2, or (2) one lev el-( -1) cluster if the previous rule do es not apply The topmost partition consists of just one set. .2 Data Structure top olo gy tr is tree whic represen ts dynamic restricted ultilev el partition suc that eac no de at lev el of the tree corresp onds to lev el- cluster in the ultilev el partition. If is the union of clusters and at lev el -1, then and are the hildren of and the tree edge is stored at If consists of one lev el-( -1) cluster at lev el then is the only hild of in 2-dimensional top olo gy tr is tree that con tains no de at lev el for ev ery pair of lev el- clusters. lev el-( -1) no de is hild of lev el- no de i� is hild of and is hild of vid Alber ts, Monika Ra uch Henzinger in the initial random graph and one phase of arjan’s algorithm to construct sparse blossom forest with resp ect to the initial maxim um matc hing. Using Theorem 3.1 get the follo wing result. Theorem .1 Ther exists data structur for dynamic maximum matching which an up date in exp cte time with esp ct to the rr-mo del. It eturns curr ent maximum matching or answers the question whether articular dge is in the curr ent maximum matching in optimal time. Ev en, dd, and out-of-forest ertices corresp ond to the Gallai-Edmonds-Decomp ositi on of graph. or de�nition and prop erties of this decomp osition see 20 ]. Since our algorithm main tains the partition of the ertices in to ev en, dd, and out-of-forest ertices, it also main tains the Gallai- Edmonds-Decomp osition of the graph. 4.3 nsertions only sk etc elo an insertions-only maxim um cardinalit matc hing algorithm with amortized time er insertion of an arbitrary not random) edge if the initial edge set is empt close lo ok at arjan’s algorithm 30 sho ws that eac phase is essen tially semi-dynamic algorithm. It is guided the edges reac hable via ev en alternating paths in the gro wing blossom forest. It do es not dep end on particular order on these edges. Th us, as long as an inserted edge hanges only the blossom forest, but creates no augmen ting path there is no need to recompute the data structure from scratc h. sequence of insertions of this yp plus an edge whic increases the matc hing um er corresp onds to one phase of arjan’s algorithm with sp ecial order of scanning edges. All the ork whic has to done in one suc phase, i.e., gro wing the forest, shrinking blossoms, augmen ting the matc hing at the end of the phase, and rebuildin the blossom forest with resp ect to the new maxim um matc hing afterw a rds can harged to the edges whic are in olv ed. By doing so, eac edge is harged only for constan amoun of ork er phase. Since there are at most n= phases, an insertion can done in amortized time. inim um anning orests rederic kson 12 in tro duced the top ology tree data structure to main tain minim um spanning forest dynamically In this section mo dify the top ology tree data structure to giv dynamic minim um spanning forest algorithm with go era ge and the same orst -case erformance as the algorithm in 12 ]. The new arian of top ology trees is the ey data structure for um er of other dynamic graph algorithms, lik di�eren kinds of connectivit and bipartiteness, presen ted in the follo wing sections. The orst case up date time of the top ology tree data structure is ). By using impro ed sparsi�cation 10 this can reduced to ). apply our tec hnique of Section mo dify the top ology trees suc that up dates in olving tree edges tak time (bad case) and up dates in olving non-tree edges tak time log plus amortized constan time for rebuildi ng parts of the data structure (go case). The minim um spanning forest is its wn suitable subgraph. It is sparse so Theorem 3.1 get an erag case up date time with resp ect to the rr-mo del of n= log exp ected time plus (1) amortized time if consider an arbitrary but �xed eigh for ev ery edge in cannot use the sparsi�cation tec hnique of 10 11 since in their data structure constan fraction of the edges causes exp ensiv up dates. vera ge Case Anal ysis of ynami Graph Algorithms hoice of maxim um matc hing. Edmonds also pro ed this in ]. non-reac hable ertex is called out-of-for est vertex 4.2 he al orithm The data structure main tain consists of sparse blossom forest, parit informations (ev en, dd, or out-of-forest) for the ertices, and list consisting of the edges in curren maxim um matc hing. The matc hing and forest edges are mark ed for quic recognition. Th us, it is trivial to answ er query Additionall store at eac no de in the blossom forest oin ter to the tree that it elongs to. blossom forest is ell-kno wn data structure used in static maxim um cardinalit matc hing algorithms, see, e.g., 20 30 ]. will sho elo that the union of maxim um matc hing of the curren graph and blossom forest with resp ect to it is suitable subgraph for the curren graph. It follo ws that ). Conceptually the data structure is sparse subgraph of the curren graph whic has the same matc hing um er and the same parities as arjan 30 describ es static algorithm for computing maxim um matc hing in general graphs. It pro ceeds in phases. In eac phase it either constructs sparse blossom forest or it �nds an augmen ting path with resp ect to an in termediate matc hing computed so far and augmen ts this matc hing in time. The algorithm computes the reac hable ertices, their parities, the blossoms and informations to retriev augmen ting paths. It gro ws an alternating forest and shrinks non trivial blossoms reac hable via an ev en alternating path when they are detected. analyze when has to hanged lo ok �rst at deletions. hange ccurs only if delete an edge in the forest or the matc hing. Since they are mark ed, can easily test this condition. No supp ose insert an edge in to the curren edge set Let ha to up date the blossom forest or the matc hing only if one of the follo wing three conditions applies. By using the information stored at the no des can test in constan time if one of these conditions applies 30 ]. (1) The insertion of increases the matc hing um er. In this case �nd an augmen ting path when is inserted, augmen the matc hing and ha to rebuild the blossom forest. If there is maxim um matc hing in not con taining then the deletion of >from do es not decrease the matc hing um er, con tradiction, since the matc hing um er is unique. So has to in ev ery maxim um matc hing in (2) The insertion of increases the um er of reac hable ertices. In this case the blossom forest gro ws. Since the reac hable ertices are unique and they form the ertex set of ev ery blossom forest, can argue in the same as in the previous case that is in ev ery ossible blossom forest for the new graph. (3) The insertion of do es not hange the um er of reac hable ertices but hanges the parit of some dd ertices to ev en. In this case there is new blossom in the forest. Since the parities of the reac hable ertices within the blossom forest are the same as in the whole graph and they are unique, can again deduce that has to in ev ery ossible blossom forest for the new graph. Assume that in bad case simply recompute the data structure using one phase of arjan’s algorithm. If the hange also a�ects the curren maxim um matc hing, ha to apply the algorithm wice, once for augmen ting and once for computing new blossom forest with resp ect to the new maxim um matc hing. These bad cases tak time. All go cases can handled in constan time, since just up date the adjacency structure of the graph. or prepro cessing use the static algorithm of Micali and azirani 21 32 to construct maxim um matc hing vid Alber ts, Monika Ra uch Henzinger ad ase up date time of n; go ase up date time of n; and ound of n; for testing whether an up date is go ase. Then ther is dynamic gr aph algorithm for with an exp cte up date time with esp ct to the rr-mo del of n; n; min (1 =m n; )) Its worst ase query time is n; Note that the gap et een era ge case and orst case erformance is the largest if the graph is dense. axim um Cardinalit atc ing 4. erm inol The cardinalit of maxim um matc hing is the matching numb er of the graph. In general maxi- um matc hing is not unique. All of the follo wing de�nitions are with resp ect to �xed matc hing path in is an alternating ath with esp ct to i� the edges in are alternately in the matc hing and not in as alk along will drop the phrase \with resp ect to whenev er there are no am biguities. fr vertex is ertex whic is not inciden with an matc hing edge. An alternating for est is forest in with the free ertices as ro ots whose paths are alternating. An augmenting ath is an alternating path whic starts and ends with free ertex. matc hing can augmente along an augmen ting path remo ving the matc hing edges on from the matc hing and inserting the non-matc hing edges on in to the matc hing. This yields matc hing whic con tains one more edge than graph is factor-critic al if has erfect matc hing for ev ery ertex This implies that is dd and itself has no erfect matc hing. Let graph with some matc hing blossom in with resp ect to is factor-critical subgraph of whic con tains matc hing edges where 1. One ertex is trivial blossom. The easiest non trivial case is just an dd cycle where all ertices but one are matc hed. Note that the de�nition of blossom is not unique in the literature, de�ne it similar to 20 ]. blossom whic is not prop erly con tained in another one is maximal blossom blossom for est with esp ct to is subgraph of con taining ertex-disjoin blossoms suc that con tracting eac blossom in to single ertex whic is called shrinking the blossom leads to an alternating forest. maximum blossom for est is blossom forest with maximal cardinalit of its ertex set. In the follo wing only deal with maxim um blossom forests and drop the ord \maxim um". Since one can add an arbitrary um er of edges to blossom and it remains blossom, blossom forests are not necessarily sparse. But it is easy to see that there alw ys exist sparse blossom forests. No let maxim um matc hing again. If there exists an alternating path with resp ect to from some free ertex to certain ertex then is achable If one of the alternating paths from reac hable ertex to some free ertex is of ev en length then is an even vertex If is reac hable, but only using dd alternating paths, then it is an dd vertex ree ertices are also ev en. The sets of ev en and dd ertices are unique, i.e., they are indep ende of the particular he length of path is the um er of edges it con tains. vera ge Case Anal ysis of ynami Graph Algorithms If the insertion of an edge is bad case, then has to in an ossible suitable subgraph for the new graph. no an to deriv ound on the exp ected running time of one up date according to the rr-mo del. do not consider the time for testing here. Let the dynamic data structure. Let n; n; )) the running time of the fast (slo w) up date algorithm. assume that ). Otherwise get ound of n; ). First analyze deletion. Let del n; the exp ected running time for deleting an edge in random -elemen subset of Let an arbitrary -elemen subset of and let Fix one suitable subgraph for Let del the orst case running time for up dating when is deleted. Since the bad case ccurs only if get del n; del n; )) n; n; n; )) Next, consider the insertion of an edge. Let ins n; the exp ected time needed to insert random edge if the curren random graph has ertices and edges. In analogy to del let ins the time needed to up date if is inserted in to Then ha ins n; ins since ev ery pair is equally lik ely according to the rr-mo del. No bac kw ards analysis app ears on the scene. form ulate the cost in terms of the edge set whic results inserting in to Cho osing elemen ts from and afterw ar ds an additional one from the remaining set is the same as ho osing elemen ts from �rst and then selecting one of the hosen elemen ts. Th us, get ins n; +1 1) +1 ins e; No w, lo ok at the inner sum. Let and let suitable subgraph for If the insertion of as bad case, then has to con tained in Since ), this happ ens at most times. So, get ins n; +1 1) +1 n; )) n; n; n; )) This implies the follo wing theorem. Theorem 3.1 et gr aph on vertic es let gr aph pr op erty let ther suitable pr op erty for and let dynamic data structur for with query time of n; vid Alber ts, Monika Ra uch Henzinger Av erage Case Analysis In this section presen an abstract setting for the erage case analysis of dynamic data structures with resp ect to the rr-mo del. use tec hnique called bac kw ards analysis, whic already lead to ariet of elegan pro ofs for randomized incremen tal geometric algorithms, see 28 and its references. If all up dates are erformed in appro ximately the same time ound, there is no need for an erage case analysis. are in terested in dynamic data structures where emplo up date algorithms: slo algorithm that orks in an case and fast algorithm that orks only when certain conditions are met. assume that these conditions dep end on some structural prop ert of the curren graph and the up date, namely can apply the fast algorithm if and only if the up date do es not hange In our case the structural prop ert will subgraph of the curren graph. (In the follo wing could also handle asymmetric up date times for insertions and deletions, e.g., the slo insertion time is not the same as the slo deletion time. Since do not need this for our applications, stic to the symmetric case.) In this pap er graph prop ert is either predicate on the graph (e.g. bipartiteness), or predicate on pairs of no des (e.g. connectivit y), or set of subgraphs (e.g. maxim um cardinalit matc hing). e�cien tly main tain graph prop ert under up dates main tain \stronger" graph prop ert that can represen ted set of subgraphs. In the follo wing will map ev ery curren graph to suc set of its subgraphs ). The prop ert is stronger than the prop ert in the follo wing sense: if is di�eren for graphs and then no elemen of is con tained in ). This guaran t ees that to test if hanges after an up date it su�ces for our algorithms to main tain one elemen of instead of the whole set. In order to use bac kw ards analysis to analyze the erag case eha vior ose additional constrain ts on precise: for giv en graph prop ert and giv en graph mapping from ev ery subgraph of in to the set of subgraphs of is suitable pr op erty for and if it has the follo wing prop erties: 1. Let and subgraphs of with 62 If is not equal to then ev ery con tains 2. Let and subgraphs of with 62 If is equal to then is equal to the set of all whic do not con tain 3. There exists function suc that ev ery elemen of has size at most ). de�ne suitable sub gr aph for and to an arbitrary elemen of ). If is understo sa is suitable sub gr aph for or example in the case of connectivit can ho ose to the set of all ossible spanning forests of an to analyze dynamic algorithm whic main tains suitable subgraph along with other information. or curren graph and curren suitable subgraph de�ne an up date to go ase if is also suitable for the new curren graph. If is no longer suitable de�ne the up date to ad ase The dynamic algorithm erforms an up date testing whether it is go or bad case and then erforming the fast up date algorithm in the go case and the slo up date algorithm otherwise. Prop erties and guaran t ee that curren suitable subgraph has the follo wing prop erties: The deletion of an edge whic is not in is alw ys go case. vera ge Case Anal ysis of ynami Graph Algorithms is signi�can tly etter if there are more edges. In the case of dense graphs these impro emen ts are exp onen tial for some of the problems. After presen ting the rr-mo del in Section giv general tec hnique for analyzing the ex- ected running time of an up date op eration using bac kw a rds analysis 28 in Section 3. As far as kno w, this is the �rst application of bac kw ards analysis to dynamic graph problems. In Section 4, 5, 6, 7, 8, apply this tec hnique to analyze the exp ected running time of dynamic algorithms for maxim um matc hing, minim um spanning forest, connectivit bipartiteness, 2-edge connectivit and -edge and -v ertex connectivit resp ectiv ely preliminary ersion of this pap er app eared in ]. del for Random date uences mo del the era ge case it is common practice to consider the exp ected erformance with resp ect to \random" input. So ha to de�ne probabilit distribution on ossible up dates.

An up date consists of parts, its typ i.e., either insert or delete, and its ar ameter i.e., the sp eci�c edge to inserted or deleted. If the yp and the parameter of an op eration are giv en an adv ersary are in orst case setting. or the era ge case analysis at least the edge to inserted or deleted should giv en with some probabilit distribution. No cases are ossible: either the yp of the up date op eration is random or not. Reif, Spirakis, and ung 26 studied mo del in whic the probabilit of an insertion (deletion) is 2. In con trast, do not mak an assumptions on the distribution of yp es of up date op erations. Th us, our analysis also applies if an adv ersary pro vides the (w orst case) yp es of up date op erations. adopt generic mo del for random up date sequences from computational geometry (see, e.g., 22 27 ]). The dynamically hanging ob ject is set whic is random subset of �xed set the univ erse. An up date is arbitrarily either deletion of an elemen of whic has to hosen uniformly at random from the elemen ts whic are curren tly in the set or an insertion of an elemen hosen uniformly at random from the set Since the yp of an up date op eration is not random, the cardinalit of is also not random. Applied to the dynamic graph algorithms setting get the follo wing mo del whic call the mo del of estricte andomness or rr-mo del ha �xed set of ertices of cardinalit is subset of called the set of al lowe dges and call the curr ent gr aph If start with random subset of of cardinalit (for an and apply sequence of up dates as describ ed ab get curren graph with certain um er of edges dep ending on the yp of up dates. This graph is with equal probabilit an of the ossible -edge subgraphs of ). If is equal to then is random graph in the ell-kno wn n;m mo del ]. Note that there are ys to con trol the graphs in the rr-mo del to suit the needs of particular application. First, can prescrib In consequence can imp ose some structure, e.g., bipartiteness on the graphs whic ccur. Moreo er, if certain edges nev er ccur, can mo del this excluding these edges from Second, ma assume that an adv ersary giv es us orst case sequence of up date yp es. Th us, can also handle highly regular up date patterns, e.g., insertions, deletions, insertions, and so on. vid Alber ts, Monika Ra uch Henzinger parameter are hosen uniformly at random. Since the rr-mo del do es not mak an assumptions ab out the distribution of the yp es of up date op erations, it is more general than fsgp, whic assumes that insertions (deletions) ccur with probabilit 2. The algorithm, presen ted in 26 tak es exp ected time log main taining the -v ertex connected comp onen ts constan t) for sequence of log up date op erations. This ound is etter than our ound in the case of connectivit if the sequence of up date op erations is long enough and the graphs are not dense, but since the mo del is eak er, the results are incomparable. The rr-mo del is ariation of mo del for random up date sequences used efore in computational geometry (see, e.g., 22 27 ]). Eppstein considers the dynamic (geometric) maxim um spanning tree problem and related problems for oin ts in the plane. Exploiting their geometry he giv es data structures with olylogarithmic exp ected up date times for these problems. lt sho that conceptually simple dynamic algorithm for maxim um cardinalit matc hing has an erage up date time of er up date with resp ect to the rr-mo del. The space needed is linear and the prepro cessing time is ). Additionally giv an insertions- only algorithm for maxim um cardinalit matc hing with amortized time er insertion. Assuming that the eigh of an edge is arbitrary but �xed, sho that mo di�ed ersion of rederic kson’s top ology tree data structure 12 for dynamic minim um spanning forests has an erage case up date time of log n= plus amortized constan time. The data structure needs linear space and linear exp ected prepro cessing time. The est orst case up date time for this problem is 10 ]. Dynamic connectivit 2-edge connectivit and bipartiteness (\Is the curren graph bipar- tite ") are closely related to the dynamic minim um spanning forest problem. They can up dated within the same ounds for space and time. In the orst case the est determinis- tic ound is 10 and the est randomized algorithms tak olylogarithmic time er up date 17 ]. In the case of -edge and -v ertex connectivit sligh tly impro the kno wn ounds: Eppstein et al. 11 describ an algorithm for dynamic -edge connectivit with orst case up date time log n=k )) using minim um edge cut algorithm Gab 14 ]. sho that (with sligh mo di�cation) its erage case up date time is min (1 n=m log n=k )) plus amortized time. This giv es time min (1 n=m log plus amortized constan time for constan The data structure is able to answ er query whether the curren graph is -edge connected in constan time. The data structure needs space and prepro cessing time. create dynamic -v ertex connectivit algorithm, using the algorithm Nagamo hi and Ibaraki for �nding sparse -v ertex certi�cates 23 and the minim um ertex cut algorithm Galil 15 ]. query tak es constan time. The erage up date time is min (1 n=m )( )), whic is min =m )) for constan The prepro cessing time and the space requiremen is linear. Note that our algorithms are deterministic and not randomized. The erag case erformance of all algorithms matc hes the est kno wn orst case ounds in the case of sparse graphs, but it vera ge Case Anal ysis of ynami Graph Algorithms tro duction In man applications solution to problem has to main tained while the problem instance hanges incremen tally Dynamic algorithms incremen tally up date the solution main taining an additional data structure. Their goal is to more e�cien than recomputing the solution with static algorithm after ev ery hange. Giv en an undirected graph ), (fully) dynamic data structure allo ws the follo wing three op erations: nser u; ): Insert an edge et een the no de and the no de el ete ): Delete the edge uer Output the curren solution. (Dep ending on the the particular problem query migh parametrized.) Tw no des and are -e dge -vertex onne cte for �xed if there are edge-disjoin ertex-disjoin t) paths et een and query in the case of connectivit (2-edge connectivit y) has parameters and and returns \y es" if and are connected (2-edge connected). In the case of -edge -v ertex) connectivit query returns \y es" if the graph is -edge -v ertex) connected. matching is subset of the edge set suc that no edges are inciden to the same ertex. maximum matching is matc hing of maxim um ossible cardinalit In the case of maxim um matc hing query outputs curren maxim um matc hing. Alternativ ely query could also e: \Is the edge in the curren graph in the curren maxim um matc hing Recen tly lot of ork has een done on dynamic algorithms for arious connectivit prop er- ties 10 11 12 13 16 24 25 26 ]. The curren est deterministic ound for main taining connected or 2-edge connected comp onen ts of graph is 10 ]. The est randomized algorithm ac hiev es log ), resp. log er up date 17 ]. It is an op en problem if the connected or 2-edge con- nected comp onen ts of graph can main tained deterministicall faster than ). second in teresting question is if maxim um matc hing can main tained in time er up date. Note that dynamic algorithm whic executes one phase of the static algorithm arjan 30 for eac up date op eration ac hiev es an up date time ). This as used for example in ]. It is already an impro emen er recomputation from scratc whic tak es time 21 32 ]. ac hiev etter (a era ge case) ounds for oth problems in the follo wing mo del of estricte andomness rr-mo del Giv en random graph with ertices and edges, an adv ersary can determine whether the yp of the next op eration is an insertion or deletion. If the yp is an insertion, an edge hosen uniformly from all \allo ed" edges not in is inserted. If the yp is deletion, an edge hosen uniformly from all edges in is deleted. Th us, only the ar ameter of the next op eration is hosen at random, but not the typ of the next op eration. The rr-mo del is esp ecially suited to capture the erage case in man applications, since (1) it allo ws restrictions on the set of edges whic can used for insertions and (2) the yp (insertion or deletion) of eac up date op eration is arbitrary i.e., not random. elate or Karp 18 ga deletions-only connectivit algorithm. If the initial graph is random and random edges are deleted, the total exp ected time for sequence of deletions is log ). In 26 di�eren random input mo del for dynamic graph algorithms is presen ted, called fair sto chastic gr aph pr ess fsgp It assumes that the yp of the next op eration as ell as its stract =1 reie niv ersit at erlin raduierten oll eg lgorithmi sc he is rete athemati supp orted the eutsc he orsc ungsgemeinsc haft gran Email al erts inf.fu erli n.de his researc as done in part while visitin at the lanc nstitute for omputer cience tadt ald aar uc en erman epartmen of omputer cience ornell niv ersit thaca Email mhr cs.cornell.edu. his researc as done in part while visiting at the ternational omputer cience nstitute en ter t. uite er eley and at the lanc nstitute for omputer cience tadt ald aar uc en erman