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A: x1  x2  x3  ...                           xn

 v1  v2  v3  ...                           vn 

virtual block of
memory of size n

must store into a
"hash−table" with
4n buckets of size
O(log n) each.
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Level (1) buffer
with four buckets

level (i) buffer with 4
buckets

i

Level (2) buffer with
4*4 buckets

Level N buffer
with 4t buckets

LOWER LEVEL BUFFERS

HIGHER LEVEL BUFFERS
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Index s1
for level (1)

Index s2
for level (2)

Index si
for level (i)

Index sN
for level (N)
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Buffer A with n buckets.

Buffer B with 4n buckets
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Jointly, buckets in
both A and B contain
at most n words
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7p8:*�P:)R!�F?;0*[f �/01?#+J?/0#&/0l�*.;0H�?/`c§#+8�'�#<*[l�*[1g'�"$#+*[)<#+8:*9lS'S;�/`=�*[1N#R)&/0*�c^'�)+*(c&!n)+#+*�=4F?H3#R8:*./m)s1:*[%£Q�*[H:c.
/0#</`cs1:!�#^-R;0*�'�)98:!�%v#+8:*[Hg-['�1gF�*W*.YZ-R/0*[1?#&;0HG'�1�=�!�F?;k/mln/0!�J�cu;0H®P:J:#</01N#R!3#+8:*./0)�'DP:P:)+!�P:)&/`'�#+*	F:J�-+Q�*[#.c[�
798?J�c.e%(8�'�#W%�*L%9/`c&8a#+!K=?!�/�cW#R!g��)>c�#rc&!nfg*[8:!�%�/01?/0#&/`'�;k/��[*X'�;k;�#+8:* �5#�3�� ��$�0(#R!G8�'�l�*5#+8:*�-.!�)R)+*�-.#
-.!�1?#+*[1?#>c.:'�1�=®#+8:*[1K!�F?;k/0ln/m!nJ�cu;0H�P:J:#	#+8:*�c&*4F:J�-RQ�*[#>cs/01?#+!g#+8:*4)&/0E�8?#(Pe!Ncu/0#&/0!�1�� � 1®" '�-.#�?!�1:*4!�"<#+8:*
#+8?/01:ENcW%9*3'�)+*5E�!�/01:E®#+!Z=?!�/`cW#+!L��)>c�#rc&!n)+#(lS'S;�/`=a*[1?#+)&/0*�c	FNHK#R8:*./m)41:*[%TQ�*[H:c[��t	!�#&/`-.*5#+8�'�#4cu/01�-.*
-.!�;k;k/`cu/0!�1�cL=?!G!:-[-.J:)�C#+8:*[)+*L%9/k;k;^F�*LfG'D1NHK*[1?#+)&/0*�cW%9/0#+8a#+8:*Lc+'�fg*5Q�*[H��4t(*.I:#�C%9*3fLJ�c&#WP:J:#4#+8?/`c
*[1?#+)&/0*�c�/m1 #+8:*G'DP:P:)+!�P:)&/`'�#+*®F:J�-RQ�*[#>c[�K798:*®%('�H@%9*G'�)+*gEn!�/01:E�#R!X'�-+8?/0*[l�*®#+8?/`c�/`c3#R!XJ�c&*gf®'�1NH
'�P:P?;k/`-['�#&/0!�1�cL!D" S !�F?;k/mln/0!�J�cgc&!n)+#&/01:E�T®J�cu/01:E�=n/B[�*[)R*[1N# S.E�).'�1NJ?;`'�)�/m#&HUT®!�"(*.;0*[fg*[1N#.c3%	8?/�-R8 %�*®'�)+*
c&!�)R#+*�= � #R8:*W/�=?*�'\:/01K*�c+c&*[1�-.*�d/�c	#+!L)+*�=?J�-.*4#+8:*3'DF�!�l�*4P:)+!�F?;0*[f¿#R!�#R8:*3'�;0)+*�'�=?H®QN1:!�%(1X-['�c�*�!�"
!�F?;k/0l�/0!�J�c�;mHac&!�)+#�/m1:E®'LP�*[)+fLJ:#>'D#&/0!�1�� � 1@P�'�)+#&/`-.J?;`'�)� %�*3'D)+*4E�!�/01:Eg#+!L#+!�J�c&* S.!�F?;k/0l�/0!�J�c4c�!�)+#&/01:E�T
"$!�)(#+8:*W"$!�;k;0!S%p/m1:E®P:J:)+Pe!Nc&*�c.:

> ' ? 0.!��*$4����� ���B��+	����$�0nYI��$����=� � �.# 3��2��$ � %�*LfG'D)+Q�'�;k;9#+8:* S.*[fgP:#&HUTg*[1?#+)&/0*�c5'�c&�[*[)+!X'D1�=�'�;k;
#+8:*�SR"bJ?;k;=T®*[1?#+)&/0*�c�'nc9!�1:*�'D1�=K#+8:*[1@P�*[)&"$!�)+fÀ'D1X!�F?;k/0l�/0!�J�c4c�!�)+#&/01:E��sVrcW'L)+*�c�J?;m#�·'�;k;<#+8:*
S.*[fgP:#&HUTg'�1�= SR"$J?;k;=Tg*[1?#+)&/0*�cW'�)+*WE�)+!�J:Pe*�=K#+!�En*[#+8:*[)��

> FK? 0.!��*$4�����]���B��+_���k$�0'YI��$������O$4YI! �.# 3��2��$�0 � VWEN'�/01�§#+8:*�/�=?*�'ª/`c5#+!Xf®'�)+Q�'�;k;�#+8:*®*[fgP:#&Ha*.;0O
*[fg*[1?#>c5/01£Fe!�#+8vF:J�-RQ�*[#>cg'nc �[*[)+!�'�1�=v'S;�;W#+8:*K1:!�1:O$*[fgP:#&H *.;m*[f�*[1N#>c®'�c5!�1:*X'�1�= #+8:*[1
!�F?;k/0l�/0!�J�c�;mHvc&!�)R#��L �/01�-.*G%9*g'�)+*LE�!D/m1:EK#R!GFe*gE�J�'�)>'D1N#+*[*�= > %p/m#R8�8?/0E�8 P:)+!�F�'�F?/k;k/0#�Hk?4#+8�'�#
#+8:*W1NJ:fLFe*[)^!�"�1:!�1:O$*[fgP:#&HL*[1?#+)&/0*�cs%9/k;�;CF�*	;0*�c+cs#+8:*[1g#+8:*4cu/��[*�!D"z'WF:J�-RQ�*[#�?%9*9*�c+c&*[1?#&/`'�;k;0H
fG'�1�'DE�*4#+! S.f�!Sln*�Tg'�;k;©#+8:*51:!�1:O$*[fgP:#&HK*[1N#R)&/0*�c9/01?#+!G!n1:*4!�"^#+8:*4F:J�-RQ�*[#>c.e%(8?/k;0*�Qn*[*[P?/m1:E
'�-[-.*�c+c	P�'�#+#R*[)+1Z-.!nfgP?;0*[#+*.;0HX!�F?;k/0l�/0!�J�c¶�

> -�? 0.!��*$4�����]�.# 3��2��$�0n�20_�=�k`��=6��=`7#����I���B��+_���k$�0 � %9*g-['�1a1:!S%¯P:J:#4F:J�-RQ�*[#>c > '�c	/01�=n/mln/`=?J�'�;(*.;0*[O
fg*[1?#>c�?�'n-[-.!�)>=n/01:Eg#+!g#R8:*./m)W1?J:f�Fe*[)&/01:E�:P:)+!�ln/`=?*�=K#+8�'�#W'�;k;©F:J�-+Qn*[#>c('�)+*4)R*[P:)+*�c&*[1?#+*�=C�

� 1K!�)>=?*[)9#+!5fG'�Q�*4c&J:)+*4#+8�'D#^%9*r'D)+*r=?*�'S;�/01:E®%9/0#+8X'�;k;�#+8:*WF:J�-+Q�*[#.c. > / � *��<#+8�'�#9%9*4'�)+*4=?*�'�;k/m1:E
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%9/0#+8a#+8:*_&U����+_#�$4��$4��!��\?*C%9*3/01?#+)+!:=?J�-.*G' S[=?J:fgfLHUTg*[1?#+)+Hª"b!n)4*�'�-+8aF:J�-RQ�*[#��37p8?/�c�%('�H�e%9*g'�)+*
E�J�'�).'�1N#R*[*�=L#+8�'�#s#+8:*[)+*	/�c9'�#s;0*�'�c&#s!�1:*	/m#R*[f #R8�'�#9%�*	f�J�c�#^P:J:#s/01N#+!L*�'�-R8®F:J�-+Q�*[#���7p8:*[1G%9*4c&!�)+#
'�;k;(#+8:*®*[1N#+)�/m*�c5F?Ha#+8:*./0)gQ�*[H:c[�X798:*[1 %9*GP:J:#L#+8:*K=?*�cu/0E�1�'�#+*�= %9!�)>=:c > '�1�= S[=?J:fgfLH Tª*[1N#R)&/0*�c�?
/01N#R!�F:J�-RQ�*[#>c	'�-[-.!�)>=n/01:Eg#+!5#+8:*./0)(#>'�E?c > c&#+*[PKh ?<J�cu/01:Eg!�F?;k/0l�/0!�J�cWc&!�)+#�/m1:E > c�!�)+#&/01:EL#&%�!5F:J�-+Qn*[#>c('�#
'4#�/mf�*�'�c§/01 > FK?"?<'�1�=L#+8:*[1®P:J:#^F:J�-RQ�*[#>c�/m1?#+!5#+8:*./0)p'DP:P:)+!�P:)&/`'�#+*	P?;�'n-.*�c^!nF?;�/0ln/0!�J�cu;0HXc&!�)+#�/m1:E5#+8:*[1
'�c�/m1®/01 > -�?�'DF�!�l�*4'�1�=L#+8:*[1 V�J�c�#p-.!nPNHn/01:E�#R8:*[f¯/01N#R! �_/01K#+8:*W!�Pe*[1 > 'nc§/0#(=?!N*�cs1:!�#s)+*.;0*�'�c&*4'�1NH
/01?"b!n)+fG'�#&/0!�1�'�cW#R8?/�cWPe!�/01N#5?>��t	!�% %9*L#+J:)+1a#+!K'K=?*[#>'�/k;0*�= =?*�c+-.)&/0P:#&/0!�1��L798:*Gc&#+*[P�cW!D"^!�F?;k/mln/0!�J�c
8�'�c&8X'S;mEn!�)&/0#+8:f '�)+*4'�cs"$!�;k;m!�%�c5:

�n�W\^)+*�'�#+*4'51:*[%�8�'�c&8:O$#.'�F?;0*,)n?!�"�cu/��[*Lh �@F:J�-+Q�*[#.c.:'�1�=K-.!�P?HG-.!�1?#+*[1N#.c^!D" � 'D1�= �T/01N#R! )n
F:J�-+Q�*[#WF?HXF:J�-RQ�*[# > /¬��*���#R)+*�'�#&/01:E®*�'�-+8@F:J�-+Qn*[#3'�c9/01�=n/0ln/�c�/mF?;�*GF?;0!:-+Qa!�"^fg*[f�!�)+HK!�"�cu/��[* �
%�!n)>=:c[�B?

bucket 1 bucket 5n

1      2    3     4                                                               5nm−1   5nm1

C:

�gye«�|���Ç<¸ #+8:*L/01?#+J?/0#&/0!�1 8:*[)+*L/`c4#+8�'D#4%�*LP:J:#L'�;k;�#+8:*g=:'�#>'�"$)+!�f � '�1�= �¿#+!X' S #+*[fgO
P�!�)>'D)+H T5F:J�-RQ�*[#*)A?/01X%(8?/`-R8X%9* S.EN'�)RF�'�E�*[O -.!�;k;0*�-.#*Tg'�;k;©#R8:*4*[fgP:#&HG%9!�)>=:c�/01�'D1K!�F?;k/mln/0!�J�c
fG'�1:1:*[)�� � 1�!n)>=?*[)4#+!K=?!Xc&!�C%9*L*�c+c&*[1?#&/`'�;k;mH S.fG'�)+QUT®'�;k;^#+8:*g*[fgP:#&HK%9!�)>=:cW%9/0#+8 S[±�TUC'�;k;
#+8:*L1:!�1:O$*[fgP:#&HX%9!�)>=:c	%9/0#+8�Pe!Ncu/0#&/0l�*g1?J:fLF�*[)>c4'D1�=a#+8:*[1aP�*[)&"$!�)+f 'D1�!nF?;�/0ln/0!�J�cLc&!�)+#�� � 1
c&#+*[PX65F�*.;0!�%�e%�*4=?!g*�c+c�*[1N#&/`'�;k;0HX#R8?/�c5�'�1�= > '�#9#+8:*3cR'�fg*4#&/0fg*2?^P:)R*[O -.!�fgP:J:#+*48�'�c�8:O$lS'�;0J:*�c
> %(8?/`-+8X'D)+*W/01X)>'�1�=?!nf "b)R!�f �W#+!g� �9?^!D"�'�;k;©#R8:*41:!�1:O$*[fgP:#&HG%9!�).=:c[�

�gye«�|���Ç<¸ 8�*®fLJ�c&#38?/`=?* > '�fg!�1:E@!�#+8:*[)5#+8?/01:ENc�?4%(8?/`-+8 F:J�-RQ�*[#>c5%9/k;k;	-.!n1N#>'S/m1 > !�1:*�!�)
fg!�)+*2?^*.;0*[fg*[1?#>c.C'�1�=ª%(8?/`-+8@F:J�-+Q�*[#.c(%9/k;k;<)+*[fG'�/01X*[f�P:#�H��(7z!gfG'DQ�*�c&J:)R*4#+8�'�#(#+8?/`c	/01?"$!�)+O
fG'�#&/0!�1�/`c91:!�#9)+*[l�*�'�;0*�=K:%9*4c&#+!�)R*r'�#s;0*�'�c&#9!�1:*4*.;0*[fg*[1?#9/01?#+! ����3��4F:J�-RQ�*[#�� � 1K!�)>=?*[)9#+!g=?!
c&!�?%9*�?/01N#+)R!d=?J�-.*L'�1X'�=:=n/0#&/0!�1�'�;�S[=?J:fgfLHUT3*[1?#+)+H�"$!�)(*�'�-R8KF:J�-+Qn*[#��

6 �W N-['�1�*�'�-R8�F:J�-RQ�*[#5!�"*)À'�1�=µ"$!�)3*�'�-R8�1:!�1:O$*[f�P:#�Ha%9!�)>=K<'�cRcu/0E�1�' S #>'�E�TK-.!�)R)+*�c&P�!n1�=n/m1:E
#+!X#+8:*®1:*[% 8�'�c&8:O�"$J:1�-.#&/0!�1 � � � � 1£'�=:=n/0#&/0!�1�§"$!�)3*�'n-+8 - "b)R!�fÂ��#+!X� �¥'�=:= ' S¶=?J:fgfLH T
l�/0)+#+J�'S;mO 'n=:=?)+*�c+c5*[1N#R)+HX%9/0#+8 S.#>'DE�T - �%(8?/k;0*Xc+-['�1:1?/01:E�)g� >  �/m1�-.* ) 8�'�c3h � � %9!�).=�c�/ �[*�
#+8:*[)+*W/`c�'S;m%('�H:c(c&J?YZ-R/0*[1?#rc&P�'n-.*3#+!G'n=:= S[=?J:fgfLHUTL#>'�E?c�?>��8�8?/�;0*gc+-['�1:1?/01:E�efG'�)RQZ'�;k;<#+8:*
)+*[fG'�/01?/01:E S *[fgP:#&H T5%9!�)>=:c9%p/m#R8 S[±L#>'�E T:�

U �W �!�)+#&) 'D#3'g%9!�)>=Z;0*[l�*.; > / � *��4#+)R*�'�#&/01:E ) '�c4'Gc�/m1:ED;m*[O =n/0fg*[1�c�/m!n1�'�;r'�)+).'�H®%(8?/`-R8�-.!�1?#>'�/01�c
h � � %�!n)>=:cs#+!gF�*Lc&!�)+#R*�=C�B?3798:*3=:'�#>'5/01�)¯1:!�%¥;m!?!�Q:c�'nc<"$!�;k;0!�%�c.:
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1      2    3     4                                                               5nm−1   5nm1

C: ...

Non−emtpy words and
"dummy" words, with tags
from 1 through 4n.

("dummy" words ensure that ALL
tags from 1 to 4n are represented)

Empty words with "0" tag

�gye«�|���Ç<¸ V(#4#+8?/`cWPe!�/01N#��/01�'�)+)>'�H S�\fTG-.!�1?#>'�/01�c5'�;k;^#+8:*L*[1N#+)�/m*�c5c&!�)+#R*�=KF?H�#R8:*./m)4#.'�ENc[�
�^'�-R8K#>'�EG-.!n)+)+*�c&Pe!�1�=:c9#+!G'���1�'�;�=?*�c�#&/01�'�#&/0!�1X!D"�'LF:J�-+Qn*[#9/01N#+!®%(8?/`-R8X#+8?/`c	*.;m*[f�*[1N#4fLJ�c&#
F�*�c&#R!�)+*�=C� � 1G'n=:=n/m#�/m!n1�N#R8:*[)+*�'�)+*_S[=?J:fgfLH TW*[1?#+)&/0*�c�"b!�)s*�'�-R8�F:J�-RQ�*[#9'�c<*.I:P?;`'�/01:*�=K'�F�!�l�*��
j(J:)31:*.I:#3E�!N'S;©/`c5#+!Xc&!�f�*[8:!S% 'n-[-.J:f�J?;`'�#R*Z'�;k;^#+8:*�*.;m*[f�*[1N#>c5%9/0#+8 #+8:*Gc+'�f�* S.#>'�E TL/01?#+!
'Kcu/01:E�;0* S.F:J�-RQ�*[#*T > c&#+*[P�cW�X'�1�=ah ?�'�1�=µ#+8:*[1�P:J:#4#+8:*�c&*�F:J�-+Q�*[#.cW/01N#R!K#+8:*./0)�'�P:P:)+!nP:)&/`'�#+*
P�!Ncu/0#&/0!�1�c > c&#R*[P�c(ÃL'�1�=aw�?.�

�e�9V(;k;0!d-['D#+* ) � %(8?/`-R8X8�'�c9#R8:*3c+'�fg*41?J:fLF�*[)W!�"m�.# 3��2��$�0('�c9#+8:*[)R*3'�)+*4%9!�)>=:c�/01 ) > / � *��^h � �
F:J�-+Q�*[#.c[�B?>�s\^!�P?Hg*�'�-R8X%9!�).=g!�" )T/01?#+!G'L1:*[%_#+!�P:O$fg!Nc�#(%9!�)>=�!�"�*�'n-+8KF:J�-RQ�*[#(!�" ) ���

1      2    3     4                                                               5nm−1   5nm1

1      2    3     4                                                               5nm−1   5nm1

Going from C to C’

�gye«�|���Ç<¸ V(#^c&#R*[P��4%9*(-.)+*�'�#R*�=�'4-.!n)+)+*�-.#^=:'�#>'DO c&#+)+J�-.#+J:)R*�#R!r'�-[-.J:fLJ?;`'�#+*W'�;k;�#+8:*(*[1?#+)&/0*�c
%9/0#+84#+8:*�cR'�fg*�S.#>'DE�T�/m1?#+!�'Wcu/01:E�;0*^F:J�-RQ�*[#§!�"�) � �%(8?/`-R83%9*�-['�141:!�%�=?!p/m1gc&#R*[P3h('�ce"$!�;k;0!S%Wc.:

h �W N-['�1 ) � F:J�-+Q�*[#.cW;0*."b#5#+!K)&/0E�8?#�CP�*[)�"b!�)RfL/01:EX!�F?;k/0l�/0!�J�cLc&!n)+#4F�*[#&%9*[*[1�%9!�)>=:cW!�"9*[l�*[)+H@#�%9!
'�=�V�'n-.*[1N#<F:J�-RQ�*[#>c.�'D1�=5/01g#+8:*9P:)+!:-.*�c+c.(S¶'�-[-.J:fLJ?;�'D#&/01:E�T3'�;k;�#+8:*W=:'�#>'	%9/0#+8g#+8:*(c+'�f�* S #>'�E�T
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/m1?#+!@J:1?/cXnJ:*®F:J�-+Q�*[#.c4!�"*) � > t	!�#+*g#R8�'�#3=?J:*G#R! S[=?J:fgfLH T®*[1?#+)&/0*�c.<'�;k;�S.#>'�ENc T�"b)+!nf��g#+!
� ��'D)+*g)+*[P:)+*�c�*[1N#+*�=C� ? 798�'�#�/`cW"$!�)4*[l�*[)+Ha#&%9!KP�'�/0)3!�"9F:J�-+Q�*[#.c.C/k"�#+8:*[H�-.!�1?#>'�/01�=n/B[�*[)+*[1?#
#>'�ENc.§*.I:*�-.J:#+*K!�F?;k/0l�/0!�J�c®8�'nc&8vF:J:#g=?!�1:!�#+8?/01:E�� � "4#+8:*[H�8�'�l�*K#R8:*Xc+'�fg*®#>'�ENc5©#R)+*�'�#g'�;k;
1:!�1:O$*[fgP:#&H�*[1?#+)&/0*�cg'ncG� / cL'�1�=£'�;k;(*[fgP:#&H *[1N#+)�/m*�c�'�c �[*[)+!NcL'�c�P�*[)&"$!�)+f�!nF?;�/0ln/0!�J�cg8�'nc&8��
798?/`c4%('�H�©'�;k;�#R8:*g*[fgP:#&Ha*[1N#+)�/m*�c5'�)+*L;0*."$#5/m1 #+8:*L��).c&#3F:J�-RQ�*[#�z%(8?/k;m*X'S;�;9#+8:*g1:!�1:O$*[f�P:#�H
*[1N#+)�/m*�c	'�)+*4fg!�l�*�=®#+!L#+8:*51:*.Id#	F:J�-+Q�*[#��'�c9*.I:P?;`'�/01:*�=K/01ac&#+*[P > -�?�'DF�!�l�*��

1      2    3     4                                                               5nm−1   5nm1

Collect all data with the same "tag" into
a single bucket by performing oblivious 
sorting on each pair of adjacent buckets,
going left to right
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perform "oblivious sort" of
buckets,  accumulating all 4n
real buckets in (5nm−4n) to 5mn
positions of C’
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