INTERNATIONAL COMPUTER SCIENCE INSTITUTE I

1947 Center Street • Suite 600 • Berkeley, California 94704 • 1-510-642-4274 • FAX 1-510-643-7684

Generalized Vandermonde Determinants over the Chebyshev Basis

Thorsten Werther *

TR-93-024

April 1993

Abstract It is a well known fact that the generalized Vandermonde determinant can be expressed as the product of the standard Vandermonde determinant and a polynomial with nonnegative integer coefffcients. In this paper we generalize this result to Vandermonde determinants over the Chebyshev basis. We apply this result to prove that the number of real roots in

[1; 1] of a real polynomial is bounded by the number of its nonvanishing coef�cients

(sparsity) when represented over the Chebyshev basis. This bound on the number of real roots is used to prove �niteness of the Vapnik-Chervonenkis dimension (and thereby uniform learnability) of the class of polynomials of bounded sparsity over the Chebyshev basis.

�Department of Computer Science, University of Bonn, R�omerstra�e 164, 5300 Bonn, Germany, and International Computer Science Institute, 1947 Center Street, Berkeley, California 94704-1105 (werther@icsi.berkeley.edu).

ii

1 Introduction

More than a century ago, Michell [6] proved the striking result that the determinant of the generalized Vandermonde matrix over the standard power basis S = {1; x; x 2; : : :} ⌋⊣\ ⌊⌉ ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⊣∫ ⊔⟨⌉ √∇≀⌈⊓⌋⊔ ≀{ ⊔⟨⌉ ∫⊔⊣\⌈⊣∇⌈ V⊣\⌈⌉∇⇕≀\⌈⌉ ⌈⌉⊔⌉∇⇕⟩\⊣\⊔ ⊣\⌈ ⊣ √≀↕†\≀⇕⟩⊣↕ ⊒⟩⊔⟨ \≀\\⌉}⊣⊔⟩⊑⌉ ⟩\⊔⌉}⌉∇ ⌋≀⌉{⊘⌋⟩⌉\⊔∫↙ O\⌉ ≀{ ⊔⟨⌉ ⇕≀∫⊔ ⟩⇕√≀∇⊔⊣\⊔ ⌋≀\∫⌉∐⊓⌉\⌋⌉∫ ≀{ M⟩⌋⟨⌉↕↕≃∫ ∇⌉∫⊓↕⊔ ⟩∫ ⊔⟨⌉ \≀\∫⟩\}⊓↕⊣∇⟩⊔† ≀{ ⊔⟨⌉ }⌉\⌉∇⊣↕⟩‡⌉⌈ V⊣\↖ ⌈⌉∇⇕≀\⌈⌉ ⇕⊣⊔∇⟩§ ⊒⟨⌉\ ⊔⟨⌉ ⟩\⌈⌉⊔⌉∇⇕⟩\⊣⊔⌉∫ ⊔⊣‖⌉ ≀\ √≀∫⟩⊔⟩⊑⌉ ⊣\⌈ ⌈⟩∫⊔⟩\⌋⊔ ⊑⊣↕⊓⌉∫↙ T⟨⟩∫ ⟩\ ⊔⊓∇\ ⟩∫ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ⊔⟨⌉ {⊣⌋⊔ ⊔⟨⊣⊔ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ √≀∫⟩⊔⟩⊑⌉ ∇⌉⊣↕ ∇≀≀⊔∫ ≀{ ⊣ √≀↕†\≀⇕⟩⊣↕ ≀⊑⌉∇ ⊔⟨⌉ ∇⌉⊣↕ \⊓⇕⌊⌉∇∫ ⟩∫ ∫⊔∇⟩⌋⊔↕† ↕⌉∫∫ ⊔⟨⊣\ ⟩⊔∫ ∫√⊣∇∫⟩⊔† ⇐⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ \≀\⊑⊣\⟩∫⟨⟩\} ⇕≀\≀⇕⟩⊣↕∫⇒ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ S↙ T⟨⟩∫ ∇⌉∫⊓↕⊔ ⊣↕∫≀ {≀↕↕≀⊒∫ ⟩⇕⇕⌉⌈⟩⊣⊔⌉↕† {∇≀⇕ D⌉∫⌋⊣∇⊔⌉∫≃ R⊓↕⌉ ≀{ S⟩}\∫↙ T⟨⌉∫⌉ ∇⌉∫⊓↕⊔∫ √∇≀⊑⟩⌈⌉ ⇕⊣|≀∇ ⊔≀≀↕∫ {≀∇ ⊔⟨⌉ ∇⌉⌋⌉\⊔ ⌈⌉⊑⌉↕≀√⇕⌉\⊔∫ ⟩\ ⊔⟨⌉ ⊣∇⌉⊣ ≀{ ⟩\⊔⌉∇√≀↕⊣⊔⟩≀\ ∪∞⊎ ⊣\⌈ ↕⌉⊣∇\⊣⌊⟩↕⟩⊔† ∪△⊎ ≀{ ∫√⊣∇∫⌉ √≀↕†\≀⇕⟩⊣↕∫ ≀⊑⌉∇ ⊔⟨⌉ ∇⌉⊣↕∫↙ N⊓⇕⌉∇≀⊓∫ }⌉\⌉∇⊣↕⟩‡⊣⊔⟩≀\∫ ≀{ ⊔⟨⟩∫ ∫⌉⊔⊔⟩\} ⊣∇⌉ √∇≀√≀∫⌉⌈ ⟩\ ⊔⟨⌉ ↕⟩⊔⌉∇⊣⊔⊓∇⌉ ⊣\⌈ ⟨⊣⊑⌉ ⊣⊔⊔∇⊣⌋⊔⌉⌈ ⊣ ↕≀⊔ ≀{ ⊣⊔⊔⌉\⊔⟩≀\↙ O\⌉ \⊣⊔⊓∇⊣↕ ∐⊓⌉∫⊔⟩≀\ ⌋≀\⌋⌉∇\∫ ⊔⟨⌉ ⌋≀⇕⇕≀\ √∇≀√⌉∇⊔⟩⌉∫ ≀{ ∇⌉⊣↕ √≀↕†\≀⇕⟩⊣↕∫ ⊒⟨⟩⌋⟨ ⟨⊣⊑⌉ ⊣ ∫√⊣∇∫⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ⟩\ ⌊⊣∫⌉∫ ≀{ R[x] other than the standard power basis S↙ I\ ⊔⟨⟩∫ √⊣√⌉∇ ⊒⌉ ∫⊔⊓⌈† ∇⌉⊣↕ √≀↕†\≀⇕⟩⊣↕∫ ⊔⟨⊣⊔ ⊣⌈⇕⟩⊔ ∫√⊣∇∫⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\∫ ⟩\ ⊔⟨⌉ C⟨⌉⌊†∫⟨⌉⊑ ⌊⊣∫⟩∫ T = {T0(x); T1(x); : : :} ⊒⟨⌉∇⌉ Ti(x) is the i-th Chebyshev polynomial of the �rst kind. The main result of the paper states the analogy of Michell’s theorem for the Chebyshev case. An immediate consequence of this result is the nonsingularity of Vandermonde matrices over T √∇≀⊑⟩⌈⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ⟩\⌈⌉⊔⌉∇⇕⟩\⊣⊔⌉∫ ⊔⊣‖⌉ ⌈⟩∫⊔⟩\⌋⊔ ⊑⊣↕⊓⌉∫ {∇≀⇕ ⌉⟩⊔⟨⌉∇ [1; ∞) or (−∞; −1]. As an application, we answer the question posed by Lakshman and Saunders [5] about the relationship of the number of real roots of a polynomial and its sparsity with respect to the Chebyshev basis. In fact, the number of real zeros of a polynomial, either to the left or to the right of the interval of orthogonality, does not exceed its sparsity with respect to T ↙ T⟨⌉ ⌊≀⊓\⌈ ≀\ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∇⌉⊣↕ ∇≀≀⊔∫ ⟩∫ ⊓∫⌉⌈ ⊔≀ √∇≀⊑⌉ ⊔⟩}⟨⊔ ↕≀⊒⌉∇ ⊣\⌈ ⊓√√⌉∇ ⌊≀⊓\⌈∫ ≀\ ⊔⟨⌉ V⊣√\⟩‖↖ C⟨⌉∇⊑≀\⌉\‖⟩∫ ⌈⟩⇕⌉\∫⟩≀\ ≀{ ⊔⟨⌉ ⌋↕⊣∫∫ ≀{ √≀↕†\≀⇕⟩⊣↕∫ ≀{ ⌊≀⊓\⌈⌉⌈ ∫√⊣∇∫⟩⊔† ≀⊑⌉∇ ⊔⟨⌉ C⟨⌉⌊†∫⟨⌉⊑ ⌊⊣∫⟩∫↙ S⊓∇√∇⟩∫↖ ⟩\}↕†⇔ ⊔⟨⌉∫⌉ ⌊≀⊓\⌈∫ ⌋≀⟩\⌋⟩⌈⌉ ⊒⟩⊔⟨ ⊔⟨⌉ ⌊≀⊓\⌈∫ }⟩⊑⌉\ ⟩\ ∪△⊎ {≀∇ ⊔⟨⌉ ∫⊔⊣\⌈⊣∇⌈ √≀⊒⌉∇ ⌊⊣∫⟩∫↙

∈ P∇⌉↕⟩⇕⟩\⊣∇⟩⌉∫ ⊣\⌈ N≀⊔⊣⊔⟩≀\ A √≀↕†\≀⇕⟩⊣↕ ∫⌉⊔ ⟩∫ ⊣ ∫⌉∐⊓⌉\⌋⌉ Φ = {Φn}n_∈N_0 in which deg(Φ n) = n for all n ∈ N0 . Every polynomial set Φ represents a basis for the polynomial ring R[x]. Hence every polynomial f ∈ R[x] can uniquely be represented as a ffnite linear combination over Φ, i.e. f = ∑n i=0 ciΦi with ci ∈ R and n = deg(f). This

representation is called the Φ-representation of f. As usual, we say that f is t-sparse with respect to Φ if at most t of the coef�cients of the Φ-representation of f are non-zero. The notation generalizes in the usual way

to multivariate polynomials.

The Chebyshev polynomials are a special case of orthogonal polynomials, distinguished by their particular simplicity. The n-th Chebyshev polynomial of the �rst kind Tn(x) is deffned by Tn(x) = cos(n arccos x); |x| ≤ 1:

The Chebyshev polynomials admit a very simple three term recursion formula: T0(x) = 1; T1(x) = x; Tn(x) = 2 x Tn_−1(x) − Tn_−2(x) for n ¿ 1:

In the following we will frequently use the fact that Tk(x) · Tl(x) = 12 ( Tk_+l(x) + T_|k_−l_|(x));

therefore, we de�ne Tk(x) = T_−k(x), k ¡ 0 for simplicity of notation. It is a well known fact that

Tn(x) = ⌊n=2⌋∑ r=0 (−1)r ( n 2r ) xn^−2r(1 − x2)r:

On the other hand the T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ √≀⊒⌉∇∫ ≀{ x is given by

2n^−1 xn = ⌊n=2⌋∑_′ i=0 ( n ⌈n=2⌉+i ) T2i(x) if n even; ⌊n=2⌋∑ i=0 ( n ⌈n=2⌉+i ) T2i_+1(x) if n odd, (1)

where ∑_{′ ⌈⌉\≀⊔⌉∫ ⊣ ∫⊓⇕ ⊒⟩⊔⟨ ⊔⟨⌉ ⊘∇∫⊔ ⊔⌉∇⇕ ⟨⊣↕⊑⌉⌈↙ F≀∇ ⊔⟨⌉ }⌉\⌉∇⊣↕ ⊔⟨⌉≀∇† ≀{ ≀∇⊔⟨≀}≀\⊣↕ √≀↕†\≀⇕⟩⊣↕∫ ⊔⟨⌉} ∇⌉⊣⌈⌉∇ ⟩∫ ∇⌉{⌉∇∇⌉⌈ ⊔≀ S‡⌉} �≀≃∫ ⌋↕⊣∫∫⟩⌋⊣↕ ⊔⌉§⊔⌊≀≀‖ ∪⊎↙ L⌉⊔ Φ be a polynomial set and a = (a1; : : : ; an) a vector of distinct nonnegative integers. The generalized Vandermonde determinant V_Φ;a(x1; : : : ; xn) over Φ is deffned as the determinant of the generalized Vandermonde matrix Φa_1 (x1) Φa_2 (x1) : : : Φa_n (x1) Φa_1 (x2) Φa_2 (x2) : : : Φa_n (x2) . . . . ... . . Φa_1(xn) Φa_2 (xn) : : : Φa_n (xn)

[~√~ [~ xi are indeterminates. Note that the number of indeterminates of V_Φ;ais given by the length of a.

Let n denote the vector (0; 1; : : : ; n − 1). Then V_Φ;n is the (standard) Vandermonde determinant over Φ.

Let a = (a1; : : : ; an) ∈ Nn0 . We say that a is increasing if a1 ¡ : : : ¡ an. If a consists of distinct entries there exists a permutation ß ∈ Sn such that ß(a) = (aß_(1_); : : : ; aß_(n_)) is increasing and we deffne sgn(a) = sgn(ß). Let b = (ai_1 ; : : : ; ai_r ) with 1 ≤ i1 ¡ : : : ¡ ir ≤ n. Then a \ ⌊ ∈ Nn^−r0 denotes the vector (a1; : : : ; ai_{1−}1; ai_{1+}1; : : : ; ai_{r−}1; ai_{r+}1; : : : ; an). Any increasing a = (a1; : : : ; an) can be written uniquely as a = n + r \ ⌊ {≀∇ ∫≀⇕⌉ ⟩\⌋∇⌉⊣∫⟩\} ⌊ = (b1; : : : ; br) ∈ Nr0 with br ¡ an. We call the entries of b the gaps in a.

3 Generalized Vandermonde Determinant

Let Φ be a polynomial set and a ∈ Nn0 . Note that the Vandermonde determinant V_Φ;aover Φ vanishes when

xi = xj for some i ≠ j. Since V_Φ;n viewed as a polynomial in xn is of degree n − 1 and its zeros are xn = xi for 1 ≤ i ¡ n there exists a constant c_Φ;n depending only on Φ and n such that

V_Φ;n = c_Φ;n ∏ 1≤i¡j≤n

(xj − xi): (2)

Hence, V_Φ;ais divisible by V_Φ;n in the polynomial ring R[x1 ; : : : ; xn] and we write

P_Φ;a = V_Φ;a=V_Φ;n: (3)

Note that V_Φ;a(x1; : : : ; xn) = sgn(ß) V_Φ;a(xß_(1_); : : : ; xß_(n_)) for any permutation ß ∈ Sn since a transpo-

sition in ß corresponds to interchanging two rows in the Vandermonde matrix. Hence, P_Φ;a is a symmetric polynomial in (x1; : : : ; xn). Likewise, V_Φ;a = sgn(ß) V_Φ;ß_{(a)} and therefore P_Φ;a = sgn(ß) P_Φ;ß_{(a)} for any

permutation ß ∈ S n.

Using our notation we restate Michell’s theorem:

Theorem 1 Let S = {1; x; x2; : : :}↙ F≀∇ ⊣\† n ∈ N and any increasing a ∈ Nn0 the coef�cients of the S↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ P_S;aare nonnegative integers. In this section we extend Michell’s result to the Chebyshev basis.

Theorem 2 Let T ⌈⌉\≀⊔⌉ ⊔⟨⌉ C⟨⌉⌊†∫⟨⌉⊑ ⌊⊣∫⟩∫↙ F≀∇ ⊣\† n ∈ N and any increasing a ∈ Nn0 the coef�cients of the T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ P_T;aare nonnegative integers.

Evans and Isaacs [3] give a very elegant and simple proof of Theorem 1. Their proof is by induction on the number of indeterminates, however, the proof relies on the homogeneity of P_S;a.

It is easy to see that P_T;ais not homogeneous in general, so we cannot use their ideas in the Chebyshev setting. Instead, we will use an induction on the number of gaps in the index vector a. This approach is used in [11] to study the coef�cients of the S↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ P_S;a. It turns out that these techniques, which only use the symmetry of P_S;a, can be transferred to the Chebyshev basis. However, the proof of Theorem 2 involves a lot of technical details. Therefore, we sketch the alternative proof of Theorem 1 to provide a guideline for the more complicated proof of Theorem 2.

3.1 Vandermonde determinants over the power basis

In this section we give a proof of Theorem 1 which, in contrast to the proof given by Evans and Isaacs, does not depend on the homogeneity of P_S;a.

Since P_S;ais a symmetric polynomial it can be written as a polynomial of the elementary symmetric polynomials. Let œ^(n^)k = œk(x1; : : : ; xn) denote the k-th elementary symmetric polynomial in the indeterminates

x1; : : : ; xn, i.e. œ^(0^)k = { 0 if k ≠ 0 1 if k = 0, œ^( n) k = xn œ^(n^−1^)k + œ^(n^−1^)k_−1 (4)

for n ∈ N; k ∈ Z. Note that œ^(n^)k = 0 for k ¿ n or k ¡ 0 and that n∏ i=1 (x − xi) = n∑ k=0 (−1)n^−kœ^(n^)k xk: (5)

For an increasing vector a = (a1; : : : ; an) ∈ Nn0 we will denote the number of gaps in a by r, i.e. a = n + r\⌊

{≀∇ ∫≀⇕⌉ ⌊ = (b1; : : : ; br) ∈ Nr0 . The proof of Theorem 1 is by induction on r.

Let r = 0. Then a = n and the statement of Theorem 1 is trivial since P_S;n = 1.

Now, assume that r = 1. Then a has exactly one gap and a = n + 1 \ (k) for some 0 ≤ k ¡ n. Note that by expanding the last row of the standard Vandermonde matrix in n + 1 indeterminates, we have

V_S;n_+1 = n∑ k=0 (−1)n^−k V_S;n_+1_{\(}k_) xkn_+1

and on the other hand by (5),

V_S;n_+1 = n∏ i=1 (xn_+1 − xi) V_S;n = n∑ k=0 (−1)n^−kœ^(n^)k xkn_+1 V_S;n:

Comparing the coef�cients of xkn_+1 yields

V_S;n_+1_{\(}k_) = œ^(n^)k V_S;n: (6)

Hence, P_S;n_+1_{\(}k_) = œ^(n^)k and the statement of Theorem 1 follows immediately from the de�nition (4) of

the elementary symmetric polynomials.

Let us now consider arbitrary r ∈ N. Then a = n + r \ ⌊ {≀∇ ∫≀⇕⌉ ⟩\⌋∇⌉⊣∫⟩\} ⌊ = (b1; : : : ; br) ∈ Nr0 . It turns out that for any increasing b ∈ Nr0 ,

V_S;n_+r_{\⌊} = det œ^(n^)b_1 : : : œ^(n^)b_r œ^(n^)b_{1−}1 : : : œ^(n^)b_{r−}1 . . . . œ^(n^)b_{1−(}r_−1_) : : : œ^(n^)b_{r−(}r_−1_)

V_S;n: (7)

Note that (6) is a special case of (7). In order to prove (7) (and the nonnegativity of the coef�cients of the S↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ P_S;n_+r_{\⌊} ⇒ ⊒⌉ ∫⊔⊓⌈† ⊔⟨⌉ ⌈⌉⊔⌉∇⇕⟩\⊣\⊔ ≀{ ⇕⊣⊔∇⟩⌋⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ∫↕⟩}⟨⊔↕† ⇕≀∇⌉ }⌉\⌉∇⊣↕ ⊔⟨⊣\ ⊔⟨⌉ ⇕⊣⊔∇⟩§ }⟩⊑⌉\ ⟩\ ⇐⇒↙ F≀∇ ⊑⌉⌋⊔≀∇∫ ⌊; k ∈ N r0 with b = (b1; : : : ; br) and k = (k1; : : : ; kr) let C

(n)_k (b) be deffned by

C^(n^)_k (b) = det œ^(n^)b_{1−}k_1 : : : œ^(n^)b_{r−}k_1 . . . . œ^(n^)b_{1−}k_r : : : œ^(n^)b_{r−}k_r

: (8)

Using this notation we may rewrite (7) as V_S;n_+r_{\⌊} = C^(n^)r (b) V_S;n. Note that C^(n^)_k (b) vanishes when k (or

b) does not consist of distinct entries. By expanding C^(n^+1^)_k (b) according to (4) it is straightforward to prove that for n; r ∈ N and b; k ∈ Nr0 ,

C^(n^+1^)_k (b) = r∑ l=0 xln_+1 ∑ √∈S^{(l)}_k

C^(n^)_q (b); (9)

where S^(l^)_k denotes the set of vectors q ∈ N r0 with distinct entries derived from k by �xing l entries of k while increasing the other r − l entries by 1. Note that for increasing k the vectors from S^(l^)_k are increasing as

well. Hence, by (9) and induction on n, the coef�cients of the S↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ C

(n)_k (b) are nonnegative integers for increasing b and k.

Let us now turn to the proof of (7). For this purpose, we note that S^(l^)r consists of the single element r + 1\(l). In consequence of (9) we obtain

C^(n^+1^)r (b) = r∑ l=0 xln_+1 C^(n^)r_+1_{\(}l_)(b): (10)

By induction on r we may assume that (7) holds for any increasing vector b ∈ Nr0 and n ∈ N. Note that the induction basis is given by (6). Using the Laplace expansion, we have

V_S;n_+1_+r_{\⌊} =

n+r∑ ˚=0 ˚∉{b1;:::;br}

(−1)n^−˚ sgn(˚; b1; : : : ; br) V_S;_(n_+r_+1_{\⌊)\(}˚_) xn̊_+1: (11)

Applying the induction hypothesis and using (10) yields

V_S;n_+1_+r_{\⌊} = C^(n^+1^)r (b) · V_S;n_+1 = ( r∑ l=0 xln_+1 C^(n^)r_+1_{\(}l_)(b) ) · ( n∑ ˚=0 (−1)n^−˚ œ^(n^)˚ xn̊_+1 V_S;n )

= V_S;n

n+r∑ ˚=0 (−1)n^−˚ ( r∑ l=0 (−1)lœ^(n^)˚_−l C^(n^)r_+1_{\(}l_)(b) ) xn̊_+1 = n+r∑ ˚=0 (−1)n^−˚C^(n^)r_+1(˚; b1; : : : ; br) V_S;n xn̊_+1: (12) Note that we use the fact that œ^(n^)˚ = 0 for ˚ ¿ n or ˚ ¡ 0. Equating the coef�cient of x̊n_+1 in (11) and (12)

yields sgn(˚; b1; : : : ; br) V_S;_(n_+r_+1_{\⌊)\(}˚_) = C^(n^)r_+1(˚; b1; : : : ; br) V_S;n: (13)

Let (b0; b1; : : : ; br) ∈ Nr^+10 be an arbitrary increasing vector. Note that sgn(b0; b1; : : : ; br) = 1. Then (13) yields V_S;n_+r_+1_{\(}b_0;b_1;:::;b_{r)} = C^(n^)r_+1(b0; b1; : : : ; br) V_S;n

which establishes (7). Hence,

P_S;n_+r_{\⌊} = C^(n^)r (b)

and Theorem 1 follows from the fact that the coefffcients of the S↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ C^(n^)_k (b) are nonnegative integers for increasing b and k.

3.2 Vandermonde determinants over the Chebyshev basis In this section we give the proof of Theorem 2.

Let us ffrst compute the constant c_T;n in (2). Since Tn_−1(xn) = 2n^−2xn^−1n + O(xn^−2n ) for n ¿ 1, we have

c_T;n = 2n^−2c_T;n_−1 and c_T;1 = 1. Hence, c_T;n = 2^(n^−1^{)(}n^−2^)=2 and V_T;n = 2^(n^−1^{)(}n^−2^)=2 ∏ 1≤i¡j≤n

(xj − xi): Note that V_T;n_+1 = 2n^−1 n∏ i=1 (xn_+1 − xi) V_T;n: (14) Therefore, the coef�cients of the T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ √≀↕†\≀⇕⟩⊣↕ 2n^−1 ∏n i=1(x − xi) ∈ R[x] with indeterminates x1; : : : ; xn play an important role. Analogous to the case of the standard power basis S ⊒⌉ ⌋⊣↕↕ ⊔⟨⌉∫⌉ ⌋≀⌉{⊘⌋⟩⌉\⊔∫ ⊔⟨⌉ ⌉↕⌉⇕⌉\⊔⊣∇† ∫†⇕⇕⌉⊔∇⟩⌋ √≀↕†\≀⇕⟩⊣↕∫ ≀⊑⌉∇ T ⊣\⌈ ⌈⌉⊘\⌉ ø^(n^)k = øk(x1; : : : ; xn) by ø^(0^)k = { 0 if k ≠ 0 1 if k = 0, ø^( n) k = ø^(n^−1^)k_+1 + 2 xn ø^(n^−1^)k + ø^(n^−1^)k_−1 (15) for n ∈ N; k ∈ Z. Note that ø^(n^)k = 0 for |k| ¿ n and ø^(n^)k = ø^(n^)_−k .

Lemma 3 Let n ∈ N0 . Then

2n^−1 n∏ i=1 (x − xi) = n∑_′ k=0 (−1)n^−kø^(n^)k Tk(x):

PROOF. The case n = 0 is trivial. Let n ¿ 0. Then, by induction,

2n^−1 n∏ i=1 (x − xi) = 2 (x − xn) 2n^−2 n−1∏ i=1 (x − xi)

= n−1∑_′ k=0 (−1)n^−1^−kø^(n^−1^)k 2 x Tk(x) + n−1∑_′ k=0 (−1)n^−k2 xn ø^(n^−1^)k Tk(x) = n−1∑_′ k=0 (−1)n^−1^−kø^(n^−1^)k Tk_−1(x) + n−1∑_′ k=0 (−1)n^−1^−kø^(n^−1^)k Tk_+1(x) + n−1∑_′ k=0 (−1)n^−k2 xn ø^(n^−1^)k Tk(x) = n∑_′ k=−1

(−1)n^−kø^(n^−1^)k_+1 Tk(x) + n∑_′ k=1 (−1)n^−kø^(n^−1^)k_−1 Tk(x) + n∑_′ k=0 (−1)n^−k2 xn ø^(n^−1^)k Tk(x) = n∑_′ k=1 (−1)n^−k(ø^(n^−1^)k_+1 + ø^(n^−1^)k_−1 + 2 xn ø^(n^−1^)k ) Tk(x)

+ (−1)n^−1( 12 ø^(n^−1^)0 + ø^(n^−1^)2 + 12 ø^(n^−1^)0 + 2 xn ø^(n^−1^)1 ) T1(x) + (−1)n(ø^(n^−1^)1 + xn ø^(n^−1^)0 ) T0(x) = n∑_′ k=0 (−1)n^−kø^(n^)k Tk(x): � By Lemma 3 and (14) we have

V_T;n_+1 = n∑_′ k=0 (−1)n^−kø^(n^)k Tk(xn_+1) V_T;n; (16) and expansion according to the last row of the standard Vandermonde matrix yields V_T;n_+1 = n∑ k=0 (−1)n^−k V_T;n_+1_{\(}k_) Tk(xn_+1): (17) Comparison of the coef�cients of Tk(xn_+1) in (16) and (17) establishes

Lemma 4 Let n; k ∈ N0 . Then

V_T;n_+1_{\(}k_) = 1 2 ø^(n^)0 · V_T;n if k = 0, ø^(n^)k · V_T;n if k ¿ 0.

From the de�nition (15) it is obvious that the coef�cients of the T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ø^(n^)k are nonnegative

integers. This proves Theorem 2 for the case of vectors a with one gap.

For the general case assume that the index vector a has r gaps. Then a = n + r \ ⌊ {≀∇ ∫≀⇕⌉ ⊑⌉⌋⊔≀∇ ⌊ ∈ Nr0 . Similar to the representation of V_S;agiven by (7) we will prove in Theorem 5 that

V_T;n_+r_{\⌊} = ffi(b1) det ø^(n^)b_1 : : : ø^(n^)b_r ø^(n^)b_{1−}1 + ø^(n^)b_{1+}1 : : : ø^(n^)b_{r−}1 + ø^(n^)b_{r+}1 . . . . ø^(n^)b_{1−(}r_−1_) + ø^(n^)b_{1+(}r_−1_) : : : ø^(n^)b_{r−(}r_−1_) + ø^(n^)b_{r+(}r_−1_)

V_T;n; (18) where ffi(0) =12 and ffi(b1) = 1 for b1 ¿ 0. Note that Lemma 4 is a special case of (18).

The proof of Theorem 5 requires more technical effort than the proof of the corresponding result (7) for the power basis S↙ A}⊣⟩\⇔ ⟩⊔ ⟩∫ ⌋≀\⊑⌉\⟩⌉\⊔ ⊔≀ ∫⊔⊓⌈† ⊔⟨⌉ ⌈⌉⊔⌉∇⇕⟩\⊣\⊔ ≀{ ⇕⊣⊔∇⟩⌋⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ∫↕⟩}⟨⊔↕† ⇕≀∇⌉ }⌉\⌉∇⊣↕ ⊔⟨⊣\ ⊔⟨⌉ ⇕⊣⊔∇⟩§ }⟩⊑⌉\ ⟩\ ⇐∞∀⇒↙ F≀∇ ⊔⟨⟩∫ √⊓∇√≀∫⌉ ⊒⌉ ⌈⌉⊘\⌉ c^(n^)l (b) = { ø^(n^)b if l = 0, ø^(n^)b_−l + ø^(n^)b_+l otherwise.

(19)

for l; b ∈ N0 . Let k = (k1; : : : ; kr) ∈ Nr0 and b = (b1; : : : ; br) ∈ Nr0 . Then C^(n^)_k (b) is deffned by

C^(n^)_k (b) = det c^(n^)k_1 (b1) : : : c^(n^)k_r (b1) . . . . c^(n^)k_1 (br) : : : c^(n^)k_r (br) :

Note that this de�nition of C^(n^)_k (b) should be distinguished from the deffnition (8). We choose the same

notation to point out the similarities in the proofs of Theorem 1 and Theorem 2. Theorem 5 states that P_T;a is essentially given by C^(n^)r (b). The proof depends on the recursion formula for

C^(n^)r (b) given by Lemma 8, however, we postpone Lemma 8 to the end of this section.

Theorem 5 Let r ∈ N and b = (b1; : : : ; br) ∈ Nr0 an increasing vector. Then

V_T;n_+r_{\⌊} = 1 2 C^(n^)r (b) · V_T;n if b1 = 0, C^(n^)r (b) · V_T;n if b1 ¿ 0.

(20)

PROOF. We prove the statement by induction on r. Note that the induction basis r = 1 is given by Lemma 4. Then, assume that (20) holds for any increasing vector b = (b1; : : : ; br) ∈ Nr0 and n ∈ N. By expansion according to the last row, we have V_T;n_+1_+r_{\⌊} =

n+r∑ ˚=0 ˚∉{b1;:::;br}

(−1)n^−˚ sgn(˚; b1; : : : ; br) V_T;_(n_+r_+1_{\⌊)\(}˚_) T˚(xn_+1):

On the other hand, by induction, Lemma 3, and Lemma 8, V_T;n_+1_+r_{\⌊} = C^(n^+1^)r (b) · V_T;n_+1 = ( r∑_′ l=0 2 C^(n^)r_+1_{\(}l_)(b) Tl(xn_+1) ) · ( n∑_′ ˚=0 (−1)n^−˚ ø^(n^)˚ T˚(xn_+1) V_T;n )

= V_T;n ( n∑_′ ˚=0 (−1)n^−˚ ø^(n^)˚ C^(n^)r_+1_{\(}0_)(b) T˚(xn_+1) + r∑ l=1 n∑_′ ˚=0 (−1)n^−˚ ø^(n^)˚ C^(n^)r_+1_{\(}l_)(b) T˚_+l(xn_+1) + r∑ l=1 n∑_′ ˚=0 (−1)n^−˚ ø^(n^)˚ C^(n^)r_+1_{\(}l_)(b) T˚_−l(xn_+1) )

= V_T;n

( n^+r∑_′ ˚=0 (−1)n^−˚ ø^(n^)˚ C^(n^)r_+1_{\(}0_)(b) T˚(xn_+1) + r∑ l=1 n+r∑_′ ˚=l (−1)n^−˚^+l ø^(n^)˚_−l C^(n^)r_+1_{\(}l_)(b) T˚(xn_+1) + r∑ l=1 n+r∑_′ ˚=−l

(−1)n^−˚^+l ø^(n^)˚_+l C^(n^)r_+1_{\(}l_)(b) T˚(xn_+1) )

= V_T;n

( n^+r∑ ˚=1 (−1)n^−˚ ø^(n^)˚ C^(n^)r_+1_{\(}0_)(b) T˚(xn_+1) + 12 (−1)n ø^(n^)0 C^(n^)r_+1_{\(}0_)(b) T0(xn_+1) + r∑ l=1 ( n^+r∑

˚=l+1

(−1)n^−˚^+l (ø^(n^)˚_−l + ø^(n^)˚_+l) C^(n^)r_+1_{\(}l_)(b) T˚(xn_+1)

+ 12 (−1)n ø^(n^)0 C^(n^)r_+1_{\(}l_)(b) Tl(xn_+1) + 12 (−1)n ø^(n^)0 C^(n^)r_+1_{\(}l_)(b) T_−l(xn_+1) + l−1∑ ˚=1 (−1)n^−˚^+l (ø^(n^)_−˚_+l + ø^(n^)˚_+l) C^(n^)r_+1_{\(}l_)(b) T˚(xn_+1) )

+ r∑ l=1 (−1)n^+l ø^(n^)l C^(n^)r_+1_{\(}l_)(b) T0(xn_+1) )

= V_T;n ( 1 2 (−1)

n ø^(n^)0 C^(n^)r_+1_{\(}0_)(b) T0(xn_+1)

+ 12 r∑ l=1 (−1)n^+l (ø^(n^)_−l + ø^(n^)l ) C^(n^)r_+1_{\(}l_)(b) T0(xn_+1) + n+r∑ ˚=1 (−1)n^−˚ ø^(n^)˚ C^(n^)r_+1_{\(}0_)(b) T˚(xn_+1) + r∑ l=1 n+r∑ ˚=1 (−1)n^−˚^+l (ø^(n^)˚_−l + ø^(n^)˚_+l) C^(n^)r_+1_{\(}l_)(b) T˚(xn_+1) = V_T;n

n+r∑_′ ˚=0 (−1)n^−˚ ( r∑ l=0 (−1)lc^(n^)l (˚) C^(n^)r_+1_{\(}l_)(b) ) T˚(xn_+1) = n+r∑_′ ˚=0 (−1)n^−˚C^(n^)r_+1(˚; b1; : : : ; br) V_T;n T˚(xn_+1):

Equating the coef�cient of T̊(xn_+1) yields

sgn(˚; b1; : : : ; br) V_T;_(n_+r_+1_{\⌊)\(}˚_) = C^(n^)r_+1(˚; b1; : : : ; br) V_T;n: (21)

Let (b0; b1; : : : ; br) ∈ Nr^+10 be an arbitrary increasing vector. Then sgn(b0; b1; : : : ; br) = 1 and by (21) we have V_T;n_+r_+1_{\(}b_0;b_1;:::;b_{r)} = C^(n^)r_+1(b0; b1; : : : ; br) V_T;n

which completes the proof of our statement. �

Similar to the proof of Theorem 1 in the preceding section we show in Theorem 6 that the coef�cients of the

T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ C^(n^+1^)_k (b) are nonnegative integers for increasing b; k ∈ Nr0 . Then, by Theorem 5, the coef�cients of the T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ P_T;afor increasing a ∈ Nr0 are nonnegative integers. This establishes Theorem 2.

The proof of Theorem 6 uses the following recursion formula for c^(n^+1^)l (b) which follows immediately from (15) and (19). Let l ∈ N0 . Then

c^(n^+1^)l (b) = c^(n^)1 (b) + 2 xn_+1 c^(n^)0 (b) if l = 0, 2 c^(n^)0 (b) + 2 xn_+1 c^(n^)1 (b) + c^(n^)2 (b) if l = 1, c^(n^)l_−1(b) + 2 xn_+1 c^(n^)l (b) + c^(n^)l_+1(b) if l ¿ 1.

(22)

Theorem 6 For any r ∈ N and increasing b; k ∈ Nr0 the coef�cients of the T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ C^(n^+1^)_k (b)

are nonnegative integers.

PROOF. Note that C^(n^)_k (b) vanishes when k (or b) does not consist of distinct entries. Expand C^(n^+1^)_k (b) according (22) and collect the terms corresponding to powers of xn_+1. Then

C^(n^+1^)_k (b) = r∑ l=0 2l xln_+1 ∑ √∈S^{(l)}_k ffiqC^(n^)_q (b): (23)

where S^(l^)_k is the set of vectors q ∈ N r0 with distinct entries derived from k by �xing l entries of k while increasing or decreasing the other r − l entries by 1. The factor ffiq is always 1 except in the case ki = 1 and qi = 0 where ffiqequals 2.

We call an entry qi of q ∈ S^(l^)_k active if q i = ki. A subsequence (qi; qi_+1; : : : ; qj) of active entries of q is

called active sequence if qi_+1 = qi + 1; qi_+2 = qi_+1 + 1; : : : ; qj = qj_−1 + 1. An active pair of q is an

active sequence of length 2.

Applying (1) to (23) and collecting the coef�cients of the Tl(xn_+1)’s, we have

C^(n^+1^)_k (b) = ∑ 0≤l≤r l even ⌊l=2⌋∑_′ j=0 2 ( l ⌈l=2⌉+j ) T2j(x) ∑ √∈S^{(l)}_k ffiqC^(n^)_q (b)

+ ∑ 0≤l≤r l odd ⌊l=2⌋∑ j=0 2 ( l ⌈l=2⌉+j ) T2j_+1(x) ∑ √∈S^{(l)}_k ffiqC^(n^)_q (b)

= ⌊r=2⌋∑ m=0 m∑_′ j=0 2 ( 2m m+j ) T2j(x) ∑ √∈S^{(2m)}_k ffiqC^(n^)_q (b)

+ ⌊ r^−12 ⌋∑ m=0 m∑ j=0 2 ( 2m_+1 m+1+j ) T2j_+1(x) ∑ √∈S^{(2m+1)} k ffiqC^(n^)_q (b)

= ⌊r=2⌋∑_′ j=0 2 T2j(x)

(^⌊r=2^⌋∑ m=j ( 2m m+j ) ∑ √∈S^{(2m)}_k ffiqC^(n^)_q (b)

=:K2j(k)

)

+ ⌊ r^−12 ⌋∑ j=0 2 T2j_+1(x)

(^{⌊ r−1}2^⌋∑ m=j ( 2m_+1 m+1+j ) ∑ √∈S^{(2m+1)} k ffiqC^(n^)_q (b)

=:K2j+1(k)

) {}

⋃√√}√~ [∐ ~}√ ~~√ m = j; : : : ; ⌊r=2⌋ ⌉⊣⌋⟨ ∐ ∈ S^(2m^)_k is increasing. Then, by induction, the coefffcients of the T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ C (n)_q (b) are nonnegative integers and so are the coefffcients of K 2j(k). However, if q has an active pair (qi; qi_+1), there exits p ∈ S^(2^(m^−1^{))}_k with p i = qi_+1 and pi_+1 = qi (pj = qj for

j ≠ i; i + 1). We say p is derived from q by �ipping the pair (qi; qi_+1).

In general, if p ∈ S^(2^(m^−s^{))}

k derived from q by fiipping the s distinct active pairs, then p is non-increasing,

however C^(n^)_p (b) = (−1)sC^(n^)_q (b): (25) On the other hand, every not increasing p corresponds by means of (25) to some unique increasing q. Let Q^(l^)_k denote the set of increasing elements from S^(l^)_k . By induction, the coefffcients of the T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ C^(n^)_q (b) are nonnegative integers for q ∈ Q^(l^)_k . Therefore, using (25), we replace in (24) the sum over S^(l^)_k by a sum over Q^(l^)_k by introducing appropriate weights. It then remains to show that these weights are

nonnegative integers.

Let ff k(q) denote the number of distinct vectors that can be derived by fiipping k active pairs of q. Note that this number depends only on the number and length of active sequences of q. Assume q consists of s active sequences of lengths N1; : : : ; Ns. Then ffk(q) = ffk(N1; : : : ; Ns) where

ffk(N1) =

(N_{1−}k k ) ]~ N1 ≥ k 0 otherwise and ffk(N1; : : : ; Ns) = k∑ i=0 ffi(N1)ffk_−i(N2; : : : ; Ns):

Applying the addition law for binomial coef�cients,

ffk(N1; : : : ; Ni; : : : ; Ns) = ffk(N1; : : : ; Ni − 1; : : : ; Ns) + ffk_−1(N1; : : : ; Ni − 2; : : : ; Ns): (26) In order to deal with the sum in (24) we have to take the multiplicity ffip (p derived from q) into account. Suppose (0; 1) is an active pair of q, so (0; 1) is a subsequence of the ffrst active sequence of q. Then

the number of vectors derived by fiipping k active pairs of q counted with multiplicity is denoted by

fik(q) = fik(N1; : : : ; Ns) where

fik(N1; N2; : : : ; Ns) = 2ffk_−1(N1 − 2; N2; : : : ; Ns) + ffk(N1 − 1; N2; : : : ; Ns): Note that fik is not symmetric, however, using (26),

fik(N1; : : : ; Ni; : : : ; Ns) = fik(N1; : : : ; Ni − 1; : : : ; Ns) + fik_−1(N1; : : : ; Ni − 2; : : : ; Ns): (27) Finally, let flk(q) equal fik(q) or ffk(q) depending on whether (0; 1) is an active pair of q or not. Then for j = 0; : : : ⌊; r=2⌋ K2j(k) = ⌊r=2⌋∑ m=j ∑ √∈Q^{(2m)}_k ffiq!j;m(q) C^(n^)_q (b) (28)

where

!j;m(q) = m∑ i=j (−1)m^−i

( 2i i+j ) flm_−i(q) = ∑ k∈Z^{(−} 1)k (2m_−2k m−j−k ) flk(q):

In a similar manner, we have for j = 0; : : : ⌊;r^−12 ⌋

K2j_+1(k) =

⌊ r^−12 ⌋∑ m=j ∑ √∈Q^{(2m+1)} k ffiq!^′j;m(q) C^(n^)_q (b) (29)

where

!^′j;m(q) = ∑ k∈Z^{(−} 1)k (2m_−2k_+1 m−k−j+1 ) flk(q):

Fortunately, we don’t have to compute the weights !j;m, however, we have to show that !j;m(q) ≥ 0 for q ∈ Q^(2m^)_k and !^′j;m(q) ≥ 0 for q ∈ Q^(2m^+1^)_k . (From the deffnition of fl k(·) it is obvious that the weights

are integers). Note that q ∈ Q^(l^)_k implies that the sum of the lengths of the active sequences of q is at most l. Let !^(ff^)j;m(N1; : : : ; Ns) = ∑ k∈Z^{(−} 1)k (2m_−2k m−j−k ) ffk(N1; : : : ; Ns) (30)

and deffne !^{′(}ff^)j;m (·), !^(fi^)j;m(·), !^{′(}fi^)j;m (·) likewise. From (26) and (30) we derive that

!^(ff^)j;m(N1; : : : ; Ni − 1; : : : ; Ns) = !^(ff^)j;m(N1; : : : ; Ni; : : : ; Ns) + !^(ff^)j;m_−1(N1; : : : ; Ni − 2; : : : ; Ns): (31) Using (31) twice, we have

!^(ff^)j;m(N1 − 1; N2 + 1; : : :)

= !^(ff^)j;m(N1; N2; : : :) + !^(ff^)j;m_−1(N1 − 2; N2; : : :) − !^(ff^)j;m_−1(N1 − 1; N2 − 1; : : :): (32)

Assume that !^(ff^)j;m(2m) is a nonnegative integer for m ≥ j. Then, by �xing j and induction on m and N we derive from (31) that for 0 ¡ N ¡ 2m !^(ff^)j;m(N − 1) ≥ !^(ff^)j;m(N) ≥ 0: (33) Likewise from (32) we conclude that !^(ff^)j;m(N1 − 1; N2 + 1; : : : ; Ns) ≤ !^(ff^)j;m(N1; N2; : : : ; Ns)

provided that N1 ¡ N2 and ∑ Ni ≤ 2m. Hence, under the same assumption, !^(ff^)j;m(N1; N2; : : : ; Ns) ≥ !^(ff^)j;m( ∑ Ni) which is a nonnegative integer by (33).

The same conclusions are valid for !^{′(}ff^)j;m provided that !^{′(}ff^)j;m (2m + 1) is a nonnegative integer. Furthermore, because of (27), the above reasoning can be applied for !^(fi^)j;m and !^{′(}fi^)j;m . From the following Lemma 7 we conclude

!j;m(q) ∈ N0 for q ∈ Q^(2m^)_k , m = j; : : : ; ⌊r=2⌋⇔ ⊣\⌈ !^′j;m(q) ∈ N0 for q ∈ Q^(2m^+1^)_k , m = j; : : : ; ⌊ r^−12 ⌋⇔ ⊒⟨⟩⌋⟨ ⌋≀⇕√↕⌉⊔⌉∫ ⊔⟨⌉ √∇≀≀{↙ �

Lemma 7 Let j; m ∈ N with m ≥ j. We use the above notation. Then

!^(ff^)j;m(2m) = !^{′(}ff^)j;m (2m + 1) = 1 and !^(fi^)j;m(2m) = !^{′(}fi^)j;m (2m + 1) = { 1 if j = m, 0 otherwise.

PROOF. Using basic binomial coef�cient identities, we have

!^(ff^)j;m(2m) = ∑ k (−1)k

(2m_−2k m−j−k )(2m_−k k ) = ∑ k≤2m

(−1)k

(2m_−2k m−j−k )( 2m_−k 2m−2k )

= ∑ k≤2m

(−1)k

(2m_−k m−j )(m_−j k ) = (−1)m^−j

(_−1 m+j ) = 1:

Note that fik(2m) = 2

(2m_−2k_−1 k−1 ) + (2m_−2k_−1 k ) = (2m_−2k k−1 ) + (2m_−2k k ) / ⨁~ m ¿ j. Then

!^(fi^)j;m(2m) = ∑ k (−1)k

(2m_−2k m−j−k )((2m_−k_−1 k−1 ) + (2m_−k k )) = 1 + ∑ k (−1)k

(2m_−2k m−j−k )(2m_−k_−1 2m−2k ) = 1 + ∑ k≤2m−1 (−1)k

(2m_−1_−k m−1−j )(m_−1_−j k−1 ) = 1 + (−1)m^−j

(_−1 m+j−1 ) = 0; and !^(fi^)m;m(2m) = 1 + ∑ k (−1)k

(2m_−1_−k −1 )(_−1 k−1 ) = 1 + 0 = 1:

The identities for !^{′(}ff^)j;m (2m + 1) and !^{′(}fi^)j;m (2m + 1) are established in the same way. �

Lemma 8 Let n; r ∈ N and b ∈ N^r_0 . Then

C^(n^+1^)r (b) = r∑_′ l=0 2 Tl(xn_+1) C^(n^)r_+1_{\(}l_)(b):

PROOF. We use the notation from the proof of Theorem 6. For each 0 ≤ l ≤ r the set Q^(l^)r consists of the

single element r + 1 \ (l). Note that ffir_+1_{\(}l_) = 1 and (0; 1) is an active pair of r + 1 \ (l). Furthermore,

r + 1 \ (l) constists of one active sequence of length l. Hence, by (28) and Lemma 7,

K2j(r) = ⌊r=2⌋∑ m=j ∑ √∈Q^{(2m)}_r ffiq!^(fi^)j;m(q) C^(n^)_q (b) = ⌊r=2⌋∑ m=j !fij;m(2m) C^(n^)r_+1_{\(}2m_)(b) = C^(n^)r_+1_{\(}2j_)(b)

and likewise by (29)

K2j(r) =

⌊ r^−12 ⌋∑ m=j !^′fij;m(2m + 1) C^(n^)r_+1_{\(}2m_+1_)(b) = C^(n^)r_+1_{\(}2j_+1_)(b):

Hence

C^(n^+1^)r (b) = ⌊r=2⌋∑_′ j=0 2 T2j(x) C^(n^)r_+1_{\(}2j_)(b) +

⌊ r^−12 ⌋∑ j=0 2 T2j_+1(x) C^(n^)r_+1_{\(}2j_+1_)(b) = r∑_′ l=0 2 Tl(xn_+1) C^(n^)r_+1_{\(}l_)(b): � 12

4 Number of Real Zeros of Sparse Polynomials

One of the basic results in the theory of orthogonal polynomials is that the zeros of these polynomials are all real, simple and lie in the interval of orthogonality. By Theorem 2 the sign of the coef�cients of the

T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ P_T;a equals sgn(a), hence, P_T;a does not vanish when the indeterminates take values in either (−∞; −1] or [1; ∞). Furthermore, the standard Vandermonde matrix is nonsingular for distinct indeterminates. We conclude Theorem 9 The generalized Vandermonde matrix over T ⟩∫ \≀\∫⟩\}⊓↕⊣∇ √∇≀⊑⟩⌈⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ⟩\⌈⌉⊔⌉∇⇕⟩\⊣⊔⌉∫ ⊔⊣‖⌉ ⌈⟩∫⊔⟩\⌋⊔ ⊑⊣↕⊓⌉∫ {∇≀⇕ ⌉⟩⊔⟨⌉∇ (−∞; −1] or [1; ∞). As an application, we answer the question posed by Lakshman and Saunders [5] about the relationship of the number of real roots of a polynomial and its sparsity with respect to the Chebyshev basis.

Theorem 10 The number of real zeros of a nonvanishing polynomial in the interval [1; ∞) (or (−∞; −1]) does not exceed its sparsity with respect to T ↙ PROOF↙ L⌉⊔ f ≢ 0 be an m-sparse polynomial with T ↖∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ f(x) = m∑ i=1 ci Ta_i(x)

with a = (a1; : : : ; am) ∈ Nm0 . Assume that there exists distinct x1; : : : ; xm ∈ [1; ∞) such that f(xi) = 0

for i = 1; : : : ; m. Then Ta_1(x1) : : : Ta_m(x1) . . . . Ta_1(xm) : : : Ta_m(xm) · c1 . . cm = 0 . . 0 : Note that the left-hand side matrix is nonsingular by Theorem 9. Therefore, (c1; : : : ; cm) = 0 and f ≡ 0, contradicting the assumption. �

5 VC Dimension of Sparse Polynomials

Given a set X and a �nite subset S, a collection C of subsets of X shatters S if for every subset T of S there is

a c ∈ C with T = c ∩ S. The Vapnik-Chervonenkis dimension of the class C is the largest (possible in�nite) integer d such that some set S ⊂ X of cardinality d is shattered by C. If the VC dimension of C is �nite, C is called a VC class.

This notation was introduced by Vapnik and Chervonenkis [9] to give suf�cient conditions on a class C of events so that the relative frequency of an event in the class converges to its probability. Recently, the VC dimension proved to be useful in the �eld of uniform and distribution-free learnability. In fact, it turns out that the VC classes are exactly the concept classes which are learnable in Valiant’s so-called PAC model of learning [8] (cmp. [2] for this relationship as well as for bounds on the sample complexity in terms of the VC dimension). Let F ⌊⌉ ⊣ ⌋≀↕↕⌉⌋⊔⟩≀\ ≀{ ∇⌉⊣↕↖⊑⊣↕⊓⌉⌈ {⊓\⌋⊔⟩≀\∫ ≀\ ⊣ ∫⌉⊔ X. Let pos(y − F) denote the collection of all sets pos(y − f) = {x ∈ X | y − f(x) ¿ 0} {≀∇ f ∈ F↙ W⌉ ⟩⌈⌉\⊔⟩{† ⊔⟨⌉ VC ⌈⟩⇕⌉\∫⟩≀\ ≀{ F ⊒⟩⊔⟨ ⊔⟨⌉ VC ⌈⟩⇕⌉\∫⟩≀\ ≀{ √≀∫(y − F). Wenocur and Dudley [10] proved that for vector spaces F ≀{ ∇⌉⊣↕↖⊑⊣↕⊓⌉⌈ {⊓\⌋⊔⟩≀\∫ ⊔⟨⌉ VC ⌈⟩⇕⌉\∫⟩≀\ ≀{ √≀∫(y − F) coincides with the vector space dimension of F↙ T⟨⌉ VC ⌈⟩⇕⌉\∫⟩≀\ ≀{ }⌉\⌉∇⊣↕ ⌋≀↕↕⌉⌋⊔⟩≀\∫ ≀{ ∞∋

∇⌉⊣↕↖⊑⊣↕⊓⌉⌈ {⊓\⌋⊔⟩≀\∫ ⇕⟩}⟨⊔ ⊔⟨⌉∇⌉{≀∇⌉ ⌊⌉ ⊔⟨≀⊓}⟨⊔ ≀{ ⊣∫ ⊣ ⇕⌉⊣∫⊓∇⌉ ≀{ ⊔⟨⌉ ⌈⌉}∇⌉⌉ ≀{ {∇⌉⌉⌈≀⇕ ⟩\ ⊔⟨⌉ ⊣⌊∫⌉\⌋⌉ ≀{ ⊣\ ⊓\⌈⌉∇↕†⟩\} ⊑⌉⌋⊔≀∇ ∫√⊣⌋⌉ ∫⊔∇⊓⌋⊔⊓∇⌉↙ L⌉⊔ P_Φ;t ⊂ R[x] denote the set of univariate polynomials with t-sparse Φ-representation. A labeling of a ffnite set S ⊂ R2 is a mapping œ : S → {0; 1}↙ A √≀↕†\≀⇕⟩⊣↕ f ∈ P_Φ;t is said to satisfy the labeling œ on S if

œ((x; y)) = 1 ⇐⇒ y ¿ f(x) for every (x; y) ∈ S. Hence, the set S is shattered by P_Φ;t if there is a satisfying fœ ∈ P_Φ;t for every labeling œ of S. For a �xed set S of cardinality d we may identify the set of all labelings of S with {0; 1}d.

In [4] Karpinski and Werther prove linear bounds on the VC dimension of sparse polynomials over the standard power basis. In this section we extend their result to sparse polynomials over the Chebyshev basis.

Theorem 11 The VC dimension of P_T;t on [1; ∞) × R equals 2t and is in�nite on (−1; 1) × R.

Theorem 11 follows from the three lemmas below. The �rst lemma gives a lower bound on the VC dimension of sparse polynomials over arbitrary polynomial sets. Lemma 12 Let Φ = {Φn} ⌊⌉ ⊣\ ⊣∇⌊⟩⊔∇⊣∇† √≀↕†\≀⇕⟩⊣↕ ∫⌉⊔↙ F≀∇ ⊣\† t ∈ N and b ∈ R there exists a set St ⊂ [b; ∞) × R of size 2t that is shattered by polynomials of degree less than 2t and t-sparse Φ-

representation.

PROOF. We prove the statement by induction on t.

Let t = 1. Then Φ0(x) = c and Φ1 = ax + d. We may assume a ¿ 0. It is easily veri�ed that the set S1 = {(b; Φ1(b) + 1); (b + 4a ; Φ1(b) + 3)} ⟩∫ ∫⟨⊣⊔⊔⌉∇⌉⌈ ⌊† ⊔⟨⌉ 1-sparse polynomials f00(x) = Φ1(b) + 4, f01(x) = Φ1(b) + 2, f10(x) = Φ1(x), and f11(x) = Φ1(b) − 1, each of degree at most 1. For purpose of induction let k = 2t and assume that St = {(xi; yi)}i_=1;:::;k is shattered by the set Ft = {fœ}œ_{∈{}0;1_}k of t-sparse polynomials of degree at most k − 1. We assume that the leading coef�cients of Φk and Φk_+1 are positive.

We construct the set St_+1 by adding a set S = {(xk_+1; yk_+1); (xk_+2; yk_+2)}⇔ xk ¡ xk_+1 ¡ xk_+2 to

St. We will specify S such that S is shattered by a set G = {gfl}fl_{∈{}0;1_}2 of 1-sparse polynomials of degree at most k + 1 with the following property: For each labeling œfl ∈ {0; 1}k × {0; 1}2 the polynomial fœ + gfl satis�es œ on St and fl on S. Hence the set St_+1 = St ∪ S of size 2t + 2 is shattered by the set Ft_+1 = { f + g | f ∈ Ft; g ∈ G}↙ N≀⊔⌉ ⊔⟨⊣⊔ ⌉⊣⌋⟨ f ∈ Ft_+1 is t + 1-sparse and of degree at most k + 1. To be more precise we de�ne ffli = minf_∈F_t |f(xi) − yi|

{≀∇ i = 1; : : : ; k and ffli = ming_∈G |g(xi) − yi|

{≀∇ i = k + 1; k + 2. Since deg(f) ¡ k; f ∈ Ft there exists a constant c ∈ R^+ such that ∀ f∈Ft

|f(x)| ≤ c |Φk_−1(x)|

{≀∇ x ¿ xk. Clearly, the above requirement is ful�lled if |gfl(xi)| ¡ ffli for fl ∈ {0; 1}2 and i = 1; : : : ; k and c |Φk_−1(xi)| ¡ ffli for i = k + 1; k + 2. Let

c00 = 12 min_{i=1;:::;k}

Φk^(xi^{)≠}0 ffli |Φk(xi)|

⊣\⌈ c01 = 12 c00:

Now we set g00 = c00 Φk, g01 = c01 Φk, and g11 = 0. By de�nition |gfl(xi)| ¡ ffli for fl = (0; 0); (0; 1); (1; 1) and i = 1; : : : ; k. Since deg(Φk) ¿ deg(Φk_−1) there exists a xk_+1 ∈ R such that g01(xk_+1) ≥ 3c |Φk_−1(xk_+1)| ⊣\⌈ Φk(x) ¿ |Φk_−1(x)| {≀∇ x ¿ xk_+1. Let yk_+1 = 2c |Φk_−1(xk_+1)|↙ W⌉ ∫⌉⊔ c10 = min { 1 2 min

i=1;:::;k Φk+1^(xi^{)≠}0 ffli |Φk_+1(xi)| ; c

|Φk_−1(xk_+1)| |Φk_+1(xk_+1)| }

∐{^ g10 = c10 Φk_+1. Note that |g10(xi)| ¡ ffli for i = 1; : : : ; k and |g10(xk_+1)| + c |Φk_−1(xk_+1)| ≤ yk_+1.

Hence fflk_+1 ¿ c |Φk_−1(xk_+1)|↙

S⟩\⌋⌉ deg(Φk_+1) ¿ deg(Φk) there exists a xk_+2 ∈ R such that g01(xk_+2) ≥ g00(xk_+2). Let yk_+1 = 1 2 (g00(xk_+2) + g10(xk_+2)). Then fflk_+2 ¿ c |Φk_−1(xk_+2)| ⊣\⌈ ⊔⟨⌉ ⌋↕⊣⟩⇕⌉⌈ √∇≀√⌉∇⊔⟩⌉∫ ⊣∇⌉ ⌉∫⊔⊣⌊↕⟩∫⟨⌉⌈↙ � The upper bound depends on the number of real roots of sparse polynomials.

Lemma 13 Let S ⊂ [1; ∞) × R be a set shattered by PT;t. Then |S| ≤ 2t.

PROOF. Let S = {(xi; yi)}i_=1;:::;d, b ≤ x1 ¡ x2 ¡ : : : ¡ xd, be a set of points shattered by P_T;t. Let f1; f2 ∈ P_T;t satisfy the two alternating labelings œ1 = (1; 0; 1; 0; : : :) and œ2 = (0; 1; 0; 1; : : :). Then F = (f1 − f2) is 2t-sparse. Furthermore, F(xi) · F(xi_+1) ¡ 0 for i = 1; : : : ; d − 1, forcing F to have at least d − 1 real roots in the interval (x1; xd) ⊂ [1; ∞). By Theorem 10, d − 1 ¡ 2t. �

Lemma 14 The class PT;t is of in�nite VC dimension on (−1; 1) × R.

PROOF. We construct for each m ∈ N a set Sm ⊂ (−1; 1) × R of size m shattered by T = PT;1. Let x ∈ (−1; 1). Then Tn(x) = cos(n arccos(x)). Note that Tn(x) = 1 if x = cos(2kn ß) for some k ∈ N and Tn(x) ¡ 1 otherwise.

Let pi ¿ 2, i = 1; : : : ; m, denote distinct prime numbers and let xi = cos( 2p_i ß), i = 1; : : : ; m. For each labeling œ ∈ {0; 1}m we de�ne nœ = ∏m i=1 pœ^(i^)i . Then for all œ ∈ {0; 1}m,

Tn_œ(xi) = 1 ⇔ 2p i ß = 2kn œ ß for some k ∈ N ⇔ pi | nœ ⇔ œ(i) = 1

and Tn_œ(xi) ¡ 1 if œ(i) = 0. De�ne ffl ¿ 0 such that Tn_œ(xi) ¡ 1 − ffl for all labelings œ and all i with œ(i) = 0. Let Sm = {(xi; 1 − ffl)}i_=1;:::;m. Then for each œ ∈ {0; 1}m, Tn_œ satis�es œ on Sm, i.e. the set Sm is shattered by T ↙ �

References

[1] M. BEN-OR AND P. TIWARI, A deterministic algorithm for sparse multivariate polynomial interpolation, inProc.20thAnnualACMSymposiumonTheoryofComputing,AssociationforComputingMachinery, New York, 1988, pp. 301�309.

[2] A. BLUMER, A. EHRENFEUCHT, D. HAUSSLER, AND M. WARMUTH, Learnability and the vapnikchervonenkis dimension, J. ACM, 36 (1989), pp. 929�965.

[3] R.J. EVANS AND I.M. ISAACS, Generalized Vandermonde Determinants and Roots of Unity of Prime Order, Proc. Amer. Math. Soc., 58 (1976), pp. 51�54.

[4] M. KARPINSKI AND T. WERTHER, VC Dimension and Sampling Complexity of Learning Sparse Polynomials and Rational Functions, ICSI Technical Report TR-91-044, August 1991, to appear in SIAM J. Comput. 22, No. 6 (1993).

[5] Y. LAKSHMAN AND D. SAUNDERS, Sparse Polynomial Interpolation in Non-standard Bases, Technical Report 93-11, Dept. of Computer & Information Sciences, University of Delaware, September 1992.

[6] O.H. MICHELL, Note on Determinants of Powers, Amer. J. Math. 4 (1881), pp. 341�344. [7] G. SZEG�O Orthogonal Polynomials, Amer. Math. Soc., Colloquium Public., vol. 23, 4th ed., 1975. [8] L. VALIANT, A theory of the learnable, Comm. ACM, 27 (1984), pp. 1134�1142. [9] V. VAPNIK AND A. CHERVONENKIS, On the uniform convergence of relative frequencies of events and their probabilities, Th. Prob. and its Appl., 16 (1971), pp. 264�280.

[10] R. WENOCUR AND R. DUDLEY, Some special vapnik-chervonenkis classes, Discrete Math., 33 (1981), pp. 313�318.

[11] T. WERTHER, A Note on Generalized Vandermonde Determinants, manuscript, 1990.