REFERENCES 17 [3] G. F. Italiano. Amortized e�ciency of path retriev al data structure. The or et Comput. Sci. 48:273{281, 1986. [4] G. F. Italiano. Finding paths and deleting edges in directed acyclic graphs. Inform. Pr ess. ett. 28:5{11, 1988. [5] J. A. McHugh. lgorithmic Gr aph The ory Pren tice Hall, 1990. [6] K. Mehlhorn. Gr aph lgorit hms and NP-Completeness olum of Data Structur es and lgo- rithms Springer-V erlag, Berlin Heidelb erg New ork oky o, 1984. [7] U. Nanni and errev oli fully dynamic data structure for path expressions on dags. R.A.I.R.O. The oric al Informatics and Applic ations 1992. to app ear. [8] S. M. Omoh undro, C. Lim, and J. Bilmes. The sather language compiler/debugger implem en- tation. ec hni cal Rep ort TR-92-017, In ternational Computer Science Institute, Berk eley Ca., 1992. [9] J. A. La outr and J. an Leeu en. Main tenance of transitiv closure and transitiv reduction of graphs. In Workshop on Gr aph-The or et ic Conc epts in Computer Scienc Lecture Notes in Computer Science, 314, pages 106{120. Springer-V erlag, 1988. [10] R. E. arja n. Data structur es and network algorithms olum 44 of CBMS-NSF gional Confer enc Series in Applie Mathematics SIAM, 1983. [11] R. E. arjan. Amortized computational complexit SIAM J. lg. Disc. Meth. 6:306{318 1985. CONCLUSIONS 16 Using pro cessors, an of them ould in harge to up date the closure of n=p ertices. With get the sequen tial impl em en tati on. Using pro cessors the ork load for an of them in sequence of edge insertions or edge deletions is n=k )]. But, as far as the time ound er up date is concerned, for an edge insertion ha to ait for the last pro cessor whic could tak time, but also in the orst case the time for an single up date is alw y ounded ach ). Conclusions In this pap er ha studied the problem of dynamicall main taini ng data structures that are built during compili ng runs. The prop osed solutions sho that in sev eral cases it is ossible to main tain these data structures under sequence of up date op erations without building them form scratc h, th us sp eeding success iv compilati on runs. The prop osed data structures and algorithm are simple and easy to implem en t. ha seen that for some problems sev eral solutions are ossible that ha di�eren time/m emo ry requiremen ts. The hoice of the particular solution will based on the ai labl resources and their cost. Man more questions need to further in estigated. As an example in the con text of ob ject- orien ted programs it is in teresting to �nd the ertex that is the least comm on ancestor of ertices and (e.g., ertices in the inheritance dag) or if they ha comm on descenden ts. Static solution for these problems are kno wn but e�cien tly dynamic solutions still need further in estigati on. Ac kno wl edgem en ts The ab problems ere originally suggested Stephen Omoh undro in the con text of de�ning the new ersion 1.0 of the ob ject-orien ted language Sather and designing its compiler ]. References [1] A. V. Aho, J. E. Hop croft, and J. D. Ullma n. The Design and nalysis of Computer lgori thms Addison-W esley Reading, MA, 1974. [2] M. Dietzfelbinger, A. Karlin, K. Mehlhorn, F. Mey er auf der Heide, H. Rohnert, and R.E. ar- jan. Dynami erfect hashing: Upp er and lo er ounds. ec hnical Rep ort Beric Nr. 77, ac ereic Mathematik-Info rm atik Univ ersit� at-Gesam tho hsc ul aderb orn, 4790 ader- orn, German Jan uary 1991, also presen ted at OCS ’88. YNAMIC TRANSITIVE CLOSURE 15 1. Pro cedure PAR-INS i; vertex 2. egin 3. for eac ertex pardo 4. if then CLOS ); 5. end 1. Pro cedure CLOS vertex ); 2. egin 3. Set-queue ); 4. while not empty 5. do egin 6. dequeue ); 7. increment ]; 8. if 9. then for eac h; OUT-LIST 10. do enqueue 11. end 12. end Figure 4: arallel transitiv closure: insertion of an edge. 1. Pro cedure PAR-DEL i; vertex 2. egin 3. for eac ertex pardo 4. if then DECLOS ); 5. end 1. Pro cedure DECLOS vertex ); 2. egin 3. Set-queue ); 4. while not empty 5. do egin 6. dequeue ); 7. decrement ]; 8. if 9. then for eac h; OUT-LIST 10. do enqueue 11. end 12. end Figure 5: arallel transitiv closure: deletion of an edge. YNAMIC TRANSITIVE CLOSURE 14 It is ossible straigh tforw ard generalization of algorithms and data structures describ ed in the previous section. In the follo wi ng presen the algorithm also in simple parallel ersion whic has the adv an tage to erfectly suited to easily adapted on an um er of pro cessors from to where is the um er of ertices in The main data structure presen ted here requires additional space to store the matrix of coun ters, whic can reduced to ), that is to the um er of edges in represe ting only the non-zero alues of the matrix. It is orth notice, for the parallel impl em en tati on, that an pro cessor will ha access to separate set of elemen ts of this matrix (namely ro w). So there is no need of mem ory sharing nor in terpro cessor comm unicati on. or what concerning the time required to up date the data structures during insertions and deletions the sequen tial implem en tati on ac hiev es these ounds (the complexit of the parallel im- plemen tatio is discussed elo w): nm orst case total time for an sequence of edge insertions, that is er insertion starting from the initial graph; nm orst case total time for an sequence of edge deletions, that is er deletion in sequence that lea es the graph empt testing whether there is path from an ertex to an ertex (testing whether new edge ould in tro duce cycle in the graph) requires constan time (a lo ok up in table). The pseudo co de of the pro cedures for insertion and deletion of an edge i; is giv en in Figures and resp ec tiv ely rom no on will denote matrix suc that, for an x; x; is equal to the um er of edges en tering in and coming from ertex whic is reac hable from (including the ertex itself ): x; jf ach gj Pro cedure PAR-INS handling the insertion of an edge, uses pro cedure CLOS requiring parameters: the �rst one is the ertex whose closure has to propagated, and the second one is the �rst ertex to inserted in the queue (namely the head of the new inserted edge). If the iterations of the pardo in line are implem en ted on di�eren pro cessors, an pro cessor it is in harge to up date the set ach ), i.e. to incremen all the coun ters for an YNAMIC TRANSITIVE CLOSURE 13 for an The algorithms are to used in order to up date the coun ters when an edge insertion or deletion ccurs. The eha vior of algorithm INS is the follo wi ng. When an edge i; is inserted, if the ertex is not reac hable from no further ork is required (line 3). Otherwise the ertex is inserted in the queue (line 5). Thereafter ertex is enqueued (lines 11, 12) if and only if there exist an edge h; suc that has ecome reac hable from due to the insertion of the new edge i; (lines 9, 10). On the other side, an time ertex is dequeued (line 8), the coun ter is increased one (line 9). The correctness of the algorithm can pro ed induction on the um er of the iteration of the while lo op. As far as the time complexit is concerned, observ that for an enqueued ertex erform costan um er of op erations. Since an time ertex is enqueued its coun ter is increased one, the time sp en the pro cedure in sequence of edge insertions is equal to the total sum of the coun ters, and this is ounded the um er of edges in the graph. The additional space required, as noted efore, is ). The pro cedure DEL is simm etrical to the previous one and its correctness and time complexit are not discussed. Though, it is orth to notice that pro cedure INS retains its al idit while inserting edges in an directed graph, while DEL can used only in acyclic graphs. E�cien deletion of edges in cyclic directed graph is indeed hard problem that still do es not ha practical solution. The problem is addressed in ]. More details ab out the pro of of correctne ss and complexit of the prop osed algorithm can found in ]. Dynami ransitiv Closure In this section brie y describ the implem en tatio of simple and fast algorithm to main tain the transitiv closure of graph during insertion and deletion of edges. The graph has an edge x; if and only if there is path from to in This problem ma in teresting er se and furthermore, as remark ed in section 3, mai taini ng explicitly the transitiv closure of graph, allo ws us to test in constan time whether the insertion of giv en edge i; ould lea the graph acyclic. If this is dominan op eration in giv en appication, it migh orthly to sp end some additional space for the implem en tatio of this algorithm s. MAINT AINING REA CHABILITY FR OM ST AR VER TEX 12 1. Pro cedure INS i; vertex 2. egin 3. if 4. then egin 5. Set-queue Q; 6. while not empty 7. do egin 8. dequeue Q; 9. increment 10. if 11. then for eac h; OUT-LIST 12. do enqueue Q; 13. end 14. end 15. end Figure 2: Main tai ning ach while inserting edges 1. Pro cedure DEL i; vertex 2. egin 3. if 4. then egin 5. Set-queue Q; 6. while not empty 7. do egin 8. dequeue Q; 9. decrement 10. if 11. then for eac h; OUT-LIST 12. do enqueue Q; 13. end 14. end 15. end Figure 3: Main taini ng ach while deleting edges MAINT AINING REA CHABILITY FR OM ST AR VER TEX 11 from one or at least one of sev eral starting oin ters. This problem will referred as the single sour achability or, in short, achability generalization of this problem is the tr ansitive closur of directed graph, that is the problem of main ta ining the reac habilit et een an pair of ertices in the graph. This is considered in section 6. The eviden static solution to the reac habilit problem is to erform graph searc suc as dfs starting in start ertex and to hec whic ertices are reac hed. The time complexit of this approac is ob vio usly ach ). Dynamic achability ery e�cien dynami solution for this problem is ossible in case of either sequences of edges insertion, or sequences of deletions in dag. The solution prop osed here is similar to the one prop osed in ], and has the same time and space complexit of ]. The erformances of the algorithms are the follo wi ng: time for an sequence of edge insertions, that is costan amortized time er edge insertion starting from an empt graph; time for an sequence of edge deletions, that is costan amortized time er edge deletion �nishing with the empt graph; constan time to test whether giv en ertex is reac hable from the \mai n" ertex The extra space required the algorithm presen ted here is ), namely coun ter for an ertex The pro cedures to erform insertion and deletion of an edge i; are pseudo co ded in Figures and resp ect iv ely The coun ter ], relativ to the ertex is equal to the um er of edges en tering in and coming from ertex whic is in ach ): jf x; ach gj The graph is supp osed to stored using adjacency lists for eac ertex. In the algorithms the adjacency list of the ertex is referred to as OUT-LIST ]. The initiali zation required efore using the algorithms and starting from the empt graph is the follo wing MAINT AINING REA CHABILITY FR OM ST AR VER TEX 10 edge u; ): ach and or or (1) Since eac time an edge is scanned it gets lab el, it follo w that the total um er of lab els assigned is prop ortional to the running time required for the dfs searc hs. no sho that for an graph and an initial top ological ordering, eac edge x; is lab elled at most once during an sequence of edge insertions. Clearly this latter claim impli es the theorem. Assume that x; is lab elled during the insertion of edge u; ); sho that an successiv insertion of an edge u; will not lab el again ertex In fact, if edge x; is lab eled during the insertion of u; ), then there is path from to and thereafter or or ). This impl ies that an successiv edge insertion u; cannot lab el edge x; an ym ore ecause this ould violate condition 1. Note that the ab theorem is not true if edge deletions ccur during the sequence of insertions. This is due to the fact that cannot ound an ymo re the um er of times that an edge is scanned, as sho wn in the follo wi ng example. Let ), for 2, dag and ertices suc that for an ha ach ), and ach ). Let no ), and consider the follo wing sequence of up dates of that inserts and deletes edges and alternativ ely: insert delete insert delete insert delete It is easy to see that the ab sequence main tai ns the graph acyclic and that the prop osed algorithm for edge insertions searc hes the whole graph for an successiv insert op erations. This example also sho ws the in trinsic hardness of this problem. In fact if top ological order has to stored in an arra or, equiv alen tl if the complexit is computed in terms of the um er of elemen ts whic hange their osition, sequence of up dates alternating insertion and deletion of edges ma require ( op erations. ain taining Reac il i from Start ertex Another question often hec ed in compilers is whether sp eci�c routine is reac hable via routine calls from the start routine or whic routines erall are reac hable from The same problem arises in garbage collectors whic try to iden tify data blo ks no more reac hable hain of oin ters MAINT AINING TOPOLOGICAL ORDER 1. Pro cedure INS (( u; edg 2. egin Stage 3. Perform DFS search starting from without continuing the search from vertex such that or or and by marking components of that correspond to visited vertices such that or or 4. if vertex has been visited 5. then HALT cycle has een detected 6. else Stage 7. egin 8. shift := 9. let be an empty list; 10. for := or )] to or )] 11. do if has been marked during stage 12. then egin 13. insert at the end of 14. shift := shift 15. end 16. else shift := 17. insert vertices belonging to the list in the array using components from shift 1] to 18. end 19. end Figure 1: Main tai ning op ol ogi cal sort while inserting edges MAINT AINING TOPOLOGICAL ORDER the �rst stage then the coun ter shift is increased one. The corresp onding ertex, ], is one of the ertices to mo ed after and is inserted in to an ordered list. If has not een mark ed during the �rst stage then the algorithm mo es ahead in the top o- logical order the corresp onding ertex shift man places decreasing its en try in shift (i.e. shift := ]). When the algorithm considers the comp onen relativ to ertex (i.e. or )]) then the coun ter shift is equal to the um er of mark ed ertices during the �rst stage. Therefore mo ving ahead ertex there is ro om in the arra for placing the mark ed ertices. These ertices are inserted in to the arra preserving their relativ ordering (whic as consisten with full top ological ordering of the graph efore the insertion of u; )). Notice that if main ta in the top ological order using doubly link ed list then it is not necessary additional space (b eside the queue used dfs ). In fact, during stage 1, the visited ertices can elimi nated from the original list and enqueued to form new list Stage consists in inserting the new list within just after the ertex As far as the time complexit of the insertion algorithm �rst observ that the running time of the second stage is prop ortional to the um er of ertices with or um ers et een or and or ); therefore, the orst case cost of the second stage is ). On the other side the time complexit of the �rst stage is prop ortional to the total degree of the success ors of to mo ed after plus; this in the orst case can ). Therefore is the orst case complexit of the pro cedure for main ta ining the top ological order under edge insertions. no sho that the total time sp en for erforming an sequence of edge insertions is min n; where is the total um er of edges in the graph after the insertions ha een erformed. Theorem The total running time ne essary for erforming se quenc of dfs dge insertions starting fr om gr aph with no dges is mn Pro of Since the running time of the second stage is then, in order to pro the theorem it is su�cien to sho that the running time of the �rst stage er sequence of edge insertions is mn ). In order to pro this claim it is su�cien to sho that, during an sequence of edge insertions, eac edge of the graph is scanned at most times. Eac time edge x; is visited the dfs starting in due to the insertion of edge u; ), it will lab elled Hence an edge x; is lab el le if there exists ertex suc that efore inserting MAINT AINING TOPOLOGICAL ORDER paths from to an other ertex of the graph and can conclude that if is acyclic then there ust top ological ordering or suc that or or ). As consequence of the lemm it is su�cien to fo cus on ertices suc that or or or ); in fact these are the only ertices that ma ev en tuall ha di�eren osition in or and or In order to obtain or it is necessar to mo dify the osition of these ertices in suc that and all ertices in each follo and all ertices in ach INV in the new top ological order. These mo di�catio ns ust done without violating an order relationship in the graph efore the insertion of edge u; ). In order to erform this task start depth �rst searc dfs starting from If or or then and all its successors i.e., all ertices in ach ), ha to mo ed after of in the new top ological order (if they are not et already after ). Those ertices whic ere in the top ological order et een and (inclusiv and are not success ors of ha to shifted ahead while preserving their relativ ordering to mak ro om for and its successors The details are as follo ws. The algorithm consists of stages. In the �rst stage it detects whether the new edge in tro duces cycle or not and marks those ertices that in the new top ological ordering ust follo The second stage is erformed only if cycle has not een detected and computes the new arrangemen t. The �rst stage consists of dfs starting from to explore ach ). The individual dfs in cations stop when hitting sink with no outgoing edges or when hitting ertex with or or ). Suc ertex is already after in the top ological order, therefore, lemm 1, and its successors do not ha to considered since they already are after (and therefore do not need to mo dify their ositions in the top ological order for the insertion of edge u; )). Dur- ing the depth �rst searc the algorithm marks the comp onen ts of the arra that corresp ond to visited ertices that in the top ological order precede The set of mark ed ertices includes and corresp onds to the set that ust follo in the new top ological ordering or If the depth �rst searc hits ertex then edge u; in tro duces lo op and the pro cedure stops, since there is no to de�ne top ological order. If cycle has not een detected, the second stage of the algorithm up dates the arra The new order or is obtained from or in suc that and all its success ors will follo without mo difyi ng their relativ order. The second stage is implem en ted scanning the arra that stores the top ological ordering from or )] to or )]. use coun ter shift initiali zed at 0. When the algorithm considers comp onen of the arra it distinguishes et een ossibilities. If has een mark ed during MAINT AINING TOPOLOGICAL ORDER cycle and then to recompute the top ological order from scratc h. In the orst case the running time is ). In the follo wing prop ose an algorithm that oids the recomputation of the top ological order from scratc h. In the orst case the algorithm has the same time complexit of the pro cedure that computes new top ological order form scratc h. Ho ev er claim that the pro cedure is often faster than recomputing the full top ological order from scratc again. substan tiate this claim will sho that the total time sp en for erforming sequence of edge insertions is mn ), th us impro vi ng on the ound obtained erforming top ological orderings of the graph. Equiv alen tly the cost of an insertion amortized er sequence of insertions is only (see 11 for examples of amortized analysis). The space requiremen ts are fa o urable: the algorithm uses space for the represen tation of the graph and space to store the top ological order; additional space is required during the execution of the up date op eration. Giv en graph let or top ological ordering of its ertices and let u; where u; If precedes i.e., or or ), there is nothing to do since the new graph complies to the existing top ological order. On the other side if follo ws in the top ological order, then the new edge in tro duces new path from to and, hence the top ological order needs to mo di�ed. The prop osed algorithm �nds top ological order or that is obtained from or Lemma Given gr aph and top olo gic al or der or of its vertic es, let u; the gr aph obtaine fr om inserting dge u; If is acyclic, then ther is top olo gic al or der or of such that or or for al such that either or or or or or Pro of Without loss of generalit can assume that follo ws in or (otherwise the lemm is trivially true since or is top ological order of ). Let ertex that precede (follo ws in the top ological order or pro the lemm it is su�cien to sho that the set of predeces sors (successors of is not mo di�ed the insertion of the new edge. If is ertex suc that or or then there is no path from to in Hence the insertion of the edge u; do es not in tro duce new paths from an ertex of the graph to and, therefore, the set of succes sors of will not mo di�ed the inserted edge. Analougously if or or then there is no path in from to and to ertices that precede in the top ological order or Hence the insertion of the edge u; do es not in tro duce new MAINT AINING TOPOLOGICAL ORDER Using the ab solution, to erform test(u,v) op eration (testing whether new ossible edge u; lea es the graph acyclic or not) requires orst case time (b using dfs, for example), since the cost can not amortized er sequence of op erations. It is ossible to impro the time requiremen ts of the test op eration at the exp enses of space requiremen ts. In fact testing in costan time is indeed ossible if mai tain the transitiv closure of the graph In fact the insertion of the edge u; lea es the graph acyclic if and only if there is no connection from to in and this can hec ed in constan time. This solution requires more space to mai tained, since ha to store the whole matrices describing +. This leads to space for simple matrix implem en tatio n, that can reduced for sparse graph storing only the meaningful (non-empt y) items of using, for example, erfect hashing ]. Nev ertheless the main tenance of transitiv closure migh preferred in some con text, and it is considered in section 6. ain taining ological rder Sometim es it is su�cien partial inform ation ab out the ordering among the ertices of directed acyclic graph. top olo gic al or der among the ertices of dag with ertices maps eac ertex to an in teger or et een and whic full�lls the follo wing prop ert y: for eac x; ha or or ). As sho wn in the previous section of this pap er, �nding (or main tai ning) top ological order ma pro vide inform ation ab out the acyclicit of the graph. description of the simple static solution of the top ological sort can found, for example, in ]. In this section consider the problem of main tai ning top ological order of directed acyclic graph. assume that the top ological order is stored in arra and sho ho to main tai under insertions and deletions of edges. Afterw ards brie y discuss an alternativ implem en ta tion using doubly link ed lists. Let directed acyclic graph and let an arra represen ting top ological order of the ertices of in the ob vious y: if or (i. e. ertex is the -th ertex in the top ological order). sa that ertex follo ws ertex in or if or or ); equiv alen tly also sa that precedes in or Deleting an edge do es not ose problem for mai taini ng the top ological order of directed graph, and so there is nothing to do in this case. Edge insertion is computational ly more complicated; the trivial to erform the insertion is to �rst hec whether the new edge do es not in tro duce LOOP DETECTION this pro cedure is where and The space complexit is also ), just for storing Dynamic op Dete ction Giv en an acyclic graph deal no with the problem of erforming an in termix ed sequence of op erations of the follo wind kinds: a) up dates to the structure of the graph, consisting in insertion or deletion of edges; b) queries concerning the existence of lo ops; c) test whether the insertion of an edge u; ould in tro duce lo ops. Observ that the deletion of an edge from is trivial since this op eration can not in tro duce cycles. urthermore insertions or deletions of isolated ertices require just to handle en tries in the tables represen ting the graph. Therefore, in the sequel of this section, concen trate on the op eration of inserting an edge ), with rivial solutions to dynamic lo op detection consist in applying the algorithm to compute top ological sort of the ertex set either when query or test is requested or when an up date ccurs. Another simple solution, usually etter than erforming top ological sorting, consists in er- forming depth �rst searc from ertex If it reac hes then adding in tro duces cycle in to otherwise is do es not. The time complexit for dfs is ach where ach is the set of ertices reac hable from and ach is the subgraph induced ach ). In the orst case this means ). The space complexit of dfs is for storing mark er arra and the call stac of the recursiv dfs pro cedure. As far as really dynamic solution for the lo op detection problem is concerned, it can re- conducted to the dynamic main tenance of top ological sorting, that is considered in section 4: as sho wn there, it will require min n; total time to erform an sequence of consecutiv edge insertions (that lea the graph acyclic) follo ed sequence of edge deletions. If start from an empt graph the insertion of edges requires amortized time er up date, whic is considerable impro em en er the static algorithm esp ecially for long sequence of insertion in dense graph. In the orst case single insert op eration ma require time. This solution is space e�cien since it requires additional space eside the space necessary for storing the graph. LOOP DETECTION graph is up dated to new graph the old solution is no longer alid and ust recompute the new solution In ypical dynamic situation, an to main tai data structure under sequence of kinds of op erations: query and up date The up date op eration will mo dify the graph inserting or deleting an edge or ertex. The query op eration requires to �nd an answ er to the particular problem. The trivial approac to this kind of problems consists in using the static algorithm either when query has to answ ered, or when an up date ccurs. In this pap er study algorithms and data structures that allo to obtain the new solution without recomputing it from scratc h. The time and space requiremen ts to mai tain solution to giv en problem dep end on the kind of allo ed up dates, for example whether can only add edges to the graph, or also delete edges, or if consider fully dynamic situation in whic insertions and deletions are arbitrarily erformed. In the former cases can often gain adv an tag the natural monotonicit of the solution. In the rest of the pap er will concen trate our atten tion on the insertions and deletions of edge ecause this is the most in teresting problem. In fact will see that the insertion/deletion of an isolated ertex (i. e. ertex with no ingoing or outgoing edges) do es not ose an problem. Therefore the deletion of ertex can erformed executing sequence of edge deletions follo ed an up date op eration that deletes ertex with no edges. The case of ertex insertion can dealt analougously urthermore do not consider the problem of of up dating the represen tation of graph after insertion and deletion of edges, but only the up dates to the structures handled our algorithm s. Detecti on The �rst problem that consider is lo op dete ction that consists in �nding whether giv en graph is acyclic or not. An example where it is necessary to hec graph for the existence of lo ops, is the inheritance graph of programs written in ob ject-orien ted languages, whic has to directed acyclic graph. The in tro duction and the deletion of new classes and new inheritance relationships et een classes giv raise to the problem of rep eatedly hec king the acyclicit of dynamicall hanging graph. Giv en graph with ertex set and edge set it is ell-kno wn ho to test for cycles: Simpl run top ological sort ]. If the algorithm terminates and assigns top ological um er to ev ery ertex the graph is acyclic. If it ab orts prematurely ecause in the remaining graph there are no more ertices with no ingoing edges the graph con tains cycles. The time complexit of PRELIMINARIES cost of an sequence of op erations and then dividing it the length of the sequence. Note that the amortized analysis do es not use an probabilistic assumption on the distribution of the ossible op erations. The rest of the pap er is organized as follo ws. In section in tro duce the terminology and giv prelimina ry de�nitions. In sections and will consider the problems of erforming lo op detection and top ological sort in graph that can hange under sequence of insert and delete op erations. Finally in sections and will consider the problems of reac habilit from start ertex and of main ta ining transitiv closure. Since one of the purp oses of this do cumen is to serv as collection of optimi zation hin ts for compiler writers, some of the presen ted solutions and tec hniques are already kno wn in the literature and are describ ed here just for the sak of completeness. presen original con tributions from the algorithm ic oin of view in Section4, with the dynamic main tenance of top ological ordering; in Section6, with parallel implem en tation of an algorithm for the dynamic transitiv closure. urthermore some of the previously kno wn tec hniques (or simila algorithm matc hing existing ounds) ha een prop osed with the target of practical and simple implem en tation. relim i naries In the follo wi ng assume the standard graph theoretical terminology as con tained for example in 10 ]. dir cte gr aph (also referred to as digr aph consists of �nite set of vertic es and �nite set of ordered pairs of dges ath from to is sequence of ertices suc that an adjacen pair +1 is an edge in cycle is nonempt path from ertex to itself. digraph with no cycles is called dir cte acyclic gr aph (in short dag ). ertex is said to achable from ertex if there exists path from to will denote as ach the set of ertices reac hable from ertex (including itself ). If is digraph, the digraph suc that an edge from x; if and only if there exists nonempt path from to in is called the tr ansitive closur of In this pap er assume that graph are represen ted storing the edges in adjacency lists, that is using space ). consider sev eral problems on directed acyclic graphs oth in the static and the dynamic ersion. In static problem �nd solution for giv en problem for sp eci�ed graph If the INTR ODUCTION tro duction One to sp eed up compila tion times is to incorp orate mec hanism for incremen tal hange of im- ortan data structures in to the compiler. In fact the �rst compilati on run of program is generally follo ed sev eral other compilati on runs eac time with sligh tl hanged program. Therefore it is desirable that data structures built during the �rst compilati on run are main tained dynamicall without building them from scratc during ev ery subsequen run. Namely after ha ving made these data structures ersisten on disk during the �rst compila tion run, subsequen compilatio runs read in these data structures again, mo dif them as uc as necessary ecause of hanges in the input program text, and write them bac to disk storage. The data structures ha in mind can mo delled directed graphs suc as the call graph and, notably in ob ject-orien ted programs, the inheritance graph. Also, some yp of consistency hec ks ma reduced to graph problems. Sp eci�cally consider the follo wing problems in directed graphs: lo op detection, top ological order and reac habilit from start or \main" ertex. These problems are considered in their static and dynamic solutions: the dynamic op erations considered are insertions and/or deletions of an edge/v ertex of the graph. The accen here is on \practical" approac hes, leading to algorithm and data structures that are simple and easy to implem en t. will often giv or ev en more solutions to problem and the est solution for the problem at hand dep ends on its size and some more sp eci�c requiremen ts. In particolar, di�eren solutions for the same problem will ha di�eren space/time requiremen ts. The consequen tradeo� ’s ust resolv ed on the basis of the ail able resources and the size of the input. In fact the size of the graphs are sometim es fairly small or of medium size (the inheritance graph is seldom really large), but they can reac considerable size (the call graph of large systems ma ha man thousands of ertices). Another issue is the tradeo� et een the costs for up dating and querying the data structures In fact will see that some of the solutions will ha high cost for up dating and small cost for querying; in this case the hoice of the est solution will in uenced the relativ frequency of these op erations. Finally another in triguing issue, while dealing with incremen tal algorithm s, is the ev aluation of time erformances. The time cost of dynamic algorithm ma expressed in terms of worst ase cost (i.e. an upp er ound to the time sp en for single op eration erformed on the data structure), or amortize cost 11 ], whic pro vides the erage time sp en er op eration er the orst ossible se quenc of op erations. ossible to ev aluate suc cost is to ound the orst case total (preliminary ersion) ll ll ll r,