81 [59] G.S. Shedler, C. ung. Lo calit in page reference strings. SIAM Journal on Computing ol. 1, pages 218{241, 1972. [60] D.D. Sleator, R.E. arjan. Amortized e�ciency of list up date and paging rules. Communic ations of the CM ol. 28, pages 202{208, ebruary 1985. [61] D.D. Sleator, R.E. arjan. Self-adjusting binary searc trees. Journal of the CM ol. 32, No. 3, pages 652{686, July 1985. [62] J.R. Spirn. Pr gr am Behavior: Mo dels and Me asur emen ts Elsevier Computer Science Library Elsevier, Amsterdam, 1977. [63] R.E. arjan. E�ciency of go but not linear set union algorithm. Journal of the CM ol. 22, pages 215{225, 1975. [64] R.E. arjan. class of algorithms that require nonlinear time to main taing disjoin sets. Journal of Computer and System Scienc es 18:110-22 7. (1979). [65] R.E. arjan. Amortized copm utational complexit SIAM J. lg. Discr ete Metho ds ol. 6, No.2, April 1985. [66] S. Vish anathan. Randomized online coloring of graphs. 31st nnual Symp osium on the oundations of Computer Scienc 1990. [67] H. Whitney Non-sep erable and planar graphs. ans actions of the meric an Mathe- matic al So ciety 34:339-362 [68] A. C-C. ao. Probabilistic computations: ards uni�ed measure of complexit 17th nnual Symp osium on oundations of Computer Scienc pages 222{227, 1977. [69] N. oung. Comp etitiv paging as cac he-size aries. Pr c. Se on CM-SI AM Symp o- sium on Discr ete lgorithms pages 241{250, 1991. 80 [47] L. Lo asz, M. Naor, I. Newman, A. Wigderson. Searc problems in the decision tree mo del. app ear in Pr c.32nd Symp osium on the oundations of Computing Scienc 1991. [48] L. Lo asz, M.E. Saks, W.A. rotter. An on-Line graph coloring algorithm with subline ar erformance ratio. Discr ete Mathematics Sp ecial olume on Graph Theory and Com binatorics pages 319-326, 1988. [49] M.S. Manasse, L.A. McGeo h, D.D. Sleator. Comp etitiv algorithms for on-line problems. Journal of lgorithms ol. 11, pages 208{230, 1990. [50] L.A. McGeo h, D.D. Sleator. strongly comp etitiv randomized paging algorithm. ec hnical Rep ort CMU{CS{89{122 Carnegie-Mellon Univ ersit Pittsburgh, A, 1989. Submitted to lgorithmic [51] L.A. McGeo h, D.D. Sleator, C. omasi. Decision pro cedures for comp etitiv algo- rithms. In preparation. [52] D. Maier, S.C. Salv eter. Hysterical B-trees. Information Pr es sin etters ol. 12, pages 199{202, 1981. [53] D.A. atterso n. Reduced instruction set computers. Communic ations of the CM ol. 28, No. 1, Jan uary 1985. [54] Ragha an, M. Snir. Memory ersus randomization in on-line algorithms. 16th International Col lo quium on utomata, anguages, and Pr gr amming olume 372 of ctur Notes in Computer Scienc pages 687{703. Springer-V erlag, July 1989. Revised ersion a ilable as an IBM Researc Rep ort. [55] N. Reingold, J. estbro ok, D. Sleator. Randomized comp etitiv algorithms for the list up date problem. app ear in lgorithmic [56] R. Riv est. On self-organizing sequen tial searc heuristics. Communic ations of the CM ol. 19, pages 63-67, 1976. [57] M. Saks. ersonal comm unication. [58] M. Szegedy ersonal comm unication, transmitted through 48 ]. 79 [35] A.R. Karlin, M.S. Manasse, L. Rudolph, D.D. Sleator. Comp etitiv sno op cac hing. lgorithmic ol. 3, No. 1, pages 70{119, 1988. [36] H. Karlo�. ersonal comm unication. [37] R.M. Karp. Reducib il i amoung com binatorial problems. R.E. Miller and J.W. Thatc her (ed.), Complexity of Computer Computations Plen um Press, New ork, pages 85{103. [38] R.M. Karp, U.V. azirani, V.V. azirani. An optimal algorithm for on-line bipartite matc hing Pr of the 22nd Symp osium on the The ory of Computing pages 352{358, 1990. [39] S. Kh uller, S. Mitc hell, V. azirani. Online algorithms for eighed matc hing and stable marriages. ec hnical Rep ort TR 90-1143, Departmen of Computer Science, Cornell Univ ersit , 199 0. [40] H.A. Kierstead. The linearit if �rst-�t coloring of in terv al graphs. SIAM Journal of Discr ete Mathematics ol. 1, No. 4, No em er 1988, pages 526-530. [41] H.A. Kierstead, W.A. rotter. An extremal problem in recursiv com binatorics Con- gr essus Numer antium 33 pages 143{153, 1981. [42] T. Kilburn, D.B.G. Edw ards, M.J. Lanigan, F.H. Sumner. One-lev el storage system. IRE ans Ele ct. Computers ol. 37, pages 223{235, 1962. [43] D. J. Kleitman, D.B. est. Spanning trees with man lea es. SIAM Journal of Discr ete Mathematics ol. 4, No. 1, pages 99{106, 1991. [44] D.E. Kn uth. The rt of Computer Pr gr amming ol. 3: Sorting and Se ar chin Addison-W esley Reading, MA, 1973. [45] A. Lemp el, S. Ev en, I. Cederbaum. An algorithm for planarit testing of graphs. Pr c. Int. Symp osium on The ory of Gr aphs; P. osenstie hl Ed. pages 215{232. Gordon and Breac h, 1967. [46] .A.W. Lewis, G.S. Shedler. Empirically deriv ed mo dels for sequences of page excep- tions. IBM Journal of ese ar ch and Development ol. 17, pages 86{100, 1973. 78 [23] E. Gro e. The harmonic online -serv er algorithm is comp etitiv Pr of the 23nd Symp osium on the The ory of Computing pages 260-266, 1991. [24] A. Gy arfas, J. Lehel. On-line and �rst �t colorings of graphs. Journal of Gr aph The ory ol. 12, No. 2, pages 217-227, 1988. [25] W.C. Hobart, Jr., H.G. Cragon. Lo calit haracteristics of sym olic programs. IEEE International Confer en on Computer Design: VLSI in Computers and Pr ess ors pages 508{511, 1989. [26] D. Hat�eld, J. Gerald. Program restructuring for virtual memory IBM J. Sys. and ch. ol 10, pages 168{192, 1971. [27] S. Huddleston, K. Melhorn. Robust balancing B-trees. Pr c. 5th GI-Confer en on The or etic al Computer Scienc e, ctur Notes in Computer Scienc 104 Springer- erlag, New ork, pages 234-244, 1981. [28] S. Huddleston, K. Melhorn. new data structure for represen ting sorted lists. cta Inform. 17:157-184 1982. [29] S. Irani. Coloring inductiv graphs on-line. the Pr dings for for the 31st Symp osium on the oundations of Computer Scienc pages 470{479, 1990, and in vited to app ear in sp ecial issue of lgorithmic on on-line algorithms. [30] S. Irani. Tw results on the list up date problem. app ear in Information Pro cessing Letters. [31] S. Irani, A. Karlin, S. Phillip s. More on paging with lo calit of reference. Man uscript. [32] S. Irani, N. Reingold, J. estbro ok, D. Sleator. Randomized comp etitiv algo- rithms for the list up date problem. Pr c of the 2nd nnual Symp osium on Discr ete lgorithms pages 251{260, 1991. [33] S. Irani, R. Rubinfel d. comp etitiv 2-serv er algorithm. app ear in Information Pr es sin etters [34] B. Kaly anasundaram, K. Pruhs. On-line eigh ted matc hing. Pr c. Se ond CM-SI AM Symp osium on Discr ete lgorithms pages 234{240, 1991. 77 [10] M. Chrobak, H.J. Karlo�, T. yne, S. Visw anathan. New results on serv er problems. Pr c. First CM-SI AM Symp osium on Discr ete lgorithms pages 291{300, 1990. [11] M. Chrobak, L.L. Larmore. An optimal online algorithm for serv ers on trees. SIAM Journal of Computing ol. 20, pages 144-148, 1991. [12] M. Chrobak, L.L. Larmore. On fast algorithms for serv ers. app ear in Journal of lgorithms [13] D. Copp ersmith, Do yle, Ragha an, M. Snir. Random alks on eigh ted graphs, and applications to on-line algorithms. Pr c. of the 22nd CM Symp osium on The ory of Computing pages 369{377, 1990. [14] F.K. Ch ung, R. Graham, M.E. Saks. dynamic lo cation problem for graphs. Com- binatoric ol. 9, No. 2, pages 111-131, 1989. [15] X. Deng, S. Maha jan. In�nite games, randomization, computabilit and applications to online problems Pr of the 23nd Symp osium on the The ory of Computing pages 289{298, 1991. [16] .J. Denning. orking sets past and presen t. IEEE ans actions on Softwar Engi- ne ering. ol. 6, pages 64{84, 1980. [17] U. aigle, W. Kern, G. uran. On the erformance of on-line algorithms for parti- tioning problems. cta Cyb ernetic ol. 9, pages 107{119, 1989. [18] D. errari. The impro emen of program eha vior. IEEE Computer ol. 9, pages 39{47, No em er 1976. [19] A. Fiat, R. Karp, M. Lub L. McGeo h, D. Sleator, N. oung. On comp etitiv algorithms for paging problems. app ear in Journal of lgorithms 1991. [20] A. Fiat, Y. Rabani, Y. Ra vid. Comp etitiv -serv er algorithms. Pr din gs 31st Symp osium on the oundations of Comp. Sci. ol. II pages 454-469, Octob er 1990. [21] .A. ranaszek, T.J. agner. Some distribution-free asp ects of paging erformance. Journal of the CM ol. 21, pages 31{39, 1974. [22] B.A. Galler, M.J. Fisc her. An impro ed equiv alence algorithm. Communic ations of the CM ol. 7, pages 301{303, 1964. 76 Bibli o graph [1] A.V. Aho, J.E. Hop croft, J.D. Ullman. The Design and nalys is of Computer lgo- rithms Addison-W esley Reading, MA, 1974. [2] L.A. Belady study of replacemen algorithms for virtual storage computers. IBM Systems Journal ol. 5, pages 78{101, 1966. [3] S. Ben-Da vid, A. Boro din. New measure for the study of on-line algorithms. Man uscript. [4] S. Ben-Da vid, A. Boro din, R.M. Karp, G. T� ardos, A. Wigderson. On the er of randomization in on-line algorithms. Pr c. 22nd nn ual CM Symp osium on The ory of Computing pages 379{388, 1990. app ear in lgorithmic [5] J.R. Bitner. Heuristics that dynamically organize data-structures for represen ting sorted lists. SIAM Journal on Computing ol. 8, pages 82{110, 1979. [6] A. Boro din, S. Irani, Ragha an, B. Sc hieb er. Comp etitiv paging with lo calit of reference. Pr c. 23r nn ual CM Symp osium on The ory of Computing pages 249{259, 1991. [7] A. Boro din, N. Linial, M. Saks. An optimal online algorithm for metrical task systems. Pr c. 19th nnual CM Symp osium on The ory of Computing pages 373{382, 1987. [8] J.L. Ben tley C. McGeogh. orst-case analysis of self-orginizing sequen tial searc heuristics. Pr c 20th lerton Confer enc on Communic ation, Contr ol, and Comput- ing [9] C.G. Chaitin. Register allo cation and spilli ng via graph coloring. Pr dings of Sigplan Symp osium on Computer Construction Sigplan, Note 17, 6, pages 98{105, June 1982. 75 5.3 Com putati onal Restricti ons Most of the ork on on-line algorithms has een information-theoretic. radition- ally the imp ortan question has een, giv en the fact that some part of the output ust pro duced without complete information ab out the input, what kind of solution qualit can one hop to obtain? Although most of the on-line algorithms dev elop ed ha een e�cien t, there are no explici computational restrictions. Ragha an and Snir examine the question of limiting the space complexit of on-line algorithms 54 ], but what ab out time complex- it y? Can the computation time ailable to the algorithm a�ect the comp etitiv eness that it can ac hiev e? Is there (natural) on-line problem for whic (under some complexit as- sumptions) an algorithm with unlimited computation time can ac hiev comp etitiv ratio strictly etter than one that ust run in olynomial time? 74 resc heduling pro cess ma greatly enhance the erformance of sc heduling algorithm. Can one quan tify the impro emen in erformance as function of the amoun of output an algorithm is allo ed to alter? 5.2 New Measures Chapter dealt with some of the shortcomings of comp etitiv analysis. Because comp etitiv analysis is orst-case analysis, the results are often more essimistic that what is observ ed in practice. use access graphs to restrict the adv ersary in that haracterizes the ypical input an algorithm ould receiv e. aging is not the only scenario in whic this could done. There ma other natural means to restrict the input in order to etter represen the yp of input one observ es and to enhance the erformance an on-line algorithm can ac hiev e. There is also some question as to whether comp etitiv analysis is measuring the righ quan tit in the �rst place. There ma useful alternativ measures to comp etitiv analysis that ev aluate ho \go d" an on-line algorithm is. The measure hosen to ev aluate algorithms in uence what kind of algorithms are dev elop ed. Ben-Da vid and Boro din ha suggested alternativ measures ], but there are in teresting unresolv ed issues that remain. They presen the follo wing example that illustrates eakness of comp etitiv analysis: Consider an auto insurance plan with an ann ual premium of and let the cost of repairing car An algorithm ust decide ev ery ear whether to buy auto insurance or not. The c=p )-comp etitiv algorithm that nev er buys insurance is optimal. This con tradicts our in tuition that insurance is go to ha if cars break do wn frequen tly enough. In some situations it seems unnatural to compare an on-line algorithm to the optimal o�-line algorithm. If problem to solv ed is inheren tly on-line, an to use the \b est" on-line algorithm. Th us, the imp ortan comparison to made is et een on- line algorithms. Is there to compare on-line algorithms without comparing eac one to the est o�-line algorithm? or most problems, it is not lik ely to the case that there is an algorithm that erforms etter than all the others on ev ery input. Ho ev er, ev en if it is not true that an algorithm incurs lo er cost than another algorithm on ev ery sequence, there ma some meaningful of comparing the algorithms. 73 Chapter onclusions an uture irecti ons Aside from designing algorithms in the man areas where on-line problems arise, uc of the ork that remains in the �eld of on-line algorithms is to examine more gen- eral issues. The follo wing are some suggestions for new directions in the study of on-line algorithms. 5.1 Lo ok ahead Chapter examines the question of what kind of solution qualit can obtained when the on-line mo del is relaxed. Sp eci�call ho uc can an on-line algorithm ene�t seeing some ortion of the future? The general question of lo ok ahead is largely unexplored. or some questions, lik the -serv er problem, allo wing the algorithm to see some �xed um er of requests in adv ance do es not help at all: if -serv er algorithm is allo ed lo ok ahead then the adv ersary can rep eat eac request times and obtain the same lo er ound as against an algorithm with no lo ok ahead. or other problems, ho ev er, it ma ossible to obtain etter erformance. or example, ho can algorithms for list up date, or other data structures, ene�t eing able to see part of the request sequence efore deciding ho to service it? An alternativ approac to relaxing on-line constrain ts is to allo the algorithm to alter some ortion of the output. In coloring graph on-line, hanging the color of ey no des ma help the algorithm use few er colors. In sc heduling pro cesses on-line, ccasionally 72 4.6 Op en Questions The graph constructed the adv ersary in the pro of that ( log colors are needed to color -inductiv graphs is not necessarily hordal. Since trees are hordal, there is lo er ound of ( log for the erformance ratio on hordal graphs, but it remains op en if for an and an on-line coloring algorithm there is hordal graph with hromatic um er suc that uses ( log colors to color the graph. Finally for the question of lo ok ahead, is there class of graphs for whic less lo ok a- head is required efore the on-line erformance impro es? Or is there general tec hnique to extend lo er ounds on the um er of colors required without lo ok ahead to the um er of colors required with lo ok ahead? Can one pro for more classes of graphs that if the lo er ound for the um er of colors required an on-line algorithm to color graph, in the class is n; )), then for an n;� )) the lo er ound still holds to within constan factor? 71 ha that =1 pd 1)+ 1)+1 Since for pd pd =1 pd 1) Case 2: 1) Since for 1) pd and for pd pd =1 pd 1) 1) =1 pro that Prop ert 1’ holds, for pd 1, slots are used up and at most no des are added to color Th us, 1) 1) Th us using Lemma 29, Prop ert 1’ holds efore the colors are reordered. can pro the follo wing lemma whic is su�cien to pro that Prop ert 1’ holds after the colors ha een ren um ered. Lemm 31 Supp ose and efor the olors ar or der d, then (1) if pd then for any 1) (2) if pd then for any pd 1) The pro of of Lemma 31 parallels the pro of of Lemma 27. 70 Lemm 29 If Pr op erty 1’ and 2’ hold after phase and the slack variables ar chosen as indic ate ab ove, then for al wher pd and (2 1) =1 =1 1) The pro of for Lemma 29 is similar to the pro of for Lemma 26. The adv ersary ho oses the edges for phase so that if pd 1, then cliques are adjacen to color no des. (If clique is adjacen to color- no des, then all the no des in the clique are adjacen to no des that ha een assigned the color .) If pd then cliques in phase are adjacen to color- no des. The adv ersary uses 1) slots in phase when pla ying against First Fit. He uses pd =1 pd against algorithm The adv ersary then adds pd =1 pd 1) edges et een an no de in phase and an no de from previous phase. Prop ert 2’ follo ws from Lemma 30: Lemm 30 pd =1 pd 1) Pro of: Let the largest in teger suc that pd and Case 1: 1). Let 1) =1 =1 1) pd pd 1) and =1 pd =1 1)] pd 1) =1 1) Since 1) for 1), and 1) 1) =1 1) 1) =1 1) 69 No has the prop ert that the colors can group ed in to blo ks of consecutiv colors. Colors within blo ha the same um er of slots, and color from lo er blo has at least more slots than color from higher blo k. In order to able to use the same metho as efore, de�ne new distribution has the prop ert that +1 ). It is de�ned as follo ws: mo )) urthermore ha the prop ert that [4 )] (4.10) Because for all pd pd =1 pd =1 (4.11) pd =1 pd pd +1 (4.12) (4.13) No when pla ying against an algorithm ould lik to ensure the follo wing prop- erties: Prop ert 1’: =1 (2 1) =1 for an pd Prop ert 2’: rom the prop erties and the ound from line 4.13, kno that has used at least at least pd colors after phase The slac ariables for phase are hosen after phase as follo ws: or to pd 1, min pd =1 1) =1 If pd then for pd min 1) Otherwise, for all pd use the follo wing lemma. 68 �rst pro the eak er ound of ( min log n; Let min log The graph is hosen exactly according to the strategy for Theorem 17 except that the adv ersary inserts indep end en no des after eac phase. This means that the algorithm with lo ok ahead cannot see an of the no des in subsequen phase. The adv ersary do es not coun the slots from the indep ende no des in determining where to add edges for the next phase. Th us, when phase is er, the adv ersary can already determine the edges for the phase no des. This implies that the adv ersary can force an algorithm with lo ok ahead to use colors. The um er of no des in the graph is ounded pro the stronger ound alter the adv ersary strategy in Theorem 17 so that there are log phases. After the th phase, an on-line algorithm will ha used ( pd colors. Then when pla ying against an algorithm with lo ok ahead, the adv ersary adds no des in et een eac phase, but there are no only log phases. Let d= In phase the adv ersary presen ts -cliques. No eac no de has at least slots. In the pro of attribute exactly slots to eac no de when it �rst arriv es. If the size of the graph is then the adv ersary ho oses the um er of phases, to min log n=d He ho oses the ’s as follo ws: and +1 no des are used in the phases, and at most no des are used et een phases. Since colors are used er phase, will use ( min log n; dn colors. The no des within clique are all adjacen to the same set of no des. When the adv ersary pla ys against First Fit, eac no de in eac clique presen ted in phase is adjacen to no des assigned colors 1) First Fit uses colors er phase. Let the um er of slots of color First Fit has after phase under the new strategy Lemm 28 or any phase and for every and for any 1) id and 1) id id Each no de in clique pr esente in phase is assigne olor in 1) pd pd Pro of: Similar to lemma 25. The adv ersary ould lik to use the same strategy as efore in ho osing the edges for the up coming phase. Ho ev er, the distribution had the prop ert that for ev ery 67 Since from the argumen in Case 1) 1) 1) (4.9) and 1) 1) 4.5 On-line Colorin with Lo ok ahead Supp ose the on-line mo del is sligh tly altered allo wing the algorithm to see the next no des efore assigning color to the presen no de. The adv ersary presen ts the no des one at time. The no des are um ered in the order in whic the adv ersary presen ts them. When eac no de is presen ted, its edges to previously presen ted no des are also giv en. ertex ust assigned color efore no de is presen ted. In this case, sa that the graph is colored on-line with lo okahe ad heorem 18 If is -inductive gr aph on no des then an olor on-line with lo okahe ad using min log n; dn olors. Pro of: If log 1) then ignore the lo ok ahead and use to color the graph. By Theorem 16, will use log colors. If log 1) then divide the no des in to groups of consecutiv no des. (Consecutiv in the order presen ted). The algorithm can see the subgraph induced the no des in an en tire group efore ha ving to assign color to the �rst no de in the group. Since the subgraph induced eac group is -inductiv e, it can colored using colors. most colors are used for ev ery group, and at most 1) total colors are used. The follo wing theorem sho ws that this is asymptotically the est ossible. heorem 19 or every on-line gr aph oloring algorithm with lo okahe ad and for every ther is family of -inductive gr aphs such that for every ther is wher has no des and ( min log n; dn 66 Using Lemma 25, can upp er ound 1) 1) upp er ound 1), kno from the hoice of the ’s, =1 1) 1) =1 (4.7) Subtracting Line 4.7 from Line 4.4 and rearranging, 1) 1) 1) (4.8) Putting Inequalitie 4.6 and 4.8 together, 1) 1) 1) 1) can no ound the um er of slots of color after phase 1) ds 1) 1) Case 3a: and Since at most dX slots can added to an color, 1) dX 1) dX 1) 1) Case 3b: and 1) 1) 1) ound the um er of slots of color after phase no des can added and slots are used up. Th us, 1) dX 1) 65 If then all no des in phase are adjacen to no de of color and color can not gain more slots relativ to color Th us, it can not the case that for ). Case 2a: and 1) ds 1) 1) 1) 1) 1) 1) Case 2b: and 0. as hosen so that for some where 1, =1 1) 1) =1 If then ecause is hosen so that =1 1) 1) =1 So ha that =1 1) 1) =1 (4.4) rom the hoice of the ’s, =1 1) 1) =1 (4.5) Subtracting Line 4.4 from Inequalit 4.5, 1) 1) Rearranging, 1) 1) 1) (4.6) 64 =1 1) 1) (4.3) Line 4.3 and Lemma 26 imply that Prop ert holds efore the colors ha een ren um ered according to their new um er of slots. use the follo wing lemma to pro that Prop ert holds after the colors ha een ren um ered. Lemm 27 Supp ose and efor the olors ar or der d, then (1) if then for every 1) 1) (2) if then for every 1) 1) Lemma 27 together with Line 4.3 implies that for 1), =1 =1 1) 1) ev en after the colors are reordered according to their new um er of slots. Th us using Lemma 26, Prop ert for holds after ren um ering. Prop ert holds for ecause First Fit and ha the same total um er of slots, and First Fit has only used colors =1 =1 Th us Prop ert still holds after the colors are reordered. Pro of of Lemm 27: pro that if and if efore the colors are reordered, then (1) for 1) 1) (2) for 1) 1) In addition pro that for ev ery 1, 1) 1) 1) 1) There are �v cases. Case 1: 0. Since 1) 1), then it is clear that 1) 1) 1) 1) 63 ha that =1 1) 1) +1 =1 The adv ersary ho oses the edges for the next phase as follo ws: or 1, of the no des in phase are adjacen to no des of color or of the no des in phase are adjacen to no des of color If =1 the adv ersary then adds =1 extra edges et een an no de in phase and an no de from phase 1. When the adv ersary pla ys against First Fit, 1) edges are used in phase th us Prop ert holds if the adv ersary uses the same um er of edges against algorithm Exactly 1) edges ha een added in phase against if =1 0. If the claim clearly follo ws ecause 0. Otherwise, if then from from the hoice of the ’s, 1) 1) =1 =1 1) 1) 1) =1 1) 1) 1) pro that Prop ert holds after phase �rst ev aluate ho the um er of slots of eac color has hanged after algorithm has colored all the no des added in phase erify that the claim holds efore reordering the colors according to their new um er of slots. Then erify that the claim holds after the colors are ren um ered. or eac color 1, slots are used up and at most ds new slots are added. =1 =1 1) ds (4.2) 62 or to 1, min =1 1) 1) =1 If then for min 1) Otherwise, for all pro the follo wing lemma Lemm 26 If Pr op erties and hold after phase and the slack variables ar chosen as indic ate ab ove, then for al wher and =1 =1 1) 1) Pro of: Since 1) for all 1, just ha to pro and =1 1) =1 1) 1) Since all ariables are in tegers, this follo ws if and =1 1) 1) =1 The pro of is induction on pro that for an where =1 1) 1) =1 (4.1) Prop ert ensures that the claim is true for 0. No assume the claim is true for Since +1 is hosen to the minim um er of the alue in Line 4.1, then +1 is just the minim um of set of non-negativ um ers and hence, +1 0. urthermore, since for an where 1, =1 1) 1) =1 +1 61 No supp ose the adv ersary pla ys against an arbitrary algorithm Let denote the um er of slots that algorithm has of color after phase name eac color according to the um er of slots it has where color has the most slots (i.e. +1 ). If the relativ um er of slots of the colors hanges, the colors are renamed accordingly When the adv ersary pla ys against algorithm his goal is to eep ’s distribution of slots among colors as spread out as First Fit’s distribution. Sp eci�c all after eac phase he an ts to main tain the follo wing prop erties: Prop ert 1: =1 =1 for an Prop ert 2: If oth Prop erties hold after phase has used at least colors ecause the total um er of slots has is more than the um er of slots it has in the �rst colors after phase That is, since, 1), =1 =1 If the adv ersary has main tained oth prop erties after phase 1, he an ts to ho ose the edges for the no des in phase suc that no matter what alid coloring uses on the no des of phase oth prop erties will main tained. Notice that when the adv ersary pla ys against First Fit, he adds exactly 1) edges and no des to the graph in phase Th us the total um er of slots increases dX 1) The adv ersary adds the same um er of edges and no des er phase when pla ying against an algorithm. This ensures Prop ert ecause the hange in the total um er of slots is the same for oth and First Fit. The adv ersary then ust decide where to place these edges in order to main tain Prop ert 1. de�ne the follo wing ariables that determine the amoun of \slac k" in et een ’s distribution and First Fit’s. is the slac ariable for color The slac ariables are hosen in suc that Algorithm could add 1) more slots to color for ev ery and Prop ert ould still hold after phase 1. 60 =0 +1 +1 Since 2+ ( log ). First describ the adv ersary’s strategy against First Fit and then describ ho the adv ersary alters the strategy when pla ying against an arbitrary on-line graph coloring algorithm then pro that can do no etter than First Fit. If the adv ersary is pla ying against First Fit, then in the �rst phase, he presen ts indep enden no des. First Fit assigns them all the color 1. In the second phase, the adv ersary presen ts no des eac of whic is adjacen to no de that has een assigned color 1. First Fit will assign these no des the color 2. In general, during phase ev ery new no de will adjacen to no des eac of whic is assigned di�eren color in The adv ersary will only able to do this if there are enough slots of colors 1. If he succeeds, then ev ery no de in phase will assigned the color Let denote the um er of slots of color remaining after phase pro that the ’s are hosen in suc that that follo wing lemma holds: Lemm 25 or any phase and for every and dX Every no de in phase is assigne the olor Pro of: By induction on Assuming the claim is true for ev ery phase through phase pro the claim for phase 1. Since for ev ery color has at least dX slots and dX +1 there are enough slots of colors so that ev ery no de in phase can adjacen to no des that ha een assigned colors First Fit will assign eac new no de the color 1, whic pro es art of the lemma. In addition, the same um er of slots of eac color is used up, so ha for 1) 1). Eac of the new no des is assigned the color and eac new no de has slots, so +1 1) dX +1 The um er of slots of color after phase is dX +1 ecause +1 slots ere used up in phase Since dX 1) +1 1) +1 1). 59 heorem 17 or every on-line gr aph oloring algorithm and for every ther is family of -inductive gr aphs such that for every 2+ ther is wher has no des and ( log The no des are um ered from to in the order they are presen ted. The adv ersary presen ts graph suc that the um er of edges from an no de to higher-n um ered no des is at most do this, he ust ensure that after no de is presen ted, at most more no des will adjacen to it. This ensures that is -inductiv e; an inductiv order of is the order in whic the no des are presen ted. in tro duce the notion of slots whic indicates for particular no de ho man more edges can attac hed to it without violating this condition. When no de is �rst presen ted, it has slots. As eac additional no de adjacen to it app ears, the um er of slots decreases one. When no de has no slots left, the adv ersary cannot add an more edges inciden to that no de. If an on-line algorithm is coloring the no des of graph, then the um er of slots of color is simply the total um er of slots elonging to no des that ha een assigned color The adv ersary orks in phases starting with phase 1. He adds no des in the th phase and determines all the edges for these no des at the eginning of phase. The total um er of edges added during the th phase is 1) If the adv ersary plans to ha phases, then he ho oses the ’s as follo ws: 2. The adv ersary’s goal is to force the algorithm to use di�eren colors the end of the th phase. If he succeeds, then the end of the last phase, the algorithm will ha used at least colors to color the en tire graph. ound the total um er of no des in the graph, �rst ound the um er of no des in eac phase. Using the fact that and 1) =d 3, =0 +1 The total um er of no des in the graph is the sum er all phases of the um er of no des added in eac phase: =1 +1 58 Case 1: 0. Eac no de in out is colored with di�eren color in the range 1. If no de is in out then 0. Th us, the induction yp othesis, can lo er ound as follo ws: out out =1 out �j in Since is an in teger et een and this expression is minimized for Case 2: 0. Similarly to ab e, get The claims yield the theorem ecause if colors no de with color then the size of the graph is at least +1 +1 dn log 4.4 Lo er ound The follo wing theorem sho ws that no on-line algorithm can erform asymptotically etter than Mic hael Saks has simpli�ed ersion of the pro of of Theorem 17, but unfortunately the simpler pro of do es not generalize for the case when lo ok ahead is added to the mo del. presen pro of of the lo er ound from whic the lo er ound with lo ok ahead follo ws easily 57 or 1: (0) (0) 1. So =1 (0) By the induction yp othesis, kno that 1) Supp ose out then out ::: ;i 1) If out then 1) or ev ery suc that out there is an edge from in to There are at most suc edges, ecause there are at most edges from higher-n um ered no des in to So ha +1 +1 1) 1) +1 1) 1) Lemm If is olor with olor then (1) if then (2) if then Pro of: By induction on 56 out ). Note that there can at most edges from higher-n um ered no des directed in to Asso ciate with eac no de alue giv en out Note that if 0, then there can not an edges from higher-n um ered no des in to no de This implie that out for ev ery no de where Th us the ab sum is ell de�ned. In tuitiv ely if no de gets color then is the um er of no des used in the graph to force no de to get color or the \price" of no de The constrain is that no no de can ha in-degree greater than denotes the um er of additional edges that can directed in to no de after it is �rst presen ted. can think of these as \slots" for edges directed in to So ho man no des ere used to force to get the color One for the no de itself. In addition, ust adjacen to no des assigned colors This is the set slot is used up from ev ery no de in out (i.e. if there is an edge from in to ). Since is the price of no de and no de uses up one of its slots, add =d to the price of no de formalize this, need to pro that if the price of no de is then there are in fact at least no des in the graph. Also need to pro that no des that are assigned higher-n um ered colors, ha higher price. Lemm 23 or any no de Pro of: pro the claim ounding partial sums de�ned as follo ws: out ::: sho that for all 1) This implies the claim ecause 1) and +1 1) 1) By induction on 55 the no des ere presen ted in the rev erse inductiv order, then First Fit ould use at most colors to color the graph. An inductiv order of de�nes an orien tation of the edges called an inductive orientation obtained orien ting the edges from the higher-n um ered no des to the lo er um ered no des. Notice that in an inductiv orien tation, the in-degree of eac no de is ounded In fact the upp er ound of log for First Fit holds for an graph whose edges can orien ted so that the in-degree of ev ery no de is no more than Ho ev er, an suc graph is -inductiv (the erage degree is no more than ), so using the eak er assumption can only yields an impro emen of constan factor. heorem 16 If is -inductive gr aph on no des, then uses log olors to olor The analysis will mak use of �xed inductiv orien tation of the graph. Note that the order in whic the adv ersary presen ts the no des need not an inductiv order. The adv ersary ould lik to presen graph on whic uses as man colors as ossible and has as few no des as ossible. The no des are um ered in the order they are presen ted. Examine the graph just after the adv ersary has presen ted no de Let denote the neigh orho of no de when it is �rst presen ted. Supp ose no de gets color Then for ev ery color in there is no de in that has een assigned that color. Fix set of no des suc that or ev ery or ev ery there is exactly one no de in that has een assigned the color Notice that if remo the edges et een and lo er um ered no des not in then will pro duce the same coloring. Let in those no des in that are inciden to edges directed in to and out those no des on that are inciden to edges directed out of in the inductiv orien tation. kno that in Let in Then 54 4.2 Relate ork There has een considerable ork on on-line graph coloring. In ev aluating an on-line graph coloring algorithm, eep in mind that the orst ossible erformance ratio is Lo asz, Saks and rotter ha sho wn an algorithm that has erformance ratio of 48 ]; their algorithm ac hiev es erformance ratio of on all graphs. This is close to the est an on-line algorithm can do for general graphs. Szegedy has sho wn that for an on-line algorithm and an in teger there is graph on at most (2 1) ertices with hromatic um er on whic will use colors 58 ]. This yields lo er ound of ( for the erformance ratio of an on-line algorithm on general graphs. Note that this lo er ound do es not sa an ything if restrict our atten tion to the class of graphs where is �xed and the um er of ertices in the graph can arbitrarily large. Vish anathan has randomized on-line algorithm for coloring graphs where the hromatic um er is constan but the size of the graph can gro 66 ]. His algorithm ac hiev es comp etitiv ratio of n= log colors. Researc hers ha considered on-line coloring of more restricted classes of graphs. One can sho that bipartite graphs can colored on-line using log colors. This ound is matc hed lo er ound of ( log for an on-line algorithm on trees. Kierstead and rotter ha sho wn an on-line algorithm that ac hiev es an optimal erformance ratio of on in terv al graphs 41 ]. Kierstead has sho wn that has constan erformance ratio on the class of in terv al graphs 40 ]. Gy arfas and Lehel ha sho wn that ac hiev es constan erformance ratio on split graphs, complemen ts of bipartite graphs, and complemen ts of hordal graphs 24 ]. Although do es ell on some restricted classes of graphs, one can sho that it do es quite orly in general. In fact, there is bipartite graph on ertices on whic will use colors. The graph is simply the complemen of erfect matc hing on ertices. 4.3 pp er ound graph is -inductiv if the no des of can ordered in suc that eac no de has at most edges to higher-n um ered no des. Suc an ordering on the no des is called an inductive or der An inductiv order is not necessarily unique for graph. Note that if 53 of lo ok ahead as not simply tradeo� in but rather pro duced threshold e�ect. In addition, the oin at whic lo ok ahead ecomes an adv an t age is quite high. 4.1 pplicati on Lo asz, Naor, Newman, and Wigderson use the upp er ound in this pap er in examining the relativ er of determinism, randomization and non-determinism for searc problems in the Bo olean decision tree mo del 47 ]. In their mo del, the input is limited to "y es" instances of decision problem. They examine the um er of bits of the input that ust prob ed in order to solv the corresp onding searc problem. or example, giv en -c hromatic graph and coloring on its no des that uses few er than colors, �nd neigh ors whic are colored the same color. The input is an assignmen of colors to no des of graph. The decision problem is whether there are neigh ors assigned the same color. Since the input graph is assumed to -c hromatic and the coloring uses few er than colors, the input is an accepting input. The question is, ho man bits of the input ust examined in order to �nd the neigh ors whic ha een assigned the same color. Lo asz et al. sho sim ultaneous exp onen tial gaps et een the non-deterministi c, randomized and deterministic complexit for this problem. Let no de graph is not part of the input). has the prop ert that for log is not -colorable. urthermore, an ertex induced subgraph with no des has ertex of degree at most log (They pro that suc graph exists). The input is an -coloring of the graph. The problem is to �nd neigh ors that ha the same color. Lo asz et al. sho that the non-deterministic complexit is log ), the randomized complexit is log and ( ), and the deterministic complexit is ( ). pro the lo er ound on the deterministic complexit as the algorithm prob es the no des, the adv ersary colors the graph using First Fit. Since an subgraph of size is log )-inductiv e, after prob es, the adv ersary will ha only used log colors (less than and the algorithm will not ha found and edge whose end- oin ts ha the same color. 52 pro cessor allo cation the cost migh dela ying the sc heduling of task. In the case of register allo cation, the price migh eeping extra registers to store alues temp orarily efore they are placed in their assigned register. In either case, it is useful to kno w, giv en lo ok ahead ho uc etter an on-line algorithm can do. The only previous ork on on-line algorithms with lo ok ahead as done Graham, Ch ung and Saks in the area of dynamic lo cation problems (1-serv er problems with excursions) 14 ]. They haracterize all graphs on whic dynamic lo cation problem can solv ed optimally with �xed lo ok ahead. examine on-line graph coloring for the class of inductiv graphs. -inductiv graph has the prop ert that the ertices can assigned distinct um ers in suc that eac ertex is adjacen to at most higher um ered ertices. First Fit is the most natural on-line algorithm practitioner ould think of: it assigns to eac ertex the lo est um ered color ossible (i.e. the lo est um ered color suc that the ertex is not already adjacen to an ertices of that color). sho that will use log colors on an -inductiv graph with ertices. Karlo� has pro of of the upp er ound for First Fit that as disco ered indep ende tly 36 ]. sho that this ound is tigh t: for an on-line graph coloring algorithm there is -inductiv graph on whic uses ( log colors. Since is an upp er ound on the hromatic um er of an -inductiv graph, this yields ound for an of ( log on the erformance ratio for an on-line algorithm for -inductiv graphs. The upp er ound on the um er of colors used yields an upp er ound on the erformance ratio for graphs where and the hromatic um er are closely related. or example, since planar graphs are 5-inductiv and hordal graphs are )-inductiv e, the um er of colors used is log for planar graphs and log for hordal graphs, whic yields erformance ratio of log for oth classes. The ound for planar graphs is tigh to within constan factor ecause one can sho that for an on-line algorithm there is tree suc that ( log ). Since trees are also hordal, the result also yields tigh lo er ound on the erformance ratio for an on-line algorithm for hordal graphs. When lo ok ahead is added to the mo del, our results indicate that substan tial amoun of lo ok ahead is required to giv an on-line algorithm an adv an ta ge. sho that ev en with lo ok ahead an on-line algorithm still requires ( log colors to color -inductiv graph. or lo ok ahead can do etter, ecause can color inductiv graph on-line in min log n; dn colors. It is surprising that the adv an tage 51 Chapter oloring ucti raphs ine In this hapter consider classical problem in Computer Science, Graph Color- ing, put in to an on-line setting. In particular, examine the problem of coloring inductive graphs on-line. The ork in this hapter, except for section 4.1, can found in 29 ]. In an instance of on-line graph coloring, the graph is presen ted one ertex at time, and when ertex is presen ted, the edges from that ertex to all previously presen ted ertices are also giv en. Eac ertex ust assigned color, di�eren from the colors of its neigh ors, efore the next ertex is presen ted. The ob ject is to minimize the um er of colors used. On-line graph coloring can applied to pro cessor assignmen and register allo cation problems ], 53 ]. Another application of this result is discussed in section 4.1. measure an on-line algorithm in comparison to the optimal o�-line algorithm. Let the um er of colors used algorithm on the graph Let the hromatic um er of the minim um um er of colors required to color o�-line. are in terested in �nding an on-line graph coloring algorithm that for class of graphs minimizes This is the erformanc atio of for the class fundamen tal issue of great imp ortance is lo ok ahead: what is it ort to kno the future? It ma ossible to dela decision at some extra cost. In the case of 50 Show that for al and ;k ;k eliev that 2F AR erforms far etter than our results suggest: or dir c te gr aphs, how close to is ;k Is ther ne ar- optimal algorithm for al dir cte ac ess gr aphs The solution of the follo wing questions app ear to need randomized arian of the o-p erson game used in pro ving the vine-decomp osi tion lo er ound (Theorem 3): Is ther \universal" andomi algorithm that is close to optimal on every Given what is lower ound on the omp etitivene ss of andomi algorithm against an oblivious adversary 49 Let max +1 The pro of of the follo wing theorem follo ws from 19 ]. heorem or any andomi algorithm ;k Consider the follo wing randomized marking algorithm for tree access graphs, whic is arian of the algorithm in 19 ]. The algorithm pro ceeds in phases as with all marking algorithms. Let the tree formed the set of no des mark ed in the previous phase. Call leaf of de ad when the path from to the set of no des mark ed in this phase has no serv ers on it. On fault, pic liv leaf at random and evict the �rst serv er on the path from to the mark ed no des. heorem 15 Ther is onstant such that the ab ove andomi algorithm achieves omp etitiven ess of log on every tr ac ess gr aph wher max +1 Pro of: Let the um er of new no des requested in phase. coun faults in during the phase (there are only other faults). When leaf dies, it remains dead for the rest of the phase. Th us the um er of liv lea es is non-increasing with time. Lab el eac evicted no de with the name of the random (liv e) leaf that led to its eviction. Ev ery hole in is lab elled with the name of some leaf. After leaf dies, no more holes are lab elled with the name of that leaf. If is the um er of liv lea es at the time hole is lab elled then the hole is lab elle with the name of particular leaf with probabilit Supp ose that just efore leaf dies, the um er of liv lea es is Then the exp ected um er of holes lab ell ed is ounded ab There are at most holes and eac one is lab elled with probabilit at most Let the th leaf in that dies. The um er of faults the algorithm incurs on no des in is at most the um er of no des in that get lab ell ed in the phase =1 1) log By Theorem 7, LR is nev er more than wice as bad as FIF O, and is often etter. It ould ort remo ving the factor of o: 48 algorithm is at least 1, and 2F AR ac hiev es this ound. Note that LR cannot ac hiev this erformance (b ecause of the 1-no de cycle). It is ossible to extend the ab pro of to sho that on structured program graphs in whic no strongly connected comp onen has more than no des, ;k is at most ), but susp ect that the actual erformance of 2F AR is etter. Irani et al. 31 ha recen tly sho wn that natural extension of 2F AR ac hiev es comp etitiv eness within constan ultiple of for all structured program graphs. return to undirected access graphs. It has een sho wn 19 50 that in the Sleator-T arjan mo del, the comp etitiv eness of the optimal randomized on-line paging algo- rithm is (the th harmonic um er) against an oblivious adv ersary ]. Can one alw ys hop for suc dramatic impro emen er deterministic algorithms? sho that when is the no de circle, no randomized algorithm can ac hiev comp etitiv eness etter than log 2. Th us randomization can help at est constan factor in this case. then sho that arian of the marking algorithm 19 is within constan factor of the optimal randomized algorithm for the imp ortan case when is tree. Prop 22 No andomi aging algorithm achieves omp etitiven ess less than log 1) on the -no de cir cle against an oblivious adversary. Pro of: By the on Neumann minimax principl 68 ], it su�ces to pro vide probabil- it distribution on input sequences suc on whic the exp ected um er of faults for an deterministic on-line algorithm is at least log 1) during erio when an o�-line algorithm mak es only one fault. The sequence is generated in phases, during eac of whic ends when ev ery no de has een hit at least once in the phase (so that the o�-line algorithm incurs one fault in eac phase). the eginning of phase, the sequence �rst alks from its presen osition to the oin diametrically across the circle, ho osing one of the ys of getting there equiprobably rom there, it pro ceeds to the mid-p oin of the no des et to hit in the phase, ho osing equiprobably one of the ys of getting there, and so on. Th us on eac of these log 1) steps it causes the on-line algorithm to fault with probabilit 2. 47 follo ws. If there is no de not reac hable from that has serv er on it, it uses the serv er at If not, let the maximal strongly connected comp onen con taining comp osed of cycles used in its inductiv construction rule (ii) ab e. orm an undirected graph eac of whose no des represen ts cycle with an edge et een no des if the corresp onding cycles share no de. Consider the sub-graph of induced those that curren tly con tain an blue no des (b orro wing the terminology of Section 3.4). Rather than ho ose the serv er at the greatest distance from the set of curren tly mark ed no des (as AR ould), 2F AR uses o-st age pro cess. Call no de in eripher al no de if it is not an articulation no de in It �rst selects (arbitrarily) eripheral no de in this is the cycle from whic it will bring the serv er. Next, let the no de of linking it to the rest of the serv er at the no de that is the predecessor of in (whic is in fact furthest from the mark ed no des) is used. heorem 13 or any structur pr gr am gr aph in which every str ongly onne cte om- onent has si ;k Pro of: Since 2F AR alw ys tries to use serv er from ortion of the access graph that is unreac hable from the presen request, con�ne our atten tion to the strongly connected comp onen ts of Let us fo cus on suc comp onen con taining no des, of whic ha serv ers on them (call the uno ccupied no de the hole ). Note that when the hole is on one of the lo ops in ev ery no de in that lo op is requested efore 2F AR incurs fault on that hole. This leads us to view eac lo op in as \sup er-no de" that is requested all at once in the request sequence. this end represen as tree in the follo wing manner. There are yp es of no des in lo op no des and cut no des There is one lo op no de represen ting eac lo op of There is one cut no de represen ting eac no de of to whic lo op has een attac hed rule (ii) ab in the syn thesis of structured program graphs. An edge in exists et een lo op no de and cut no de if the corresp onding lo op con tains the corresp onding no de. Th us is bipartite tree, eac of whose lea es is lo op no de. The hole resides in lo op of and think of it as residing at the corresp onding lo op no de of 2F AR alw ys eeps the hole at lo op no de that is leaf of mo ving it to new leaf of on incurring fault. Let the um er of lea es of It is easy to see no (along the lines of Prop osition 3) that the comp etitiv eness of an deterministic on-line 46 vine decomp osition of there exists vine decomp osition that giv es lo er ound of at least aking another vine decomp osition whose set of paths is the set of blue paths at the end of the �rst sub-phase, there exists vine decomp osition that giv es lo er ound of at least Since the lo er ound is giv en the maxim um er all vine decomp ositions is ( ). heorem 12 or any and ;k is )) Again, since TS is marking algorithm, also ha ;k 3.5 tensions and urther ork no consider class of directed graphs that captures the con trol o of program (Example 3). structur pr gr am gr aph is mean to mo del the access pattern generated an execution of program written in structured programming language. It is directed acyclic graph (dag) built from the follo wing rules: (i) There is unique source no de and unique sink and directed path from to (ii) structured program graph can deriv ed from another attac hing to no de in it directed cycle iden tify and one no de in This is to mo del lo ops in program (DO WHILE lo ops). (iii) Series arallel Comp osition: Tw program graphs can comp osed in parallel iden tifying their sources and sinks resp ectiv ely to form new program graph. This is to mo del branc hing (IF CASE statemen t s). Tw program graphs can comp osed in series: the sink of one is iden ti�ed with the source of the other. Notice that an arbitrary GOTO statemen cannot captured suc graph. no presen arian of AR whic call 2F AR, and pro that ;k is within constan factor of for an structured program graph pro vided ev ery strongly connected comp onen of has size at most (1). 2F AR is also marking algorithm; describ it here for the case when ev ery strongly connected comp onen of has size at most 1, sho wing that it is optimal in this case. On fault at no de 2F AR decides whic serv er at an unmark ed no de to ho ose as 45 spanning tree of the graph. note that the ound cannot impro ed uc in terms of and it is tigh to within constan factor on oth the complete graph and the 1)-no de cycle. The recen ork of Irani et al. 31 sho ws that AR ac hiev es essen tially the est ossible comp etitiv eness on ev ery access graph Their pro of mak es use of the vine decomp osition lo er ound in tro duced in Section 3.2, th us establishing additionally that the vine decom- osition pro vides the est ossible lo er ound (to within constan t) on for ev ery access graph or the sp ecial case presen another algorithm, whic call Tw o- Second (TS), that do es ac hiev constan factor from optimal. describ TS using the same terminology used to describ AR. TS is marking algorithm and pro ceeds in phases. Eac phase of TS consists of sub-phases. In the �rst sub-phase TS serv es eac request acating blue no de whose degree is not o, if suc no de exists. (The sp eci�c no de is selected arbitrarily .) The sub-phase ends when all suc no des are red. the end of this sub-phase all remaining blue no des are of degree and hence can partitioned (in unique y) in to no de disjoin paths connecting no des of degree other than o. In the second sub-phase TS serv es eac request acating the middle no de of one of the curren blue paths (c hosen arbitrarily). The second sub-phase ends when no des are red. or 2, let the um er of faults in the th sub-phase. There exists tree suc that ) This follo ws from the follo wing graph-theoretic prop osition 43 ]. Prop 20 et the numb er of no des of de gr in gr aph Then, ther exists tr such that ( )) Prop 21 et the set of aths onsis ting of the unmarke blue no des at the end of the rst sub-phase. Then log Pro of: Eac request is serv ed the serv er at the mid-p oin of some path The next fault is when this mid-p oin is requested. Ho ev er, to request this no de at least half of the no des on ha to mark ed. The ound follo ws. pro that is within constan factor of optimal use the lo er ound giv en the vine decomp ositions of aking the tree of Prop osition 20 as tree in 44 sub-phases sho wing that at most blue no des are acated during eac sub-phase. This will yield ound of at most )(1 log faults in the phase, whic is at most log times the um er of faults of the adv ersary in the phase. Let the sequence of no des acated in the phase, and let the distance from to the nearest red no de at the time it is acated. The sequence is non-increasing, and Let the smallest index suc that 2; the �rst sub-phase ends with the acation of and the second sub-phase egins with In general, the th sub-phase, for 2, egins at the smallest index suc that 2. Let the set of red no des at the eginning of sub-phase Divide the sequence of no des acated in the th sub-phase in to blo cks of successiv requests. Because the um er of acan blue no des at an time is at most at least one no de of eac blo is mark ed the time any no de of an subsequen blo is acated. Pic suc no de for eac blo k, and call it ep ound the um er of reps and this will imply ound of on the um er of no des acated in the sub-phase. Let the um er of reps in sub-phase The um er of no des mark ed during the subphase is at least 2. This follo ws from the fact that when rep is mark ed, the next rep to mark ed is at distance of at least from the set of mark ed no des. Also, at the eginning of the sub-phase the �rst rep to mark ed is at distance of at least from the set of mark ed no des. Th us, at least new no des are mark ed et een successiv reps eing mark ed. get that for an reps the distance from and to an mem er of is greater than 2. Also, the distance et een and is greater than 2. (The last follo ws from the fact that the second of to acated ust at distance greater than from the �rst, whic is in the set of mark ed no des then.) The shortest path then from an rep to is at most and do es not con tain an other reps. Imagine con tracting to no de; no argue that tree can gro wn from whose lea es include at least half of the reps. urthermore the size of the tree is no larger than +1 Th us the size of the tree after is expanded is no larger than +1 whic is no more than than build the tree, pic half of the reps. Consider the union of the shortest paths of eac rep to The set of no des con tained in the union has no more than no des. Because none of the paths con tain an reps, eac of the reps is leaf of 43 3.4 Nearl optim al al orithm or pa in Is there an on-line paging algorithm whose comp etitiv eness is close to on ev ery graph seek \univ ersal" algorithm informally an algorithm whose descrip- tion is indep enden of (and hop efully succinct). LR and FIF are univ ersal algorithms, but Example neither is close to optimal on all no describ simple and natural algorithm AR and sho that its comp etitiv eness is close to on ev ery AR is marking algorithm. Consider phase of AR. Call the no des requested (and mark ed) in the curren phase and the no des requested (and mark ed) in the previous phase blue Notice that all blue no des ha serv ers on them at the eginning of the curren phase. AR ho oses the unmark ed serv er to use on fault acating blue no de whose distance to the nearest red no de (in is maxim um. The in tuition ehind AR is as follo ws: it is kno wn 50 that the optimal (o�-line) paging algorithm on an sequence is to acate the no de whose next request ccurs furthest in the future. AR attempts to appro ximate this acating no de that is far from curren tly red no des in and th us lik ely to requested far in the future. heorem 11 or any and ;k log In ords, ;k is within log of on ev ery erformance LR and FIF cannot matc h. By Prop osition 4, kno that ;k implying that AR is optimal in the Sleator-T arjan mo del is the complete graph), includi ng the con- stan t. Recen tly Irani et al. 31 ha sho wn that on ev ery undirected access graph ;k is within constan ultiple of ), th us impro ving on Theorem 11 ab and sho wing that the erformance of AR cannot impro ed more than constan factor. Pro of of heorem 11: Let new no de no de requested in the curren phase that is not blue. Let the um er of new no des in the curren phase. By Prop osition 4, the adv ersary incurs at least faults for this phase, amortized. ound the um er of faults in the phase for AR the um er of no des acated AR in the phase. Let max and let the maxim um diameter of an con- nected -no de induced subgraph of divide the curren phase in to log 42 Pro of of 2: If lonely LR serv er mo es, the um er of lonely LR serv ers decreases one or OPT incurs fault. If serv er ecomes lonely then OPT incurs fault. All the LR serv ers that are curren tly lonely will service request within the next three LR faults. If OPT do es not incur cost then after three LR faults the serv ers will realigned. Pro of of Prop 19: Observ that for -cycle 1) 4). no sho that -cycle 2) 4). The Prop osition follo ws. Assume the on-line and o�-line serv ers are aligned on no des and that are acan t. Supp ose that the adv ersary requests no de 5. There are cases. If the on-line algorithm do es not acate no de (sa lea ving an on-line hole at ), then the adv ersary requests and then forces ratio the adv ersary ha ving serv ed with serv er at and then forcing realignmen at The on-line has resp onded to request for acating no de and no has serv ers on The adv ersary no requests no de 6. There are sub cases. Case 2.1: The on-line algorithm resp onds to the request acating no de The adv ersary then requests n; and forces realignmen on no des n; The total cost to the on-line algorithm is at least (for the requests to (for the requests to n; 2. The adv ersary pa ys serving all faults with the serv er originally on no de 4. Case 2.2: The on-line algorithm resp onds to the request acating no de The adv ersary then requests n; and forces realignmen on n; The total cost to the on-line algorithm is at least three (for the requests to (for the requests to n; 2. The adv ersary pa ys serving the faults at with the serv ers originally on no des and then alternating these same serv ers in an LR fashion so as to serv the faults at and �nish the request sequence with serv ers on n; 41 LR faults. Supp ose OPT do es not fault efore time and the serv ers are not aligned at time Then the lonely LR serv er has not serviced request in the in terv al from to This means the serv er on is the lonely serv er and the serv ers on and service the LR faults. After the request at time the request sequence ust go from to LR services the request with the serv er on Then the request sequence go es to and LR uses the serv er on to service the request. urthermore, eac of these no des is hit without hitting an other no des, and is reac hed without hitting Th us, is adjacen to and is adjacen to either or With the ab adjacency information, and the fact that and are LR U-connected, it can determined that either the subgraph induced is biconnected or the subgraph induced is biconnected. Since there are no �v no de biconnected subgraphs in can assume the latter. The edges ),( ),( are in the graph. Also, is adjacen to or and to or is adjacen to one of An no de can connected to at most one no de in Th us, is adjacen only to (since are LR U-connected).

After time is still ccupied the lonely LR serv er whic is no the least recen tly used. has the lonely OPT serv er and the curren request is one of Without loss of generalit supp ose it is In order to mak LR fault, new no de ust requested is only reac hable through ). Call the new no de If the serv ers are unaligned at his oin t, then still con tains the lonely OPT serv er. In order to mak LR fault, ust requested. After time the sequence go es from to to LR faults wice and OPT faults once. pro that if there is one more LR fault and OPT do es not fault, then the serv ers ecome aligned. The lonely OPT serv er ccupies one of In order to hit the lonely OPT serv er, the sequence ust go bac through and and are connecteded to only one no de in is adjacen to and is adjacen to ). Th us are ccupied oth LR and OPT serv ers and the lonely LR serv er is the least recen tly used. If on the next LR fault, OPT do es not fault, then the serv ers ecome realigned. 40 acan no de Supp ose that the on-line algorithm acates no de to service the request. Because the graph is biconnected, there is path from to that passes through at most one other ertex, The adv ersary requests then On-line acates no de to service the request to Because the graph is biconnected, there is path from to that do es not use no des other than and The adv ersary tak es this path to no de The on-line algorithm has incurred faults, while there is still no de that has not een requested. The o�-line algorithm services the initial request to no de with the serv er on no de and th us only incurs one fault. The adv ersary requests no des and un til the serv ers are aligned again. Pro of of Prop 18: Recall that An LR serv er is lonely if the no de it ccupies is not ccupied an OPT serv er. Similarl an OPT serv er is lonely if the no de it ccupies is not ccupied an LR serv er. pro claims. 1: Start with the serv ers aligned. If within three LR faults OPT has incurred only one fault and the serv ers are not aligned, then within three more LR faults, either OPT incurs faults or OPT incurs one fault and the serv ers ecome aligned. 2: rom an con�guration, within three LR faults, the serv ers are aligned or OPT has incurred fault. If the serv ers are aligned, start phase when the serv ers ecome unaligned and end the phase when the serv ers are realigned. The facts imply that the um er of LR faults in phase is no more than three times the um er of OPT faults in phase. Pro of of 1: sequence of no des are said to LR onne c te if it is ossible for to ccupied the th most recen tly used serv er for all 4. In suc case is adjacen to is adjacen to either or and is adjacen to one of start with the serv ers aligned. Let the time of the �rst LR fault. OPT faults at time as ell. After there is one lonely LR serv er. Let the no de ccupied the lonely OPT serv er. Let the no de ccupied the th most recen tly used serv er. Th us, are LR U-connected. By examining the con�guration just efore are LR U-connected. If lonely LR serv er services request, then either OPT incurs fault or the um er of lonely LR serv ers decreases one. Let and the times of the next 39 Pro of of Prop 16: Let an on-line algorithm. consider phase to start and end when the adv ersary and ha their serv ers aligned. Let -cycle and without loss of generalit supp ose that the phase egins with serv ers on no des and The adv ersary requests no des erforms lik LR on and do es not separate its serv ers. Then the adv ersary requests and serv es at the optimal cost of (ha ving left serv er on ). The adv ersary then con tin ues to request un til aligns its serv ers on and Clearly ’s cost is at least 1. separates its serv ers while serving the request for no de for some satisfying 2. this oin t, will ha serv ers on and 2) and its cost on the requests will On the other hand, the adv ersary will serv the requests as ould LR at the same cost but with serv ers no on and The adv ersary then eeps requesting un til aligns its serv ers with the adv ersary so that ’s cost at the end of the phase is at least 1. Clearly =i 2). heorem 10 or al (3 2) Pro of: pro the theorem use three prop ositions. Prop 17 If has bic onne cte omp onent on ve no des, then Prop 18 If has no bic onn cte sub gr aph on ve no des, then Prop 19 If is an -cycle, for then (5 4) Before pro ving these prop ositions sho ho they imply Theorem 10. consider four ossible cases: The graph has at least one ertex of degree at least four. Then, Prop osition 3. urther, for ev ery graph 4. The graph has biconnected comp onen of size �v e. Then, Prop osition 17, 3. Not cases (1) and (2), and the graph has at least one ertex of degree three. Then, Prop osition 3. By Prop osition 18, 3. Not cases (1), (2) and (3). In this case the graph is either path or an -cycle for some 5. If is path, then 1. Otherwise, Prop osition 19, (4 3) ). Pro of of Prop 17: The request sequence is restricted to �v no de biconnected subgraph of start with the serv ers aligned. The adv ersary requests the 38 LR is used oth as paging strategy and cac hing strategy In cac hing, the um er of blo ks in the cac he is quite small (i.e. 4), so it is of sp ecial in terest to examine LR U’s eha vior for these alues of In these cases, LR compares ery fa or ably to the erformance of an on-line algorithm. heorem or al Pro of: If is tree, then the optimalit of LR is assured Theorem 8. So can no assume has cycle of length 3. The follo wing prop ositions are clearly su�cien to sho the optimalit of LR when 2. Prop 15 If the smal lest cycle in has length then ). Prop 16 If has cycle of si then 2) Pro of of Prop 15: will accoun for the relativ costs considering phases of requests (for +1 where LR and the adv ersary are aligned efore the request to (sa on no des and and is the �rst request on whic LR pa ys but the adv ersary do es not. Note that after serving LR and the adv ersary ust aligned on no des and so that new phase egins. need to sho that in an phase, the ratio of LR U’s cost to the adv ersary’s cost is no more than 2) In order to ev en tually oid pa ying for while LR pa ys, the adv ersary ust clearly separate its serv ers. Sa the last time this separation tak es place in the phase is on the request to no de with so that the serv ers are not aligned again un til the request to If the request sequence ev er rev erses itself after the request to (i.e., +1 for some ), then the adv ersary ust pa to co er +1 while LR do es not pa so that when the phase ends, LR and the adv ersary will ha had the same cost in this phase. So ma assume the sequence +1 do es not rev erse itself. Clearly the adv ersary has left serv er on while serving +1 and That is, is (p erhaps not simple) cycle of length (for some in teger ), the adv ersary pa ys on +1 while LR pa ys 1. Clearly 1) 2). 37 is greater or equal to the um er of tok ens placed on no des in in the in terv al ). Consider for some oin in time in the in terv al ). has leaf in ). Whenev er incurs fault in the in terv al ), the �rst no de without tok en reac hed on the path from this leaf to the requested no de gets tok en. This no de is in ecause no de is on the path and nev er gets tok en. Th us, the um er of tok ens that are placed on no des in in the in terv al is greater or equal the um er of OPT faults in the in terv al ). no coun the um er of OPT faults in the in terv al ). Examine the set of no des that are ccupied lonely LR serv ers at time These no des ha een requested since time ecause eac lonely LR serv er has serviced request since time or eac one of these no des, an OPT serv er has left this no de in the in terv al ). urthermore, none of these no des are in ecause no no de in is requested in the in terv al ). This yields that the um er of OPT faults in the in terv al is greater or equal to the um er of OPT serv ers that lea no de in in the in terv al plus the um er of lonely LR serv ers at time Putting all the inequaliti es together: The um er of OPT serv ers in at time is greater or equal to the um er of OPT serv ers that lea in the in terv al plus the um er of lonely LR serv ers at time Th us the um er of OPT serv ers remaining in at time is at least the um er of lonely LR serv ers at time Since the um er of lonely OPT serv ers is the same as the um er of lonely LR serv ers, all the lonely OPT serv ers are in at time oro ary 13 hen is ath, ;k conclude this subsection considering mesh. Supp ose that is an mesh, and that 1. It is easy to see that in this case, since mesh is biconnected ;k 1. On the other hand for this graph ). This is ecause the mesh con tains tree with cn lea es, for some constan The next prop osition follo ws. Prop hen is mesh, ;k (1) 36 are done. Otherwise, let the requested no de. Assume that up un til this oin in time, all lonely LR serv ers ha tok ens. OPT is ab out to incur fault ecause the OPT serv er is acating Since is leaf of and no de in ), there is some leaf of suc that the path from to passes through urthermore, is the �rst non-lonely no de on this path, and hence is the �rst no de along the path from to without tok en. Th us gets tok en just efore the request. When an LR serv er services request, it loses its tok en, but then it is no longer lonely no turn to pro the lemmata. Pro of of Lemm 8: If the requested no de is leaf of ), then it is clear that the um er of tok ens placed after the next fault is no more than ). pro the lemma, ha to pro that when the requested no de is an in terior no de in ), there is one leaf in the tree for whic no tok en is placed. Since the requested no de is leaf of ), there is path from the requested no de to leaf of that only con tains no des with lonely LR serv ers. No tok en will placed for this leaf ecause all the serv ers on this path ha tok ens. Pro of of Lemm 9: Supp ose some LR serv er with no tok en ecomes the least recen tly used serv er at time The no de where the serv er is lo cated, is leaf of ). Let the subtree of ro oted at that do es not con tain an other LR serv er. or the pro of need the follo wing prop osition. Prop 12 time al of the lonely PT servers ar in Prop osition 12 implies Lemma ecause at the next LR fault, either OPT will incur fault (and the serv er on receiv es tok en efore it mo es) or will requested efore the fault and the serv er on will not the least recen tly used. Pro of of Prop 12: Let the last time no de as requested. No no des in are requested in the in terv al from to denoted ). On the other hand all the no des in are requested in this in terv al. Because all the lonely LR serv ers ha tok ens, at time the um er of OPT serv ers in is greater or equal to the um er of LR serv ers without tok ens in ). No no des in are requested in the in terv al ), so no no de in can giv en tok en wice. Th us, the um er of LR serv ers without tok en in at time 35 this sc heme, at eac oin of time, some of the LR serv ers will ha tokens Whenev er, an LR serv er services fault, it has to \pa y" tok en. Belo w, describ ho the tok ens are distributed, and pro that (i) at most tok ens are placed for an OPT fault, and (ii) all the LR faults are serviced serv ers with tok ens. Supp ose that OPT faults at time Consider the tree formed ). or ev ery leaf in this tree that is not the requested no de, consider the path from the leaf to the requested no de. Place tok en on the �rst no de on the path without tok en (if there is suc no de). If an LR serv er services fault, then thro its tok en. Theorem follo ws from the follo wing lemmata. Lemm most tokens ar plac for any PT fault. Lemm No LR server without token wil servic an LR fault. Before pro ving the lemmata, need few facts. Prop 10 If is tr e, then maintains its servers in onne c te sub gr aph of Pro of: By induction on the um er of requests. Supp ose that up to request OPT’s serv ers are in connected subgraph of Let denote the tree formed the no des ccupied OPT serv ers just efore time together with the no de of the th request. If OPT faults at time then it evicts the serv er that is on the no de whose next request ccurs farthest in the future. This is alw ys leaf of ). Th us OPT’s serv ers will connected after time An LR serv er is lonely if the no de it ccupies is not ccupied an OPT serv er. Similarly an OPT serv er is lonely if the no de it ccupies is not ccupied an LR serv er. Prop 11 Every lonely LR server has token on it. Pro of: Consider no de with oth an LR and an OPT serv er suc that after request at time the LR serv er will lonely If the LR serv er on already has tok en, 34 constan factor. No w, need to lo er ound FIF O’s comp etitiv eness: heorem or any with ;k 1) Pro of: The adv ersary pic ks subgraph on no des and only requests no des from that subgraph. Let and adjacen no des in suc that is not an articulation no de. the eginning of eac phase FIF has no de acan and the serv er on no de is the serv er that has mo ed the most recen tly On fault, FIF mo es the serv er that has mo ed the least recen tly The adv ersary requests ev ery no de where FIF has its hole un til ev ery no de (except has een acated once. The paths from hole to hole in the access graph are co ered FIF O’s serv ers. Requesting these no des do es not a�ect FIF O’s eha vior. urthermore, since is not an articulation no de, the adv ersary can mo from hole to hole without requesting this oin t, ev ery one of FIF O’s serv ers has mo ed once. No de is acan t, and the serv er that ccupies no de has mo ed the least recen tly The adv ersary requests no de and FIF mo es the serv er on no de to no de The phase ends: the hole is on no de and the serv er on no de is the serv er that FIF mo ed most recen tly During the phase, FIF incurs fault on ev ery no de in the graph faults). The adv ersary services the sequence mo ving the serv er on no de to no de and then bac to no de for the last request in the phase (2 faults). Theorem and the fact that LR is -comp etitiv on an 60 imply that ;k ;k for all On man graphs, ho ev er, ;k is uc smaller than 1) 2. This pro vides an explanation of wh LR should preferred to FIF in practice. Let tree. Then, ), the lo er ound for ;k ), ecomes max +1 1. By prop osition this is also the lo er ound for an on-line algorithm. or this im- ortan class of access graphs, sho that LR ac hiev es this lo er ound, implyin that LR is optimal. heorem hen is tr e, ;k Pro of: Let the tree formed the no des ccupied LR U’s serv ers and the next no de requested at time pro the theorem use harging sc heme. In 33 In the �rst sub-phase, the adv ersary starts requesting no des that ha serv ers on them in order to �x the order in whic the serv ers ere last used. Sp eci�call the adv ersary requests no des ). Going from no de to no de the adv ersary requests only no des whose um er is greater than As result of this, no de is the th least recen tly used no de. No w, the adv ersary requests no de 1, whic is connected to no de ), where the previous request as, and then, no des 1, where is the non-articulation no de with the highest -n um er. This time, going from no de to no de the adv ersary requests only no des whose um er is less than analyze the um er of faults incurred the adv ersary and LR in this sub- phase. The adv ersary incurs faults, serving no des to using the serv er curren tly on no de Note that since the degree of no des to is o, the adv ersary can oid no des to while hitting no des 1. Because of the ordering of the no des, LR ould incur one fault for eac no de in that corresp onds to no de um ered in the range [1 1] in that is not an articulation no de, totalling to 1. Before starting the second sub-phase the adv ersary requests no des rep eatedly so that oth LR and the adv ersary ha their holes on no des The second sub-phase is symmetric to the �rst one. The adv ersary requests no des do wn to Going from no de to no de the adv ersary requests only no des whose um er is less than (but at least ). As result of this, no de is the th least recen tly used no de. No w, the adv ersary requests no des 1. This time, going from no de to no de the adv ersary requests only no des whose um er is greater than Again, the adv ersary incurs faults, serving no des do wn to and using the serv er curren tly on Because of the ordering of the no des, LR ould incur one fault for eac no de in the ranges [1 1], and )] that is not an articulation no de, totalling to 1. use access graphs to di�eren tiate et een the the comp etitiv eness LR and FIF can ac hiev e. ha determined LR U’s comp etitiv eness on an graph up to 32 prop erties: (i) no de is um ered and no de is um ered and (ii) ev ery no de other than and are adjacen to lo er um ered no de and higher um ered no de. In the sequel refer to no des their -n um er. The follo wing prop ositions follo from the prop erties of -n um ering. Prop or ach ther is ath etwe en no de and no de that only ontains no des numb er less than Prop or ach ther is ath etwe en no de and no de that only ontains no des numb er gr ater than return to the pro of. Giv en compute an op en ear decomp osition of one of its biconnected comp onen ts that con tains only one articulation no de. (Suc biconnected comp onen ust exist.) Consider the non-trivial ear with the highest index. Without loss of generalit ma assume that this ear con tains at least in ternal no des. Otherwise, ma concen trate on the subgraph giv en remo ving these in ternal no des, and get etter ound. Call this ear the \start" path of Note that none of the no des on this path are articulation no des. De�ne new graph as follo ws. The set of no des of consists of one no de for eac non-articulation no de of and no des for eac articulation no de of Tw no des and in are connected an edge if the no des in corresp onding to and are connected an edge. No w, remo from all edges that corresp ond to trivial ears with endp oin ts in the \start" path. Notice that is biconnected and con tains no des. Moreo er, since remo ed all the trivial ears, the degree of all no des in that corresp ond to no des in the \start" path (except the last) is o. Later, when no confusion ma arise, iden tify the no des in and in Since is biconnected, it has an -n um ering 45 ], where is (the no de corre- sp onding to) the �rst in ternal no de in the \start" path and is its adjacen endp oin t. The adv ersary orks in phases. the eginning of phase oth LR and the adv ersary ha their holes on no des and their serv ers on the rest of the no des of (Notice that the no des um ered to in eac corresp onds to distinct no de of .) phase consists of sub-phases. In eac sub-phase the adv ersary incurs faults while LR incurs at least faults. 31 get Pro of of heorem 5: Break the sequence in to phases. phase ends when requests to di�eren no des ha een seen. Let the um er of no des requested in the curren phase that ere not requested in the previous phase. By Prop osition 4, the cost of the optimal algorithm for the curren phase is at least 2, amortized. Consider the set of no des that are requested in either the curren or the previous phase. Let the subgraph induced these no des. The um er of faults that LR incurs in the phase is ounded urthermore, the um er of faults that LR incurs in the phase is also ounded ), ecause LR do es not acate an articulation no de whose remo al results in comp onen ts of size less than Pro of of heorem 6: Let an subgraph of on no des. pro that ;k 1) Without loss of generalit assume that no articulation no de in separates it in to comp onen ts one of whic consists of less than no des. Otherwise, let subgraph of with no des giv en remo ving one suc comp onen t. Clearly 1) 1) and th us pro ving for su�ces. In the pro of use graph theoretic notions: ar de omp osition and -numb ering First, review their de�nitions. An ear decomp osition 67 of graph starting at sp eci�ed edge is decom- osition of the edges of in to simple paths (ears) where is and for eac path 0, eac of its endp oin ts is con tained in some but none of its in ternal no des is con tained in suc an ear. An ear decomp osition is op en if none of the ears is cycle. An ear 0, is trivial if it consists of single edge. graph is biconnected if and only if it has an op en ear decomp osition starting from an edge. An -n um ering of graph with no des and sp eci�ed edge s; is um- ering of the no des of with distinct um ers in the range [1 with the follo wing 30 The subgraph is de�ned recursiv ely Initiall is set to As long as con tains an articulation no de that disconnects in to comp onen ts one of whic is of size at least set to the subgraph induced the no des of this comp onen together with Supp ose that has no des. giv lo er ound on the um er of no des that are not articulation no des in Let the set of articulation no des in that are (i) not in and (ii) share biconnected comp onen with no de from ). In the construction of the biconnected comp onen ts remo ed from are ones that do es not con tain an no de in ). This implies that all no des in are in Consider no de ). Since ), the remo al of from separates in to comp onen ts, one of whic is of size at least Call the rest of the comp onen ts the \small" comp onen ts of The total size of the \small" comp onen ts is at most 1. or an no des and in ), the \small" comp onen ts of and are disjoin t. Consider no de in There are ossibil iti es: either is not an articulation no de in or is an articulation no de. m: If is an articulation no de then the subgraph of induced and the no des from its small comp onen ts (that are in has biconnected comp onen of size at least that con tains only one articulation no de. Pro of: The subgraph of induced and the no des from its small comp onen ts ust ha biconnected comp onen with only one articulation no de. If this biconnected comp onen has less than no des then con tains an articulation no de that disconnects in to comp onen ts one of whic is of size at least con tradicting the de�nition of No w, giv lo er ound on the um er of non-articulation no des in Let the total um er of no des in the biconnected comp onen ts of that con tain no de from ). Since these biconnected comp onen ts are the same as the biconnected comp onen ts of is also the total um er of no des in biconnected comp onen ts of that con tain no de from ). Let the set of no des in that are articulation no des in The total um er of no des in the \small" comp onen ts of no des in is ). The size of the \small" comp onen ts of single no de in is at most 1. Th us, or eac no de in ha at least no des that are not articulation no des. conclude that the um er of non-articulation no des in is at least 29 Moreo er, pro that for an graph the parameters di�er constan factor. LR has the prop ert that it main tains all of its serv ers in one connected subgraph of the access graph at all times. Giv en subgraph with no des, let an articulation no de in that is, the remo a of from separates Consider the comp onen ts obtained remo ving If no suc comp onen con tains at least no des and if LR U’s serv ers are completely con tained in then cannot hole, or otherwise LR U’s serv ers ould no longer connected. Let denote the um er of articulation no des in Let denote the um er of articulation no des in whose remo al separates in to comp onen ts none of whic con tains no des. De�ne max max 1) max max min pro the follo wing three theorems. heorem heorem ;k heorem ;k Pro of of heorem Let subgraph of with no des. sho that there exists subgraph with no des, for whic 1) min The theorem follo ws. There are cases. The graph has biconnected comp onen with no des. In this case 0, and 1) min The graph has no biconnected comp onen ts with more than no des. If ), then 1) )) min Supp ose that ). Let the set of articulation no des in whose remo al separates in to comp onen ts none of whic con tains no des (i.e., )). 28 in Theorem to within constan factor. Man of the algorithms studied in this pap er are marking algorithms 19 35 ]. marking algorithm pro ceeds in phases. the eginni ng of phase all the no des are unmark ed. Whenev er no de is requested, it is mark ed. On fault, the marking algorithm acates serv er from an unmark ed no de (c hosen rule sp eci�ed the algorithm), and brings it to the request. phase ends at the �rst fault after ev ery serv er is on mark ed no de (equiv alen tly phase ends when di�eren no des ha een requested during the phase). this oin all the no des ecome unmark ed and new phase egins. use the follo wing prop osition to analyze the comp etitiv ratio of marking algorithms. Prop (a) If is the numb er of no des queste in the th phase that wer not queste in the th phase, then the ost of the adversary during the rst phases is at le ast =1 (b) If is marking algorithm then for any gr aph ;k The pro of of part (a) is due to Fiat et al. 19 ]. The pro of of part (b) is due to Karlin et al. 35 ]. The follo wing result of Belady (see also 50 and 62 ]) will also pro useful. Consider the o�-line paging algorithm that, giv en an en tire request sequence uses the follo wing olicy: on fault, it evicts the item in fast memory whose next access ccurs furthest in the future in This algorithm is called OPT, and the reason is eviden from the follo wing prop osition: Prop or every quest se quenc the ost of algorithm PT is the same as the optimal ost. 3.3 nal sis LR analyze LR U’s comp etitiv eness de�ning parameters of the graph One is used to lo er ound and the other is used to upp er ound ). 27 with ’s and the adv ersary’s serv ers aligned and all of the no des unmark ed. no de ecomes mark ed when it is requested. The rules according to whic the adv ersary generates the next request are as follo ws. If has hole on mark ed no de, the adv ersary requests this hole. In case the previous request is not adjacen to this hole, the adv ersary requests all the no des in path from the previous request to the hole that consists only of mark ed no des. (Suc path alw ys exists since the mark ed no des form connected comp onen t.) Supp ose that there is no hole on mark ed no de. If has hole on leaf of the tree, the adv ersary requests all the no des in path from the previous request to that consists only of mark ed no des and in terior tree no des. If has hole on path for 1, the adv ersary requests all the no des in path to the hole that consists only of mark ed no des, in terior tree no des, and at most one half of the unmark ed no des in Supp ose that has all of its holes on unmark ed no des in As long as the um er of unmark ed no des in is at least the adv ersary can hit at least holes requesting half of the unmark ed ortion of that has the most holes. In the pro cess the adv ersary only requests mark ed no des, in terior tree no des, and half of the unmark ed no des in If the um er of unmark ed no des in is less than (but more than ), the adv ersary can hit one more hole requesting all but unmark ed no des. The adv ersary con tin ues to hit ’s holes in this manner un til the end of the phase, when all but no des ha een mark ed. The adv ersary services the sequence initiall mo ving all its holes to the no des that are left unmark ed at the end of the phase. Th us, the adv ersary incurs no more than faults er phase. The adv ersary requests all mark ed no des un til the serv ers are aligned. The phase ends, and all the no des are declared unmark ed. Except for the no des left unmark ed at the end of the phase, incurs fault for ev ery leaf no de that is not on an path, ecause suc leaf no de is mark ed only when it is requested while has hole there. Eac path for 1, is hit times, and incurs fault eac time. In at least log of the hits on incurs at least faults. Th us, incurs at least log faults in phase. Irani et al. 31 ha sho wn that for an graph there alw ys exists subgraph whic either has no des or is single cycle that ac hiev es the maxim um of the expression 26 can reac hed from an other leaf in path that con tains only in terior no des in Since Sleator and arjan pro lo er ound of for the paging problem with slots of fast memory and virtual memory pages 60 ], ha e: Prop or any G; and any on-line algorithm ;k max +1 The adv ersary can obtain an lo er ound The adv ersary only requests no des in Note that this lo er ound is eak on some graphs, e.g., when is cycle on no des. (Here Prop osition only pro vides constan lo er ound, whereas Example kno that is log )). no remedy this with more sophisticated graph-theoretic construction. vine de omp osition of an graph is tree in together with set of paths suc that (i) the end-p oin ts of eac of the paths are no des in the in ternal no des are not in (ii) the in ternal no des of the paths are disjoin t; (iii) the union of the no des in and on the paths giv es the no de set of Let the set of all vine decomp ositions of Let the longest path and let the um er of lea es of not on an path. The value of path denoted ), is de�ned to log (The length of path is the um er of its edges.) Let denote the set of connected no de-induce subgraphs of con taining no des. heorem max max max log Pro of: Without loss of generalit assume that is not tree (or else is empt and the ound degenerates to that of Prop osition 3. Supp ose that are giv en an on- line algorithm sho an adv ersarial sequence of requests that forces to ac hiev comp etitiv eness greater or equal to the desired lo er ound. The adv ersary concen trates on subgraph ac hieving the maxim um of the lo er ound expression. claim that in Otherwise, the subgraph with no des, giv en rep eatedly remo ving no des on paths other than un til ould giv etter ound. Since con tains no des, there are \holes" (no des where do es not ha serv er) in at an time. partition the request sequence in to phases. phase starts 25 satisfying the condition that :::; >; ::: >; implies :::; That is, giv en page request the next on gur ation of fast memory pages (= serv ers) ust include request sequence ::: is admissible if for all i, +1 in whic case can extend the mapping to request sequences in the ob vious Before dev eloping the to ols for analyzing sp eci�c paging algorithms, it ould helpful to kno that the syn thesis of optimal on-line paging algorithms is, at least theoretically ac hiev able. The follo wing results are similar in spirit to decidabili results of McGeo et al. 51 for serv er problems. Prop In gener al it is unde cidable if given aging algorithm achieves given omp etitive atio. Pro of: or ev ery could construct an algorithm whic follo ws kno wn comp etitiv algorithm on the th request if the th uring mac hine on input halts in at most steps, else it follo ws kno wn algorithm with no �nite comp etitiv ratio. Prop or any k, any nite ac es gr aph and any nite state algorithm (i.e., is ounde by omputable function of ), we an ompute ;k in sp ac olynomial in and log (A the aging algorithms we onsider ar inde nite state.) Pro of: Because is �nite, there ust reac hable con�guration state pair :::; and and �nite length sequence with :::; >; :::; >; suc that the adv ersary can extract the ratio ;k forcing in to :::; >; and then rep eating the sequence Giv en an access graph observ that ;k and are monotone in the addition of edges to th us ;k is ounded ab the comp etitiv eness of in the Sleator-T arjan mo del is the complete graph). Also, lo er ound on ;k or can obtained deleting edges in Let denote the set of trees on no des in or tree let denote the set of lea es of The adv ersary can restrict its request sequence to paths in and obtain an lo er ound for on that an adv ersary can obtain for serv ers on an )-clique. This follo ws from the observ ation that an leaf in 24 ounds for LR is as haracterization of \bad" access graphs for LR U. re�nemen of our analysis sho ws that LR is optimal among on-line algorithms for the imp ortan sp ecial case when is tree (Example 1). also giv results sho wing that for small LR is close to optimal on ev ery these results are of great in terest in aching where is ypically or four. Section 3.4 addresses the question of univ ersal algorithm whose comp etitiv eness is close to for ev ery and sho that an extremely simple and natural algorithm (F AR) ac hiev es comp etitiv eness within log of for all and erformance that LR or FIF cannot matc h. then sho that di�eren algorithm (TS) comes within constan factor of when 1. This sp ecial case 1) is imp ortan ecause it is ell-studied case 49 54 60 that often pro vides imp ortan insigh ts in to the erformance of an algorithm when 1; indeed all kno wn lo er ounds for on-line paging and serv er systems are pro ed with 1. Recen tly Irani et al. 31 ha sho wn that our algorithm AR comes within constan factor of for all and Section 3.5.1 deals with an imp ortan class of directed access graphs whic call structur pr g am gr aphs suc graphs represen access patterns lik ely to arise in the execution of programs written in structured language with lo ops and branc hes, but no GOTOs. This access mo del is esp ecially in teresting for studying instruction cac hes. analyze simple and natural algorithm; one conclusion dra is that our algorithm is optimal when 1. Section 3.5.2 presen ts some results on randomized algorithms: sho that arian of an algorithm of Fiat et al. 19 is within constan factor of optimal whenev er is tree, and also sho that there are access graphs for whic randomization cannot impro the comp etitiv eness more than constan factor. conclude with um er of op en problems and directions for further ork. 3.2 eneral results or pa in with access raphs Let an access graph (directed or undirected). An on-line paging algorithm with set of states managing pages is mapping 23 The literature of computer erformance mo deling and analysis con tains uc re- lated ork, oth theoretical and empirical. Denning 16 (and references therein) dev elops the working set mo del of program eha vior for capturing lo calit of reference. Spirn 62 giv es comprehensiv surv ey of mo dels for program eha vior, although comp etitiv results had not een studied at that time. Shedler and ung 59 ere the �rst to prop ose Mark vian mo del of lo calit of reference: Mark hain whose states are the pages, with transition probabiliti es capturing lo calit Other researc hers ha extended this approac h, using it for at least purp oses: (1) to compare the erformances of di�eren paging strategies and to tune paging parameters 25 46 ], and (2) to impro program eha vior restructuring programs 18 26 ], so that program blo ks and data are pac ed in to virtual memory pages so as to ensure go lo calit of reference. While our fo cus here will on the �rst of these goals, our mo del and some of our results are lik ely to pro useful in studies of the latter problem. ypical questions study using our mo del are: (1) Ho do LR and FIF compare on di�eren access graphs? (2) Giv en the access graph mo del of program, what is the erformance of LR on that program (i.e., what is ;k ))? (3) Giv en an access graph what is )? can go paging algorithm tailor-made giv en an access graph (4) Is there \univ ersal" algorithm whose comp etitiv eness is close to on ev ery access graph? By Example 2, LR and FIF are not candidates. (5) What is the er of randomization in the access graph mo del? In Section 3.2 giv sev eral general results for paging with access graphs. �rst sho that for an �nite state algorithm with state set can compute ;k in space olynomial in and log then giv lo er ounds on ), �rst using spanning tree haracterization and then using more sophisticated graph decomp osition call vine de omp osition Section 3.3 is an in-depth study of the LR (least-recen tly used) algorithm. The main results (Theorems and 5) determine ;k for ev ery and to within factor of o. Our tec hnique uses com binatorial prop erties of small subgraphs of in olving the um er of articulation no des in eac subgraph. Another useful of viewing our tigh 22 migh arise in practice, and then describ related prior ork. Let amp The ac ess attern of pr gr am is often governe by the data structur es it uses: for instanc e, the ac es gr aph for pr gr am erforming op er ations on tr data structur is likely to esemble tr e, wher as for pr gr am doing pictur pr e ssin or matrix omputations it is likely to esemble mesh. ac es atterns arise in many imp ortant applic ations: in data structur es for key stor age and etrieval, in game-tr eval- uation, and in br anch-and-b ound algorithms. In Se ction 3.3 we show that LR is optimal on every tr and that FIF erforms ad ly even on tr es amp et cycle on no des. It is asy to se that ;k and ;k ar oth in this ase the se quenc that go es clo ckwise ontinuously auses oth algorithms to fault on every quest, wher as the optimal algorithm ne fault only onc in quests the other hand, log 1) Consider an algorithm that op er ates in phases whenever no de is queste during phase, the no de is marke d. Thus the set of unmarke no des at any time in phase forms ath; on fault, the algorithm serves with the server at the mid-p oint of this ath. If on fault ther is no server on an unmarke no de, the phase is de clar over and al no des ar unmarke d. Cle arly the adversary incurs at le ast one fault in ach phase, and our on-line algorithm at most log 1) The lower ound uses the same ide as. Thus oth LR and FIF erform orly on this ac es gr aph (a fact observe in pr actic LR and FIF erform orly on lo ops ust lar ger than le ading the designers of the TLAS omputer 42 to develop aging algorithm with \lo op dete ctor"). Thus oth ;k and ;k ar far lar ger than In Se ction 3.4 we give on-line aging algorithms that ar close to optimal on every undir cte ac es gr aph (including ones with lo ops). amp The ontr ol ow of pr gr am cts its ac ess gr aph: the ac es gr aph for pr gr am might lo ok like series-p ar al lel gr aph with lo ops (p ossibly neste d) hanging The gr aph itself is static, and is available at ompile time, efor the pr gr am is run. The ath taken by an exe cution and the numb er of times ar ound ach lo op ar data-dep endent; we mo del these by the adversary’s choic es. In such ase, when the ontr ol ow of the pr gr am determines the ac es gr aph (\structur al lo ality" 25 ), it is imp ortant to onsider digr aphs. This is the sub ct of Se ction 3.5.1. 21 The access graph for program is graph in whic eac no de corre- sp onds to one of the pages that program can reference. An adv ersary selects the sequence of page references, sub ject to lo calit constrain ts imp osed the edges of follo wing request to page (no de) the next request ust either to or to no de suc that is in All the algorithms study are la 49 54 ]: page is evicted only on some fault. urthermore, assume without loss of generalit that the algorithms are una�ected rep eated hits to page. Th us, ma assume that follo wing request to the next request is to an adjacen no de. Sections 3.2{3.4 deal with the case when is undirected, and Section 3.5.1 deals with directed access graphs. Let the um er of faults made paging algorithm on request se- quence and let the um er of faults made an optimal algorithm (that has the en tire sequence ailable to it in adv ance) ]. sa that is omp etitive algorithm (on graph if for all (where is alk on ), remains ounded constan t. The omp etitiven ess of on denoted is the in�m um of suc that is -comp etitiv e. denote the comp etitiv eness of on-line algorithm with pages of fast memory on access graph ;k ). denote min ;k (the min tak en er on-line algorithms ), and call it the comp etitiv eness for access graph with page slots. is the est comp etitiv ratio an on-line algorithm can hop to ac hiev on or brevit refer to the page slots of fast memory as servers 49 ]. Th us when sp eak of mo ving serv er to page, mean that the page is brough in to that slot in fast memory Ho ev er, the access graph is not to confused with the graphs determining the distance metrics the -serv er problem 49 or in metrical task systems ]; the \distance" tra eled serv er et een an no des of is unit Rather, the access graph restricts the request sequences. When is the complete graph, our mo del sp eciali zes to the Sleator-T arjan mo del. Our premise is that access graphs for real programs are not complete graphs, and that some of the discrepancies et een the Sleator-T arjan theory and empirical observ ations can explained this. Also, for con enience refer to the optimal o�-line algorithm and the source of requests together as the adversary who generates the sequence and serv es the requests o�-line. no giv some examples of access graphs that 20 Early ork on ev aluating paging algorithms fo cuses on probabilistic analysis 21 ], assuming that the request sequence is dra wn from probabilit distribution. Indeed, ranaszek and agner 21 compare the page fault rate of LR and FIF to that of the optimal algorithm, in the spirit of comp etitiv eness, for the case where the input sequence is dra wn from an arbitrary probabilit distribution. Sleator and arjan then sho that no deterministic on-line paging algorithm can ac hiev comp etitiv eness less than and that um er of algorithms used in practice, includi ng ast-R en tly- se (LR U) and First-In First- ut (FIF O), are -comp etitiv and th us optimal this measure. Practitioners oice at least reserv ations ab out these results: (1) the analysis do es not mak distinction et een LR and FIF O, whereas in practice LR is almost alw ys sup erior to FIF O; (2) the analysis suggests that the um er of faults LR on program could times the optimal um er of faults, whereas in practice 69 the ratio is often uc smaller. urther, the approac do es not allo us to treat an imp ortan practical question: giv en some kno wledge of the memory access patterns of program, can one use it to tune the paging algorithm for etter erformance? sho here that these concerns can addressed augmen ting the Sleator- arjan approac with an imp ortan concept used paging algorithms: the sequence of pages referenced real programs exhibits lo ality of efer en It has long een observ ed 16 42 59 that eac time page is referenced program, the next page to referenced is ery lik ely to come from the same small set of pages. The fact that real programs exhibit lo calit of reference is the feature that mak es ha ving o-lev el store of memory useful in the �rst place. In this pap er dev elop the ac es gr aph mo del of program’s reference pat- terns. Eac access graph determines class of inputs. use the mo del to pro results addressing the ab practical concerns, together with um er of other results. th us pro vide theoretical framew or for studying the imp ortan idea of lo calit of reference in programs, while retaining the est features of the Sleator-T arjan measure. 19 Chapter etiti aging ith cali erence 3.1 er ie The strength of the Sleator-T arjan st yle of analysis is that it is more robust than probabilistic analysis, while more practical than simply analyzing the maxim um cost of an algorithm er all inputs. Ho ev er, comp etitiv analysis is still orst -case analysis, in that the adv ersary can ho ose the input whic maximizes the ratio of an on-line algorithm’s cost to the optimal o�-line algorithm’s cost. This leads to unduly essimistic results ecause often, in practice, the input to problem is not arbitrary address this issue considering the paging problem on restricted classes of inputs. The restrictions ho ose re ect inputs that ccur in practice. In addition, assume that an on-line algorithm kno ws in adv ance if the input it will receiv falls in particular class, so that the algorithm can tailor its eha vior for eac class of inputs. In this sense, the problem is less \on-line" ecause some information ab out the input sequence is ailable in adv ance. The ork in this hapter app ears in \Comp etitiv paging with lo calit of reference" and as done in collab oration with Allan Boro din, Prabhak ar Ragha an, and Baruc Sc hieb er ]. Some of the results in this pap er ha een impro ed up on in ery recen pap er Irani, Karlin and Phillip 31 ]. This thesis only con tains results from the �rst pap er. 18 ertex or righ t-v ertex will successfully matc hed: if the righ t-v ertex can not matc hed the greedy algorithm, then his corresp onding left-v ertex in the erfect matc hing ust already ha een matc hed. Karp et al. consider randomized bipartite matc hing against an oblivious adv ersary 38 ]. They sho that ery simple randomized strategy ac hiev es an asymptotically tigh ound of 1) ). The algorithm orders the left-v ertices according to random erm utation and then applies the greedy algorithm with the left-v ertices in the random or- der. Kh uller, Mitc hell and azirani and indep end en tly Kala a nasundaram and Pruhs giv an algorithm whic ac hiev es an optimal comp etitiv eness of for eigh ted bipartite matc hing, with the constrain that the eigh ts ob ey the triangle inequali 39 34 ]. With- out the triangle inequalit there is no on-line strategy whose comp etitiv eness is ounded function of 17 class of graphs, -inductiv graphs. Finding large matc hing in graph is another example of classic problem that extends naturally to an on-line setting. Consider situation where there are set of jobs and eople who en ter an emplo ymen cen ter one at time. Eac erson is quali�ed to erform some subset of the jobs. The cen ter ust assign eac erson job efore he she lea es without kno wing what the quali�cations of future eople will e. Once an assignmen is made, it cannot rev ok ed. The problem describ ed ab is on-line bipartite matc hing. In bipartite graph, there are left-v ertices and righ t-v ertices. The left-v ertices (jobs) are giv en in adv ance and the righ t-v ertices (p eople) arriv one at time. As eac righ t-v ertex arriv es, its edges to the left-v ertices are also giv en. The algorithm ust ho ose one of these edges to include in the matc hing or ust decide not to include an of them. restrict our atten tion to those graphs that ha erfect matc hing. It is an easy exercise to sho that an deterministic on-line algorithm can forced to matc only n= edges. Karp, azirani and azirani sho lo er ound of n= ev en for randomized algorithms against an adaptiv on-line adv ersary using the follo wing example 38 ]. or the �rst n= righ t-v ert ices, the adv ersary adds edges et een the new ertex and an left-v ertex that has not een matc hed either the adv ersary or the algorithm. The adv ersary adds random one of these edges to the matc hing. If denotes the um er of edges in the in tersection of the adv ersary’ and the algorithm’s matc hings after the �rst n= righ t-v ertices ha arriv ed, then log ). or the next n= righ t-v ert ices, the adv ersary adds an edge et een the new ertex and an left-v ertex that the adv ersary has not matc hed. The adv ersary matc hes the new ertex arbitrarily upp er ounds the um er of edges the algorithm can matc in the second phase. The adv ersary matc hes ev ery righ t-v ertex, and the algorithm matc hes at most n= righ t-v ert ices. The ound of n= is asymptotically tigh t. Consider the greedy algorithm that assigns eac new ertex to the lo est um ered unmatc hed left-v ertex, if one exists. The greedy algorithm will able to matc at least n= righ t-v ertices. pro the ound, consider the edges in erfect matc hing. or ev ery suc edge, either the inciden left- 16 2.3 raph ro win ro lem Man problems in Computer Science ha natural on-line form ulations as ell as natural notion of comp etitiv eness. ak graph coloring as an example. alid oloring of graph is an assignmen of colors to ertices suc that if no des are adjacen t, they do not receiv the same color. is the minim um um er of colors used in an alid coloring of graph coloring algorithm receiv es an input graph and determines alid assignmen of colors to no des. It is ell kno wn that the problem of �nding alid coloring for graph whic uses the minim um um er of colors is NP-hard 37 ]. The input to an on-line graph coloring problem is graph with an order imp osed on the ertices. The ertices are presen ted in order and when eac ertex is presen ted, all the edges from the ertex to previously presen ted ertices are also giv en. The on-line graph coloring algorithm ust assign color to eac ertex efore the next ertex is presen ted. Let an on-line graph coloring algorithm and the um er of colors that uses to color The erformanc atio of an on-line graph coloring algorithm is the maxim um er all no de graphs (or the maxim um er some class of no de graphs) of =� ). On-line graph coloring can applied to pro cessor assignmen and register allo cation problems ], 53 ]. Notice that there is nothing in the de�nition that limits the computational er of the on-line algorithm. Although most of the on-line algorithms that ha een devised are e�cien t, an on-line algorithm is not restricted from computing, for example, all ossible colorings of the partial graph seen th us far. Besides graph coloring, all of the problems that ha een discussed so far ha had the prop ert that the input is (p ossibly in�nite) sequence of requests’. or these problems it is imp ortan to ha algorithms whose comp etitiv eness is indep ende of the length of the sequence. Ho ev er, man problems, lik graph coloring, ha ounded input size. In suc cases, the est erformance ratio ac hiev able an on-line algorithm ma function of the size of the input. Chapter con tains an in-depth study of on-line graph coloring, discussion of previous ork and applications as ell as an analysis of on-line graph coloring of particular 15 oryless algorithms whic h, as the name suggests, do not main tain an state information. Memoryless algorithms can only use information ab out the metric space and the curren placemen of the serv ers to determine whic serv er to send to satisfy particular request. Ragha an and Snir suggest ery natural, memoryless algorithm, called harmonic whic is de�ned as follo ws. Let the distance of eac serv er from the curren request. Harmonic sends serv er with probabilit =d =1 =d ). Ragha an and Snir sho that harmonic is 2-comp etitiv and 1) -comp etitiv against non-adaptiv adv ersary when and 1), resp ectiv ely They also sho that harmonic is -comp etitiv against la adv ersary in an metric space. lazy adv ersary is restricted to requesting oin that is ccupied an o�-line serv er but not an on-line serv er if suc oin exists. Fiat, Rabani, and Ra vid sho an algorithm, exp and-c ontr act whose comp etitiv e- ness in an metric space is ounded function whic exp onen tial in log ). This is the �rst algorithm whose comp etitiv eness in an metric space as sho wn to ounded function of The algorithm is de�ned recursiv ely in terms of -serv er algorithms for The base case is simply the greedy 1-serv er algorithm. In pro ving the upp er ound on the comp etitiv eness of expand-con tract, Fiat et al. use an in teresting tec hnique, �rst in tro duced in 19 and later dev elop ed in 20 whic is essen tially MIN op erator er on-line serv er algorithms. If there is set of on-line algorithms suc that for ev ery input at least one of them incurs cost that is ounded times the optimal cost, then one can construct an on-line algorithm that is (2 1)- comp etitiv on ev ery input. is the base of the natural logarithm). The next breakthrough for the -serv er problem then came when Gro pro ed that the harmonic algorithm is -comp etitiv in an metric space. The result not only impro es the est ound of an algorithm for general metric spaces, but do es so using harmonic whic is ery simple algorithm. 14 algorithms when the um er of serv ers is or 2, resp ectiv ely Ho ev er, implemen ting their algorithms requires space linear in, and time quadratic in, the minim um of the um er of requests seen so far and the um er of oin ts in the metric space. It is more desirable to ha an algorithm whose time and space complexit er request is function of the um er of serv ers. Irani and Rubinfel and later Chrobak and Larmore sho algorithms that ac hiev constan comp etitiv eness for the 2-serv er problem. Both algorithms ha the prop ert that they only main tain one ariable and erform only constan um er of op erations to decide whic serv er to service particular request 33 12 ]. It as op en for some time to �nd general algorithm suc that there is function of whic ounds the algorithm’s comp etitiv eness in an metric space. As result, researc hers turned to sp ecial cases, mostly restricted metric spaces. Chrobak, Karlo�, yne and Vish anathan sho an optimal -comp etitiv algorithm when the metric space is the real line 10 ]. The algorithm is ery simple: up on request to oin if is to the left or to the righ of all the serv ers, just mo the closest serv er. Otherwise mo the serv er directly to the left and the serv er directly to the righ of to ards at the same sp eed. When one of the serv ers reac hes then oth serv ers stop. Chrobak and Larmore pro that the natural extension of this algorithm for trees is -comp etitiv as ell 11 ]. Copp ersmith, Do yle, Ragha an and Snir apply the theory of random alks and its relationship to electrical net orks to the k-serv er problem and task systems 13 ]. They sho randomized -comp etitiv algorithms against an adaptiv on-line adv ersary for so- called esis tive sp ac es Resistiv spaces includ ev ery metric space for whic -comp etitiv algorithm had een pro en at the time the pap er as written and man more metric spaces as ell. Copp ersmith et al. sho ho to compute alue for eac pair of oin ts in resistiv space suc that on request to no de if there is no serv er on no de then the serv er sitting on no de services the request with probabilit prop ortional to the alue for ). The algorithm is simple and memoryless. They also sho ho to devise algorithms for some non-resistiv spaces appro ximating the original metric space resistiv metric space. The appro ximation tec hnique yields -comp etitiv algorithm for the circle whic is the �rst algorithm for this metric space whic as sho wn to ha ounded comp etitiv ratio. It is also in teresting to consider what happ ens when the computational resources of an on-line algorithm are restricted. Ragha a and Snir examine the tradeo� et een memory and the um er of random bits the algorithm can use. They also consider mem- 13 2.2 he -ser er ro lem Muc of the researc e�ort that on-line algorithms ha receiv ed in recen ears has een directed to a rds the celebrated -server pr oblem art of the reason for the in terest is that the -serv er problem mo dels problems that arise in paging, eigh t ed cac hing, and planning the mo emen of diskheads. The opularit ho ev er, is largely due to the app eal of the problem whic is oth simple to de�ne and practical in a or. The -serv er problem as form ulated Mannasse, McGeogh, and Sleator 49 as follo ws: There are serv ers whic are free to mo around from oin to oin in metric space. The input is sequence of requests, where eac request is the name of oin in the space. An algorithm ust send one of the serv ers to eac oin in the sequence in order. The cost of an algorithm is the total distance tra eled all the serv ers. An algorithm is on-line if it determines whic serv er to send to satisfy particular request without an kno wledge of the future requests. An algorithm is -line if it bases its hoices on the en tire sequence of requests. The optimal o�-line strategy can determined using dynamic programming. The k-serv er conjecture states that there is deterministic -comp etitiv algorithm in an metric space. If the metric space is the unit metric space (i.e. the distance et een an oin ts is one), then the -serv er problem is simply the paging problem. Eac oin in the space represen ts page of memory page resides in fast memory if the corresp onding oin is ccupied serv er. The cost of replacing page in memory another (mo ving serv er from one oin to another) is one. Manasse et al. sho that in an metric space with at least oin ts, the com- etitiv eness of deterministic algorithm is at least The pro of uses nice eraging tec hnique: for ev ery on-line algorithm the adv ersary constructs sequence suc that there are di�eren algorithms, the sum of whose costs on the sequence is equal to ’s cost. Th us for one of the algorithms, ’s cost is at least times greater. Since the lo er ound holds for an metric space with at least oin ts, the pro of is an alternate pro of that the comp etitiv eness of an deterministic paging algorithm is at least The pro of can easily extended for randomized algorithms against an adaptiv on-line adv ersary If the um er of serv ers is or 1, where is the um er of oin ts in the metric space, the ound is tigh t. Manasse et al. demonstrate optimal and 2-comp etitiv 12 input is sequence of tasks, sc hedule for sequence of tasks is function the set of states, where is the state in whic the th task is erformed. The cost of sc hedule is the sum of the transition costs plus the sum of the costs of pro cessing the tasks: =0 1)) =0 +1 1))) An algorithm receiv es sequence of tasks and ust determine sc hedule for the sequence. An on-line algorithm ust determine in whic state to erform giv en task without an kno wledge of what the future tasks will (i.e. only dep ends on ). Let denote the cost of the sc hedule that algorithm uses on input is the cost of the optimal sc hedule for is omp etitive algorithm 35 if for all remains ounded constan t. Boro din et al. sho an algorithm that ac hiev es an optimal comp etitiv eness of for an metric al task system. metrical task system has the prop ert that i; i; )). or the sp ecial case where the task system is uniform i; 1), they sho randomized comp etitiv algorithm and lo er ound of on the comp etitiv eness an randomized on-line algorithm. Since the um er of states in system is often ery large, the upp er ound for task systems, when applied to particular sp ecial cases, do es not yield ery strong results. Consider paging, for example. If there are slots in the fast memory and virtual memory pages, the um er of states is Ho ev er, there is deterministic paging algorithm that is -comp etitiv e. The strength of the lo er ounds for task systems comes from the fact that the set of allo able tasks is not restricted in an y: an non-negativ ector of length is alid task. Realistical ly in most systems, the set of ossible tasks is subset of all non-negativ -v ectors. In the paging example, if page is requested, the corresp onding task ector is for the states where the requested page is in the fast memory and in�nite otherwise. In the next section consider Server Systems sp ecial case of task systems for whic it is ossible to ac hiev comp etitiv eness that is indep en den of the um er of states in the system. 11 Chapter line els an pplicati ons In this hapter discuss some of the areas in whic on-line algorithms ha een studied. The follo wing discussion no means co ers all of the areas where problems surface that are inheren tly on-line. whole sp ectrum of topics ha yielded in teresting problems for the study of on-line algorithms. Indeed, ecause the problem of making decisions with partial information is so fundamen tal, there will con tin ue to man areas where the theory of on-line algorithms applies. 2.1 ask stem In computer systems, there are often um er of ys to erform an giv en task. Ho task is erformed not only a�ects the cost of erforming the curren task, but also a�ects the resulting state of the system, whic in turn a�ects the the cost of erforming future tasks. Boro din, Linial and Saks form ulate general mo del for system on whic series of tasks ust erformed ]. Their mo del includes man applications as sp ecial cases (op erations on data structures, paging, pro cessor sc heduling, serv er systems). task system consists of set of states and an distance matrix. The distance et een states and denoted i; ), is the cost of mo ving from state to state assume that the distance matrix is non-negativ e, has zero en tries along the diagonal and ob eys the triangle inequalit task (= (1) ( 2) is ector of length where is the cost of erforming the task in the th state. The 10 analysis mo del to address some of its shortcomings. Chapter lo oks at classic problem in Computer Science in an on-line setting: On-line Graph Coloring. analyze ho ell the class of -inductiv graphs can colored on-line. The class of -inductiv graphs includes planar graphs and hordal graphs as imp ortan sub classes. also explore the issue of lo ok ahead: ho aluable is it to kno the future? determine tigh ounds on ho the solution qualit can impro ed as function of ho uc input an algorithm can see in adv ance. with sequence of requests to virtual memory pages. If the page requested is in fast memory (a hit ), it incurs no cost; but if not (a fault ), the algorithm ust bring the requested page in to fast memory at unit cost, and decide whic of the pages curren tly in fast memory to evict to mak ro om for it. The goal is to minimize the um er of faults. paging algorithm is on-line if it mak es the decision as to whic page to evict without kno wledge of future requests. Sleator and arjan giv comp etitiv analysis of deterministic paging algorithms in their pap er on List Up date. They sho that commonly used paging algorithm ast- en tly- se is -comp etitiv e. Least-Recen tly-Used, as the name suggests, on fault, evicts the page that as requested least recen tly Sleator and arjan also sho that is lo er ound for the comp etitiv eness of an deterministic on-line algorithm. Their argumen is easily extended to sho lo er ound for an randomized algorithm against an adaptiv on-line adv ersary If the adv ersary can not see an of the algorithm’s random hoices in ho osing the input sequence, randomized on-line algorithm can do uc etter. It has een sho wn that the comp etitiv eness of the optimal randomized on-line paging algorithm is (the th harmonic um er) against an oblivious adv ersary 19 50 ]. Th us randomization yields dra- matically stronger results if the adv ersary ust ho ose the input efore the algorithm mak es an of its random hoices. There is an exp onen tial di�erence et een the comp etitiv eness ac hiev able against an oblivious adv ersary as against an adaptiv on-line adv ersary Similar ork has een done on List Up date, although the results are less dramatic. Since for List Up date there is deterministic 2-comp etitiv algorithm, randomization will only help in impro ving this constan factor. Since the lo er ound of on the comp et- itiv eness for an on-line algorithm also holds for randomized algorithms pla ying against an adaptiv on-line adv ersary impro emen ts can only obtained against an oblivious adv ersary Irani sho ed the �rst algorithm whose comp etitiv eness is constan less that o. Reingold, estbro ok and Sleator sho ery simple 75-comp etitiv randomized algorithm against an oblivious adv ersary 32 ], 55 ], 30 ]). The dev elopmen of comp etitiv analysis along with amortized analysis and the results that distinguish the di�eren yp es of randomized adv ersaries comprise the presen theoretical framew ork for on-line algorithms. In Chapter in tro duce some of the areas to whic this theory has een applied as ell as more general mo dels whic include man applications. Chapter is an in-depth study of paging in whic augmen the comp etitiv answ er optimally ecause they can determine the en tire sequence efore deciding ho to answ er it. The di�erence in their strengths lies in the fact that an adaptiv adv ersary is able to devise more costly sequence for an algorithm. Ben-Da vid et al. pro ery erful theorems ab out the relativ strengths of these adv ersaries: heorem If ther is andomi algorithm that is -c omp etitive against any adaptive -line adversary, then ther also exists -c omp etitive deterministic algorithm. heorem If is -c omp etitive against any adaptive on-line adversary and ther is omp etitive algorithm against any oblivious adversary, then is -c omp etitive against any adaptive -line adversary. In particular, the theorems together imply that if there is -comp etitiv algorithm against an adaptiv on-line adv ersary then there is deterministic algorithm that su�ers only quadratic increase in the comp etitiv eness. Unfortunately Theorem is non-constructiv e. or wide class of request answ er games ask Systems ]), ho ev er, Ben-Da vid et al. sho that if there is an -comp etitiv algorithm against an adaptiv o�- line adv ersary then one can construct ((1 )-comp etitiv deterministic algorithm for an 0. They also sho ho to explicitly construct deterministic )-comp etitiv algorithm if the conditions for Theorem are met and the pro of of -comp etitiv eness uses computable oten tial function. All curren tly kno wn pro ofs ha this prop ert Deng and Maha jan sho that Theorem 1, in general, can not constructiv 15 ]. They sho an in�nite request-answ er game suc that there is 1-comp etitiv randomized computable strategy but there is no computable -comp etitiv strategy for an 1. Irani and Karp sho that Theorem is tigh for request-answ er games. The example app ears in ]. The di�erence et een an oblivious adv ersary and an adaptiv adv ersary is uc greater than the di�erence et een adaptiv on-line and o�-line adv ersaries. This is est illustrated in the aging Problem. paging algorithm manages o-lev el store consisting of fast memory that can hold pages, and large slo memory The algorithm is presen ted erformance of on-line algorithms. Our mo del, ho ev er, is not et ell de�ned ecause it ust determined whether the adv ersary is allo ed to see the algorithm’s random hoices in ho osing the next request in the sequence and in decidi ng ho he will service the sequence of requests himself. The amoun of information a ilable to the adv ersary will determine the strength of the adv ersary measure the strength of randomized on-line algorithm in terms of the strength of the adv ersary it pla ys against, as ell as the comp etitiv eness it ac hiev es. Ben-Da vid et al. de�ne three yp es of adv ersaries and explore the relationship e- een them ]. In their pap er, they also in tro duce the most general framew ork for on-line algorithms, quest-ans wer games Almost ev ery on-line problem in the literature can form ulated as request-answ er game. An adv ersary pla ys against an on-line algorithm presen ting it sequence of requests whic the algorithm services. The algorithm ust an- sw er eac request efore the next request is presen ted. The adv ersary ust also pro vide set of answ ers to the sequence presen ted to the algorithm. An set of requests and answ ers has cost asso ciated with it. ha the follo wing three yp es of adv ersaries in increasing order of er: Oblivious: An oblivious adv ersary determines the sequence with no kno wledge of the algorithm’s answ ers. Adaptiv On-lin e: An adaptiv on-line adv ersary bases the hoice of the next request on the algorithm’s answ ers up to that oin t. Ho ev er, he ust decide ho to answ er the presen request without kno wing ho the algorithm answ ers the presen or future requests. Adaptiv O�-line: An adaptiv on-line adv ersary bases the hoice of the next request on the algorithm’s answ ers up to that oin t. He can ait to see the en tire sequence efore decidin ho to answ er an request. Supp ose an adv ersary pla ys against randomized algorithm and presen ts sequence to the algorithm. Let denote the cost of the adv ersary’ answ ers to the sequence Let ) denote the exp ected cost of algorithm on is -comp etitiv against particular yp of adv ersary if for an adv ersary of that yp e, )] is ounded constan t. Both the oblivious and the adaptiv o�-line adv ersary are able to in erted if it app ears in di�eren order in ’s list than in ’s list. Notice that the oten tial function is alw non-negativ and is initially if oth and start with the same list. Sleator and arjan sho that on eac op eration, the amortized cost of MTF with this oten tial function is no greater than wice the cost of the optimal o�-line algorithm. Supp ose an item is accessed. Let the lo cation of item in OPT’s list after the access. The cost of the optimal o�-line algorithm is at least Let the lo cation of item in MTF’s list efore the access (i.e. MTF’s cost in accessing item ). Let the um er of items that precede oth in OPT’s list after the access and MTF’s list efore the access. kno that When MTF mo es item to the fron of the list, in ersions are created and in ersions are remo ed. MTF’s amortized cost is 1) Th us, MTF’s amortized cost is less than wice the optimal’s cost for the access. The analysis for paid exc hanges, insertions and deletions is similar. Sleator and arjan in tro duce splay tr es ery simple metho of main taining set of linearly ordered items in tree. They pro that the amortized cost to access an item in their sc heme is log 61 ]. In manner similar to Mo e-to-F r on t, an accessed item is \rotated" series of lo cal op erations up the path from the item to the ro ot, so that the item is at the ro ot of the tree. Th us, frequen tly accessed items are ept to ards the top of the tree. Sleator and arjan sho that spla trees are comp etitiv against an static optim um searc tree. The famous and still unresolv ed Splay Con ctur ostulates that the strategy is also comp etitiv against dynamic optimal o�-line strategy Suc result ould analogous to Sleator and arjan’s result for List Up date. more complete de�nition of the Spla ree Conjecture ma found in 61 ]. arjan has written broader surv ey of applications of amortized analysis 65 ]. 1.3 Randomi ati on in the On-line Mo del In pla ying against an on-line algorithm, an adv ersary has tasks. First he ust devise an input sequence for the algorithm to service (answ er). Secondly he ust service the sequence himself. The cost the algorithm incurs on the adv ersary’s sequence is then compared to the cost the adv ersary incurs in servicing the sequence. If the algorithm uses randomization, the adv ersary is handicapp ed ecause he do es not kno exactly what state the algorithm is in at an giv en oin t. Th us, ould exp ect randomization to impro the of tok ens for eac op eration. On mo es whic are less costly tok ens are sa ed whic can then used on subsequen op erations. The name otential function stems from ph ysical in terpretation of the system. Just as the oten tial energy in ph ysical system refers to the energy stored in the system, the oten tial function measures the amoun of ork stored in com binatorial system. The oten tial function is hosen so that if series of heap op erations are erformed, the resulting state of the system has high oten tial. Th us, the ork that is sa ed is stored in the system. The ork can later released if more costly op eration ust erformed. Amortized analysis as �rst used to ound the cost of erforming sequences of op erations on data structures. There are yp es of ounds on the amortized cost er op eration. The �rst uses amortized analysis simply to ound the the erag cost of an op eration in sequence. Examples of the �rst yp include amortized analysis of balanced searc trees, the union-�nd data structure, and self-adjusting data structures, includi ng sk ew heaps and spla trees. 52 ], 27 ], 28 ], 22 ], ], 63 ). stronger yp of result for data structures uses amortized analysis together with comp etitiv analysis to ound the amortized cost of an op eration with resp ect to an optimal o�-line algorithm. ypically oten tial function is de�ned that represen ts the \distance" of ’s con�guration to the optimal o�-line algorithm’s con�guration. If the oten tial function is ell hosen, then on mo es where pa ys uc more than the optimal algorithm, its con�guration mo es closer to ’s con�guration after the op eration is erformed. The amortized cost of suc mo is lo ecause the extra cost of the op eration is o�set the drop in oten tial. use List Up date to illustrate the use of amortized analysis in conjunction with comp etitiv analysis. In their comp etitiv analysis of the MTF algorithm for List Up date, Sleator and arjan sho that for eac op eration, the amortized cost incurred Mo e-to- ron is no more than wice the cost of the optimal o�-line algorithm. Previously Ben tley and McGeogh had sho wn that Mo e-to-F ro is comp etitiv against an static ordering of the list (i.e. the optimal o�-line algorithm that can ho ose an initial ordering for the list but then can not alter the ordering). In the Sleator-T arjan pro of of the 2-comp etitiv eness of Mo e-to-F ro t, the o- ten tial function is hosen to the um er of inverte airs of items pair of items is 1.2 m orti e nal sis morti analysis is useful to ol that as dev elop ed ab out the same time as comp etitiv analysis. The tec hniques are often used in conjunction, although the use of one do es not necessarily imply the use of the other. Amortized analysis is used in analyzing the running time of an algorithm that erforms sequence of op erations. Data structures are classic application: in fact, the idea as initiall dev elop ed for use in analyzing data structures, although it has een useful in man other con texts. (T ask systems ], Serv er Systems 49 The framew or consists of system and set of op erations. Generally sequence of op erations is to erformed on the system, so are mainly concerned with the amoun of time required to erform the whole sequence instead of the time required to erform single op eration. In the orst case, ho ev er, particular op eration in long sequence ma quite costly ev en though the erag cost er op eration can lo w. Using the orst-case cost er op eration yields erly essimistic results on the time to erform the whole sequence of op erations. The goal of amortized analysis is to analyze the orst case, er all sequences, of the erage cost er op eration. Potential unction is map of con�gurations of the system to the real um ers. The oten tial function is hosen to represen ho costly it will to erform an op eration on system: if the oten tial is high, the cost of erforming an op eration ma high. Supp ose and are the con�gurations of the system efore and after an op eration is erformed. Let the cost of erforming the op eration. The amorti cost of the op eration is ). If the oten tial of the �nal con�guration is at least as large as the oten tial of the initial con�guration, and if can ound the the orst- case amortized cost of eac op eration, then the same ound holds for the erage cost er op eration er an sequence of op erations. Let and the cost and amortized cost, resp ectiv ely of some algorithm on the th op eration. Let denote the alue of the oten tial function after has erformed the th op eration. Then =1 =1 Most often the oten tial function is hosen to non-negativ and initiall 0, so the amor- tized cost of the sequence upp er ounds the actual cost of the sequence. The term amorti- ation orro ws from banking terminology in that the algorithm is allo cated some um er the maxim um amoun on ev ery access. Similar adv ersary strategies can foil algorithms in most on-line scenarios. There has een extensiv ork on List Up date where the input consists of se- quence of accesses. or eac access in the sequence, the item to accessed is indep ende tly hosen according to �xed distribution er the items ], ], 44 ], 56 ], 60 ]. There is, ho ev er, no reason to assume that there will not some correlation et een successiv op erations. Comp etitiv analysis circum en ts the need to estimate the distribution that generates the input ecause it giv es erformance guaran tee on ev ery input sequence. The idea, whic as �rst presen ted Sleator and arjan in analyzing algorithms for List Up date 60 ], is to ev aluate an on-line algorithm in comparison to the optimal -line algorithm. An algorithm is o�-line if it can see the en tire input in adv ance. The comparison is done on an input-b y-input basis. Let an on-line algorithm, and an input sequence. denote the cost of on ). In the case of List Up date, is the cost that algorithm incurs in erforming the sequence of op erations. Let denote the cost incurred the optimal o�-line algorithm on input sa that is omp etitive algorithm 35 if for all remains ounded constan t. or randomized algorithm replace its exp ectation er ’s random hoices in the ab de�nition. The omp etitiven ess of denoted is the in�m um of suc that is -comp etitiv e. Since are comparing on-line algorithms to the optimal o�-line algorithm, are fo cusing on what is lost in pro cessing the information on-line. Some sequences are inheren tly di�cult: for example, for List Up date, di�cult sequence ould one that accesses man di�eren items in turn. An on-line algorithm is not exp ected to erform ell on suc sequences ecause on these, ev en the optimal o�-line algorithm incurs high cost. Sleator and arjan in tro duce the Move-to-F on (MTF) algorithm, for List Up date and pro that it is 2-comp etitiv e. MTF, as the name suggests, mo es eac accessed item to the fron of the list after it is accessed. In tuitiv ely MTF mimics the eha vior of the optimal o�-line algorithm: oth MTF and the optimal algorithm eep frequen tly accessed items to ards the fron of the list. In the analysis of MTF, the distance et een MTF’s and the optimal’s con�guration is represen ted otential function The use of oten tial function is tec hnique called amorti analysis and is used in the analysis of man on-line algorithms. In the next section in tro duce amortized analysis and use it analyize the comp etitiv ratio of MTF. the hoice of algorithm, it is necessary to estimate the distribution pro duced in practice in order to dev elop algorithms that erform ell in practice. Unfortunately information ab out the distribution ma not ailable. It ma also the case that the input is not gener- ated distribution at all. Moreo er, it is desirable to dev elop algorithms that are more robust, in that they will erform ell under ariet of settings. 1.1 Com e ti ti nal sis Comp etitive analysis pro vides to do meaningful orst-case analysis of on- line algorithms 60 ], 35 ]. Th us, no assumptions are made ab out the distribution of the input. illustrate comp etitiv analysis, in tro duce the List date Pr oblem whic will used as running example throughout this hapter. The problem is to erform sequence of op erations on an unordered list of items. The input is sequence of op erations, where eac op eration accesses, inserts, or deletes an item. The cost of erforming an access is one plus the um er of items that precede the accessed item in the list. After an item is accessed, it can mo ed an ywhere closer to the fron of the list at no extra cost. The goal is to mo del link ed list storing unordered data, where to access an item, one ust egin at the fron and searc linearly through the list un til the item is found. In searc hing for the item, it is ossible to main tain oin ter to the osition where the item is to placed once found. The item, then, can mo ed to the new osition in constan time. new item ma inserted an ywhere in the list, and an item ma deleted. The cost of an insertion(deletion) is one plus the um er of items that precede the new(old) item in the list after it is inserted (b efore it is deleted). An item can also mo ed an ywhere in the list at an time using aid exchange The cost of mo ving the item via paid exc hange is the distance the item is mo ed. or man problems, The orst-case cost of an on-line algorithm do es not pro vide meaningful information ab out the qualit of the algorithm. use List Up date to illustrate the shortcomings of orst-case analysis. common lo er ound tec hnique is to pretend that an algorithm pla ys against an adv ersary The adv ersary observ es the eha vior of the algorithm and accordingly constructs bad input sequence for the algorithm. An adv ersary who pla ys against deterministic algorithm for List Up date can alw ys ho ose to access the last item in the algorithm’s list. Th us, an deterministic algorithm can forced to pa Chapter tro uction computational problem is said to on-line if it requires that irrev cable de- cisions made ab out the output without complete kno wledge of the en tire input. The problem of ho to mak go decisions based on partial information is widespread and fundamen tal in Computer Science. Applications of on-line problems range from resource allo cation to rob ot motion planning to main taining dynamic data structures to net ork routing. The question is what kind of solution qualit can obtained if the output ust pro duced on-line Although computationally e�cien algorithms are preferred, the prin- cipal issues study are information-theoretic. Because man problems in Computer Science are inheren tly on-line, on-line al- gorithms ha een designed and ev aluated since the 1960’s. In order to analyze on-line algorithms, some formal theoretic framew ork is necessary raditional orst-case complex- it usually fails here, since, for man on-line problems, an algorithm will ha an input that forces arbitrarily or erformance. In other ords, an adv ersary who ho oses an input sequence to foil an on-line algorithm can examine the presen state of an algorithm and ho ose di�cult input based on the state. Early ork on on-line algorithms fo cuses on analyzing the erformance of algo- rithms where the input is generated according to some �xed distribution 59 21 56 ]. Most of this ork is concerned with analyzing data structures and paging algorithms. Th us, the \qualit y" of an algorithm is measured its running time for �xed distribution, and the running time dep ends on the hosen distribution. Since the hoice of distribution a�ects 3.3.3 LR on trees and meshes 34 3.3.4 Cac hing 38 3.4 Nearly optimal algorithms for paging 43 3.5 Extensions and further ork 46 3.5.1 Directed graphs and structured program graphs 46 3.5.2 Randomized paging algorithms 48 3.5.3 Op en problems 49 or raph 51 4.1 An Application 53 4.2 Related ork 54 4.3 Upp er Bound 54 4.4 Lo er Bound 58 4.5 On-line Coloring with Lo ok ahead 67 4.6 Op en uestions 72 re re 73 5.1 Lo ok ahead 73 5.2 New Measures 74 5.3 Computational Restrictions 75 raph 76 iv on ten ts tro 1.1 Comp etitiv Analysis 1.2 Amortized Analysis 1.3 Randomization in the On-lin Mo del 1.3.1 Oblivi ous vs. Adaptiv On-line Adv ersaries pp at 11 2.1 ask Systems 11 2.2 The K-serv er Problem 13 2.3 Graph Gro w ing Problems 16 2.3.1 On-line Graph Coloring 16 2.3.2 On-line Matc hing 17 omp et th Lo of efere 19 3.1 Ov erview 19 3.1.1 Motiv ation 20 3.1.2 The access graph mo del and related previous ork 21 3.1.3 Outline of results 23 3.2 General results for paging with access graphs 24 3.2.1 The complexit of determining the comp etitiv eness 24 3.2.2 Lo er ounds on the comp etitiv eness 25 3.2.3 Useful prop erties of paging algorithms 28 3.3 Analysis of LR 28 3.3.1 LR on general access graphs 28 3.3.2 Comparison of LR vs. FIF 33 iii generosit and supp ort. Mik Lub has een oth friend and colleague. His though ts and ideas ha help ed me great deal. am ery indebted to Mik for his patience in reading man uscripts and listening to practice talks but ev en more so for his arm th and friendship. feel ery fortunate to ha had the opp ortunit to ha ork ed with so man great co-authors. The ork in Chapter as done in collab oration with Allan Boro din, Prabhak ar Ragha a n, and Baruc Sc hieb er. esp ecially enjo ed the mon th sp en at atson Labs, orking with Prabhak ar and Baruc whic is where uc of the ork on Chapter egan. Since then ha had man more in tersting discussions on that topic with Baruc h, Prabhak ar, Allan Boro din, Anna Karlin and Stev en Philips. It has een ery exciting to part of the Computer Science comm unit in Berk e- ley Not only is the en vironmen in tellectually ric h, but the group has pro vided me with some of the est friends ha ev er had. ha thoroughly enjo ed the man hours sp en with Diane Hernek. My only consolation in lea ving her is that am sure will friends for life. am grateful to Nina \Tin y-But-Glamorous" Amen ta for egin so uc fun. ha also enjo ed man great times with Will Ev ans, Dana Randall, Da vid uc erman, Mic hael Kearns, Dan Jurafsky Ramon Caceres, Moni Naor, Dalit Naor, Da vid olfe and Mark Gross. ould also lik to thank family Keki, Alice and Da vid Irani and Carolyn Helmk e. They are foundation on whic ev erything else rests. ii De dic ate to my family eki, lic e and David Ir ani Both as teac her and an advisor Dic Karp’s clarit of though and insigh ha een an inspiration to me. It has een great pleasure to ork with someone with suc skill and who clearly enjo ys problem-solving so uc h. Although his praise did not come heaply the resp ect that he sho ed me as crucial to buildi ng con�dence. ha gro wn great deal under his guidance, and feel ery fortunate to ha had him as an advisor. An imp ortan turning oin for me in graduate sc ho ol as when started orking with Prabhak ar Ragha a n. Ov er the past couple of ears ha learned so uc from him, oth ecause he is so op en with his though ts and ideas and simply from ha ving him as role mo del. Doing researc with Prabhak ar has een great fun, as ell as instructiv e. He has een oth �rst class men tor and great friend. The in uence of Man uel Blum has een an in tegral part of education in Berk e- ley His unique insigh and ideas ha help ed shap the think and ork. an to thank Umesh azirani for his onderful classes. He has giv en some of the most enjo able lectures ha ev er attended. ha also enjo ed man in teresting discussions, tec hnical and otherwise, with Raim und Seidel. Ronitt Rubinfeld pla ed essen tial role in surviv al in graduate sc ho ol. She as �rst real professional colleague, as ell as con�dan and ally for the last �v ears. Ev en though ha kno wn her so ell for so long, am still amazed at her unfaltering presen ted, its edges to previously presen ted ertices are also giv en. Eac ertex ust assigned color, di�eren from the colors of it neigh ors, efore the next ertex is giv en. In the sprit of comp etitiv eness, ev aluate on-line graph coloring algorithms their erformanc atio whic measures the um er of colors the algorithm uses in comparison to the hromatic um er of the graph. consider the class of -inductiv graphs. graph is -inductiv if the ertices of can um ered so that eac ertex has at most edges to higher um ered ertices. analyze the ery simple algorithm First Fit whic assigns eac ertex the lo est um ered color ossible, and sho that if is -inductiv then uses log colors on sho that this ound is tigh t. Since planar graphs are 5-inductiv e, and hordal graphs are )-inductiv e, out results yield ounds on the erformance ratio of First Fit on these imp ortan classes of graphs. also examine on-line graph coloring with lo ok ahead. An algorithm is on-line with lo ok ahead if it ust color ertex after examining only the �rst ertices. sho that for no on-line algorithm with lo ok ahead can erform etter than First Fit on -inductiv graphs. This researc as supp orted the In ternational Computer Science Institute and an IBM Graduate ello wship. Committee Chairman: Ric hard Karp omp et or thm for raph or Sandra Irani tra problem is said to on-line if it requires that irrev cable decisions made ab out the output efore ha ving complete kno wledge of the en tire input. The problem of ho to mak go decisions based on partial information is widespread and fundamen tal in Computer Science. measure the erformance of an on-line algorithm with resp ect to the erformance of the optimal o�-line algorithm. The measure use, Comp etitive nal- ysis as �rst dev elop ed Sleator and arjan 60 and giv es us the abilit to mak strong theoretical statemen ts ab out the erformance of on-line algorithms without making proba- bilistic assumptions on the input. analyze the comp etitiv eness of on-line algorithms for problems: paging and on-line graph coloring. In the �rst problem, dev elop re�nemen of comp etitiv analysis for paging algorithms whic addresses some of the areas where traditional comp etitiv analysis fails to represen what is observ ed in practice. or example, traditional comp etitiv analysis is unable to discern et een LR and FIF O, although in practice LR erforms uc etter than FIF O. In addition, the theoretical comp etitiv eness of LR is uc more essimistic than what is observ ed in practice. also address the follo wing imp ortan question: giv en some kno wledge of program’s reference pattern, can use it to impro paging erfor- mance on that program? address these concerns in tro ducing an imp ortan practical elemen that underlies the philosoph ehind paging: lo calit of reference. devise graph-theoretical mo del, the access graph, for studying lo calit of reference. use it to pro results that address the practical concerns men tioned ab e. In addition, use our mo del to answ er the follo wing questions: Ho ell is LR lik ely to erform on giv en program? Is there univ ersal paging algorithm that ac hiev es (nearly) the est ossible paging erformance on ev ery program? answ er these questions without compromising the ene�ts of the Sleator-T arjan mo del, while bringing it closer to practice. The second problem that consider is on-line graph coloring. In an instance of on-line graph coloring, the ertices are presen ted one at time. As eac ertex is