[16] M. S. Manasse, L. A. McGeo h, and D. D. Sleator, Comp etitiv Algorithms for On-li ne Problems, Pr dings of the 18th CM nnual Symp osium on The ory of Computing Ma 1988, 322{333. [17] M. S. Manasse, L. A. McGeo h, and D. D. Sleator, Comp etitiv Algorithms for Serv er Problems, Journal of lgorithms 11 2, 1990, 208{230. [18] N. J. Nilsson, Principles of rti�cial Intel ligenc Springer erlag, (1982). [19] R. Reiter, Theory of Diagnosis from First Principle s, rti�cial Intel ligen 32 (1987), 57{95. [20] R. Riv est, On Self-Organizing Sequen tial Searc Heuristics, Communic ations of the CM 19 (F ebruary 1976), 63{67. [21] D. D. Sleator, and R. E. arjan, Amortized E�ciency of List Up date and aging Rules, Communic ations of the CM 28 (F ebruary 1985), 202{208. [22] R. E. arjan, Amortized Computational Complexit SIAM J. lg. Disc. Meth. (April 1985), 306{318. 13 References [1] Y. Azar, U. Nanni, ersonal ommunic ation 1991. [2] S. Ben-Da vid, A. Boro din, R. Karp, G. ardos, and A. Wigderson, On the er of Randomization in On-Line Algorithms, in Pr dings of the 2Oth CM nnual Symp osium on The ory of Computing Ma 1990, 379{386. [3] J. L. Ben tley and C. McGeogh, Amortized Analyses of Self-Organizing Sequen tial Searc Heuristics, Communic ations of the CM 28 (April 1985), 404{411. [4] J. R. Bitner, Heuristics that Dynamically Organize Data Structures, SIAM J. of Computing (F ebruary 1979), 82{110. [5] A. Boro din, S. Irani, Ragha a n, B. Sc hieb er, Comp etitiv aging with Lo calit of Reference, in Pr din gs of the 21th CM nnual Symp osium on The ory of Com- puting 1991, 249{259. [6] F. d’Amore, U. Nanni, and A. Marc hetti-Spaccamela, Robust Algorithms for Diag- nosis, ec hnical Rep ort, Dipartimen to di Informatica Sistemistica, Univ. of Roma \La Sapienza", 1991. [7] A. Fiat, R. M. Karp, M. Lub L. A. McGeo h, D. D. Sleator, N. E. oung, Comp et- itiv aging Algorithms, Journal of lgorithms 12 (1991), 685{699. [8] S. Gnesi, U. Mon ta nari, and A. Martelli, Dynamic programming as graph searc hing: An algebraic approac h, Journal of CM 28 (1981), 737{751. [9] J. H. Hester, and D. S. Hirsc erg, Self-Organizing Linear Searc h, CM Computing Surveys 17 (Septem er 1985), 295{311. [10] M. Hofri, H. Shac hnai, On the limite utility of auxiliary information in the list up date pr oblem man uscript, 1991. [11] S. Irani, Tw Results on the List Up date Problem, chn ic al ep ort TR-90-037 Computer Science Division, U. C. Berk eley California, August 1990. [12] S. Irani, A. R. Karlin, S. Phillips, Strongly Comp etitiv Algorithms for aging with Lo calit of Reference, to app ear in Pr din gs of the 3r CM-S IAM nnual Sym- osium on Discr ete lgorithms Orlando, Jan uary 1992. [13] S. Irani, N. Reingold, J. estbro ok, and D. D. Sleator, Randomized Comp etitiv Algorithms for the List Up date Problem, Pr din gs of the 2nd CM-SI AM nnual Symp osium on Discr ete lgorithms San rancisco, CA, Jan uary 1991, 251{260. [14] A. R. Karlin, M. S. Manasse, L. Rudolph, and D. D. Sleator, Comp etitiv Sno op Catc hing, lgorithmic 1, 1988, 79{119. [15] R. Karp, Ragha an, unpublishe esult 1990. 12 Theorem 4.2 In the waste ost mo del, for any non-mo di�able tr and any se quenc of quests CMTF LAZY RMTF LAZY Pro of. What asserted follo ws theorems 3.1, 3.2 and 4.1. On the base of what seen can extend the result on the non-comp etivit of MTF. Theorem 4.3 In the waste ost mo del, for any ther exists non-mo di�able tr and se quenc of quests such that: MTF LAZY Pro of. The thesis holds virtue of theorem 3.3 and the observ ation that an instance of eigh ted list up date problem can transformed in to an instance of tree up date problem (using tree of depth 1). Conclusions The question of whether -comp etitiv algorithms exist for the eigh t ed list up date problem against strong adv ersary is still op en. Another basic problem is �nding some randomized algorithms etter than 2-comp etitiv against an oblivious adv ersary Man ossible generalizations of the prop osed algorithms for the eigh ted list up date problem migh considered to deal with some of the op en problems. In order to gain adv an tag against an oblivious adv ersary CMTF ma mo di�ed in tro ducing random initiali zation of the coun ters: this mak es it similar to the COUNTER algorithm 13 ]. The random resources are required only in the initializ ation of the data structures, and not for the whole length of the sequence. Moreo er, observ that RMTF can used for un eigh ted lists mo ving accessed items to the fron of the list with constan probabilit Using conjecture this algorithm to as go as the BIT algorithm, whic is 1.75-comp etitiv against an oblivious o�-line adv ersary 13 ]. Some of the curren researc trends in on-line algorithms (and in particular the aging problem) are based on the ac ess gr aph 12 to restrict the arbitrariet of the adv ersary in generating sequence of requests. An imp ortan issue ould to extend these approac hes to a rd eigh ted ersions of the problem to mak them etter suited for the requiremen ts of applicativ en vironmen ts. eigh ted coun ters and biased coins are candidates to tac kle with this kind of problems. Ac kno wl edgem en ts lik to thank Mik Lub for constructiv discussions helpful to impro an earlier ersion of the pap er. 11 lists, corresp onding to as man eigh ted lists to up date. can apply one heuristic for the WLUP to up date eac of these lists. In the follo wing, denotes the algorithm for the tree up date problem obtained applying the WLUP algorithm to eac of the lists, according to the prop osed strategy and denotes its asted cost to pro cess sequence of requests on the tree The next theorem motiv ates this approac h. Theorem 4.1 Given an algorithm for the weighte list up date pr oblem, for any non- mo di�able tr and any se quenc of quests: in the waste ost mo del, wher e: denotes the ost incurr by the WLUP algorithm applie to the list of the childr en of with weight function and se quenc of quests and, for any vertex is the weight function such that, for any child of that is the size of the subtr ote at is the se quenc of quests estricte to the items elonging to Pro of. The theorem follo ws from the fact that rearranging the hildren of ertex can only a�ect the cost of �nding ertices in ). Let us in tro duce the follo wing quan tities: ;t if otherwise Let us denote as ;t the asted ork harged to an ertex while searc hing for due to the wrong hoices made efore �nding the righ hild +1 ;t +1 Using the in tro duced notation, the theorem can obtained as follo ws: ;t ;t ;t ;t ;t ;t Theorem 4.1 allo ws to extend to the tree up date problem an result regarding the comp etitiv eness of heuristics for the eigh ted list up date problem. or example it is easy to obtain the erformance of RMTF and CMTF against the lazy adv ersary using the optimal static arrangemen of the tree. Let the um er of ccurrences of the descendan ts of (includin in The optimal static arrangemen for non-mo di�able tree is suc that for an siblings and ha that in the adjacency list of their paren only if )) )) 10 Algorithm for on- di�able rees tree is said to non-mo di�able if the paren t-c hild relationships cannot mo di�ed. Suc structure is in teresting when the father-c hild relationships capture relev an asp ects of realit or example, in decision trees the father-c hild relationships ha precise meaning and the order of the hildren of ertex can a�ect only the complexit of disco ering something, not the result of the searc h, in the case that there is only one ertex to found. The Up date Pr oblem is the follo wing. sequence of requests has to answ ered on-line, and eac request consists in sp ecifying ertex to found within non-mo di�able tree means of leftist depth �rst searc h. The only allo ed up date op eration consists in hanging the order of the hildren of ertex, i.e. hanging the order whic its subtrees are searc hed. The goal, again, is to minimize the total cost of answ ering all the requests. The waste ost is assumed to the um er of ertices unsuccessfull \visited" while searc hing for some other ertex. Of course this simply generalizes to the case where eac ertex is eigh ted, that is it has its wn visiting cost. Our basic idea consists in using heuristic for eigh t ed lists to mo dify the relativ ordering among siblings, taking in to accoun oth the frequence of requested ertices in an subtree and the size of the subtree itself. This section describ es this approac and pro vides general analysis of the comp etitivit of heuristics for the tree up date problem using eigh ted list heuristics. An requested ertex univ cally haracterizes path from the ro ot of the tree to itself. Let the ertexes preceding along this path. Moreo er, for an ertex u, let the subtree ro oted at and its size. The asted cost for searc hing for leftist depth �rst searc is giv en y: +1 where means that precedes its sibling after the -th request has een serv ed is partial order only de�ned et een pairs of siblings). In other ords the cost incurred the depth �rst searc for can harged to the ertices elonging to ): more precisely eac is harged the sum of the sizes of the subtrees whose ro ots are hildren of and are visited without �nding The tree can managed means of an algorithm for the eigh ted list up date prob- lem. or example, in the case of RMTF, erform the follo wing steps. or an request in searc the tree means of left dfs. Once has een found consider the path ). or an toss coin, whose probabilit of ositiv answ er is prop ortional to in order to decide whether ust mo ed efore all its siblings in the list of hildren of In the case of CMTF, for an incremen its coun ter quan tit prop ortional to and if the coun ter reac hes or exceeds then subtract to it and mo efore all its siblings. In general, after the -th requested item has een found, for eac ), consider the list of its hildren efore the request is serv ed. So, ha Also in this case it is orth observing that an hoice of prop ortional to =w ould satisfy the theorem. So, could ho ose min =w for maximizing the probabilit of mo ving items to the fron of their lists, in order to obtain the minim um alue for the additiv term ). Unfortunately in the asted ork mo del, CMTF and RMTF are not -comp etitiv e, for an constan against an oblivious adv ersary that uses the optimal o�-line algorithm. In order to sho this, it su�ces to sho that CMTF is not -comp etitiv against an adv ersary who uses MTF (whic is not etter than the optimal o�-line algorithm). Consider the case in whic there are only three items and oth CMTF and MTF start orking on initially iden tical lists, con taining the items in the follo wing order: Moreo er supp ose that Th us, coun ters and will resp ectiv ely incremen ted the quan tities =w =w and 1. or the sequence =w =w ha the follo wing costs: CMTF MTF 2( It is immediate to erify that the ratio CMTF MTF can made greater than an �xed It is ossible to sho that CMTF is not -comp etitiv against the lazy adv ersary in the asted cost mo del as ell ]. In the next theorem pro that MTF is not -comp etitiv for an constan alue with resp ect to the lazy adv ersary for the eigh ted list up date problem. Theorem 3.3 or ach list of items and for any ther exist weight function and se quenc of quests such that, in the waste ost mo del: MTF LAZY Pro of. Let us consider the set with and the sequence The optimal static ordering is and the asted cost to the lazy adv ersary consists in visiting the item while lo oking for that is: LAZY cw The Mo e-T o -F ron heuristic sw aps the items for an request and then: MTF The theorem holds for an hoice for the eigh function suc that 1. In general, that is for longer lists, ha that the expression of the pro cessing cost in the asted cost mo del to the lazy adv ersary LAZY do es not dep end on (the eigh of the last elemen in the optimal static ordering), while MTF do es. Therefore the comp etitivit factor can made greater than an constan alue ho osing suitable alue for Hence inequalit (1) holds, with: i<j if the lists ha the same initial arrangemen t, or the double of this quan tit with an initial arrangemen t. Note that the theorem is true for an hoice of the alue of the constan not greater than min (in order to mak inequaliti es (2) and (3) true). The hoice min minimizes the additiv term in inequalit (1). Theorem 3.2 In the waste ost mo del, for any weight function and any se quenc RMTF LAZY wher has value not dep ending on Pro of. The pro of is ery similar to that of theorem 3.1. The statemen to pro ed, due to the pairwise indep end ence prop ert and to the same kind of fragmen tat ion, is the follo wing: i<j i;j =1 RMTF i; i;j i<j i;j =1 LAZY i;j i;j Note that here i;j and the length of an fragmen are random ariables, but the sum in the righ hand side is deterministicall determined i;j Also in this case pro su�cien condition, relativ to the single fragmen i;j RMTF i; i;j LAZY i;j i;j for an i;j 1. Note that the cost to the lazy adv ersary of single fragmen is random ariable, to o. The quan tities are de�ned as in the pro of of the previous theorem, and their exp ected alues are sub ject to the follo wing inequali ties, analogous to the (2) and (3): The exp ected cost to pro cess single fragmen i;j is for the algorithms: RMTF i; i;j LAZY i;j i;j The alue of the term is due to the cost of the partial fragmen ts and is ounded the exp ected cost of single fragmen t If i;j is the um er of fragmen ts of i;j and i;j denotes the -th fragmen of i;j inequalit (1) can rewritten as: i<j i;j =1 CMTF i;j i;j i<j i;j =1 LAZY i;j i;j and the theorem can pro ed sho wing that it holds CMTF i; i;j LAZY i;j i;j for an i;j 1, and that the pro cessing cost of the �rst and the last fragmen of i;j to CMTF can ounded function of the eigh t in the list. Let us de�ne the follo wing quan tities, relativ to the particular fragmen i;j is the um er of ccurrences of in the �rst ortion of the fragmen (i.e. while ); is the um er of ccurrences of in the �rst ortion of the fragmen t; is the um er of ccurrences of in the second ortion of the fragmen (i.e. while just as in LAZY’s list). Due to the eha vior of CMTF, for an fragmen i;j ha that (resp. is not mo ed to fron un til the �rst (second) ortion of the fragmen ends, therefore the follo wing inequaliti es hold: and (2) and, moreo er: (3) ecause the �rst mem er represen ts the um er of ccurrences of et een (not necessarily consecutiv e) mo to fron of item Since in the optimal static list, in the asted cost mo del the lazy adv ersary will harged the quan tit an time that is requested. The cost to CMTF is for an request of in the �rst part of the fragmen t, and for an request of in the second part. Hence, if i;j is the generic -th fragmen of i;j can ound the pro cessing cost of the algorithms as follo ws: CMTF i;j i;j LAZY i;j i;j As far as the partial fragmen ts is concerned, ha that the �rst and last partial fragmen ts cannot cost to CMTF more that one fragmen t. On the other hand, the initial partial fragmen of i;j has the same cost to CMTF and LAZY, if the lists ha the same initial arrangemen t. In the next theorems use the airwise indep endenc pr op erty oin ted out, for example, in ]. It can describ ed as follo ws. The um er of times is examined while searc hing for starting from an giv en initial arrangemen of the list dep ends only on the relativ osition of the ccurrences of and in In order to compute suc con tribution to the total cost, can consider, for an and the compressed sequence i;j obtained from deleting all the elemen ts out of and and list con taining only these items. The ast ed cost for generic algorithm *MTF to answ er sequence of requests can rewritten as: *MTF =1 +1 *MTF i;j i;j where i;j denotes the eigh function restricted to the domain The follo wing theorems pro that RMTF and CMTF are 2-comp etitiv against the lazy adv ersary Theorem 3.1 In the waste ost mo del, for any weight function and any se quenc CMTF LAZY wher has value not dep ending on Pro of. The lazy adv ersary is supp osed to use use the optimal static arrangemen t. Without loss of generalit assume that the elemen ts in are um ered according to the optimal static ordering, that is if and only if in the static list. In order to pro the theorem, will separately examine (b virtue of the pairwise indep end ence prop ert y) the con tribution of an pair to the global cost while pro cessing the en tire sequence Hence the theorem can restated as i<j CMTF i;j i;j i<j LAZY i;j i;j (1) Therefore separately consider the cost of the algorithms while pro cessing the sequence i;j and handling o -elemen ts list con taining only the items and Let i;j the list handled CMTF. The lazy adv ersary eeps the osition of the elemen ts �xed according the optimal static ordering (sa ). CMTF instead rep eatedly exc hanges the osition of the elemen ts in i;j according to the describ ed strategy The compressed sequence i;j can sub divide in to fr agments on the basis of the eha vior of CMTF, namely on the basis of the presence of efore (and vice ersa) in i;j Eac fragmen egins when is mo ed to precede (in opp osite arrangemen with resp ect to the LAZY’s list): note that this can happ en only if is mo ed to the fron CMTF. After some requests the elemen ts are switc hed again, and in this second ortion of the fragmen precedes just as in the optimal static list used the adv ersary remark that at the eginnin and at the end of i;j there are partial fragmen t s, and that the um er i;j of fragmen t in i;j dep ends on the indices i; No compute the cost paid either algorithms to pro cess generic single fragmen within i;j where means that is stored in efore In the total ork mo del the summation is extended to the elemen ts (i.e. includi ng itself ). The lazy adv ersary is supp osed to use the optimal static or dering that, for an sequence of requests and an eigh ted lists, is obtained sorting the items non increasing alues of =w where is the um er of ccurrences of in Suc an ordering meets the one oin ted out in for un eigh ted sequen tial lists. Let LAZY the cost of pro cessing the sequence lazy adv ersary using the static arrangemen If OPT is the optimal static ordering and do es not resp ect the ab condition, then there exist consecutiv items +1 suc that: +1 +1 Let the list obtained sw apping the consecutiv items +1 Since sw apping and +1 only a�ects the cost of searc hing for and +1 ha e, for oth the considered cost mo dels: LAZY LAZY OPT +1 +1 hence the arrangemen ould heap er for the lazy adv ersary The Counting Move-T o-F ont (CMTF) heuristic is deterministic and uses coun ters to decide when mo ving items. An elemen has an asso ciated coun ter with real alues in [0 d=w (whic h, in all practical cases, is con tained in [0 2). After searc hed item has een found, is increased d=w and if it reac hes or more, is mo ed to the fron of the list and the coun ter is decreased 1. The est hoice for the constan as it will seen later, is to tak min This is also the maxim um alue for to mak the frequency of mo to fron of an item prop ortional to the ratio et een its frequency in the sequence and cost. Note that the um er of ccurrences of generic item in et een consecutiv \mo to fron t" of item is not more than =d and not less than =d Due to the the coun ter is handled, er man requests for this actually ccurs =d times in the erage. The andom Move-T o-F ont (RMTF) heuristic is randomized and uses biased coins instead of coun ters. After searc hed item has een found, biased coin is tossed in order to decide whether mo ving to the fron of the list or not. Suc coin has probabilit d=w to giv ositiv answ er, where min In this case the exp ected um er of ccurrences of an item in et een consecutiv ositiv answ er of the coin (and consequen mo emen to the fron t) is =d Comparing the prop osed algorithms ha that in the general case CMTF requires real alued coun ters (and arithmetics), but they can truncated do wn to reasonable um er of bits without a�ecting the substan tial eha vior of the heuristic in most practical cases. Hofri and Shac hnai 10 presen study of the error in tro duced truncating in teger coun ters in the con text of the fr quency ount approac for the list up date problem. On the other side RMTF replaces coun ters random resources, but pseudo-randomness should not in tro duce substan tial error against non truly malicious adv ersary In the follo wing pro that oth CMTF and RMTF are 2-comp etitiv against lazy adv ersary while MTF do es not share this prop ert in the case of eigh ted lists. Hence adv ersaries are classi�ed on the basis of oth the kno wledge he has ab out the eha vior of the algorithm and the features of his wn algorithm Sev eral adv ersaries ha een considered in the literature to analyze erformance of heuristics for on-line problems 14 ]: the oblivious o�-line we ek adv ersary the adaptiv on-line me dium adv ersary the adaptiv o�-line str ong adv ersary In the con text of server problems lazy strategy for the adv ersary consists in mo ving serv er only when it is strictly required to serv request 16 ]. In the case of the list up date problem, since it is not strictly required to mo an ything to serv request, call lazy adv ersary one that uses static arrangemen of the list, without resorting the list after eac request. Of course lazy adv ersary is supp osed to use the optimal static ordering, whic can computed o�-line. Using the terminology in tro duced so far, Ben tley and McGeo pro ed that MTF for the un eigh ted list up date problem is 2-comp etitiv against the lazy adv ersary Sleator and arjan in 21 pro ed MTF to 2-comp etitiv against the strong adv ersary as ell. Indeed MTF has een pro ed to optimal among all the deterministic heuristics for this problem 15 11 with tigh comp etitivit ound of +1 ). The lo er ound is stated sho wing an example where the adv ersary uses static arrangemen of the list: it turns out that mo ving items do es not help the adv ersary for this problem. In general it is not kno wn whether an adaptiv on-line adv ersary is actually eak er than the strong one: for the un eigh t ed list up date problem the answ er is no 13 ]. In 11 13 randomized algorithms for the list up date problem are presen ted with comp etitiv ratio less than o The est comp etitivit factor is (ab out 1.73). The lo er ound for randomized algorithms is ab out 1.27 15 13 ]. Algorithm for eigh t ed ists In this section sho that in the eigh t ed case the comp etitivit of the Mo e-T o-F ro heuristic against the lazy adv ersary cannot made indep ende from the distribution of eigh ts. prop ose 2-comp etitiv heuristics for the eigh ted list problem, consisting of suitable extensions of MTF. In the eigh ted ersion of the problem the cost of visiting an item of the list dep ends on the elemen itself. the est of our kno wledge this problem has nev er een studied. In 21 cost mo del as considered in whic the cost of an elemen dep ends on its osition. Supp ose are giv en pair hS where is set of elemen ts and is total function mapping the elemen ts of in to the set of ositiv reals In what follo ws will denote the alue of ). Tw cost mo dels can considered to compute the ork done an algorithm to answ er one request: they are analogous to the and cost functions used in 13 ]. In the waste ork mo del the cost of accessing the -th item of (where denotes the list after the -th request has een serv ed) is giv en reduce the erall cost of pro cessing sequence of searc hes er the tree. pro that, giv en heuristic for the WLUP whic is -comp etitiv against an adv ersary it is ossible to devise heuristic for the ree Up date Problem whic is -comp etitiv against the same adv ersary or example AND-OR trees, problem solving 18 and diagnosis 19 are some of the areas whic could exploit e�cien solutions for the WLUP ]. The pap er is organized as follo ws. In the next section the concepts of adv ersary and -comp etitivit are discussed, the eigh ted list up date problem is formally stated and cost functions for this problem are considered. In section presen algorithms, CMTF and RMTF, and pro that oth of them are 2-comp etitiv against static algorithm. CMTF is deterministic algorithm whic mak es use of auxiliary memory (one coun ter er item), while RMTF is randomized arian whic uses no extra space and has exp ected cost equal to that of CMTF. also pro that MTF is not -comp etitiv in the same situation. Section describ es the application of the eigh ted list up date problem to the ree Up date Problem. relim i naries An on-line problem requires to serv sequence of requests so that eac request has to answ ered efore the follo wing one is kno wn. The general framew or to analyze the eha vior of an on-line algorithm requires an adversary who generates sequence of requests and is harged the cost of pro cessing the sequence means of his wn algorithm An algorithm is -c omp etitive against an adv ersary using the algorithm if for eac eigh ted list and for eac sequence of requests: where do es not dep end on the sequence hosen the adv ersary but only on the handled list 14 ]. This de�nition has een generalized to randomized algorithms 16 ], and in that case the �rst mem er of the ab inequali is the exp cte cost of the algorithm, tak en with resp ect to the random hoices made the algorithm. Adv ersaries can classi�ed from arious oin ts of view. An -line adv ersary has the adv an tag to pro cess all the requests after the end of the sequence, while an on-line adv ersary ust pro cess an request on line. urthermore, an adv ersary is static if he is not allo ed to rearrange the list after eac request. An oblivious adv ersary ust generate the sequence without kno wing ossible random hoices of the algorithm while the adaptive adv ersary can ho ose the next request on the basis of the previous eha vior of The distinction et een oblivious and adaptiv ecomes meaningful in the case of randomized algorithm. In fact randomization do es not help against an adaptiv adv ersary as sho wn Ben-Da vid et al. ]. Therefore an comp etitivit result ab out randomized algorithms refers to oblivious adv ersaries and, of course, it is in tended to pro vide an estimation of the exp ected eha vior of the randomized algorithm, where the exp ectation is tak en with resp ect to its random hoices. In tro duction The List Up date Pr oblem (LUP) has een extensiv ely studied in the literature (see, for example, 20 21 13 ]). It consists in main taining dictionary as an unsorted linear list. While pro cessing sequence of requests, the list ma rearranged in order to minimize the access cost of subsequen op erations. or an request, the cost of accessing the searc hed item dep ends on its osition in the list. In the Weighte List Up date Pr oblem (WLUP) an item has an asso ciated cost due for its \visit" and therefore the cost of searc hing an item within the list dep ends on the sum of the costs of the preceding items. Also in this case the problem consists in minimizin the total cost incurred in pro cessing sequence of requests. This is an example of on-line problem, where eac request in sequence has to pro cessed efore the subsequen ones are made kno wn, and some decision tak en will a�ect the cost of answ ering the subsequen requests. usual framew o rk to analyze the eha vior of heuristics for on-line problems is the tec hnique based on adv ersaries. An adv ersary is in harge to generate the sequence of requests in order to maximize the ratio et een the cost incurred the heuristics to analyzed and the cost of an optimal algorithm to handle the sequence. The heuristic is -comp etitiv if this ratio is asymptotically not greater then 14 ]. Sev eral heuristics for the LUP ha een considered, suc as the quen cy Count the an sp ose the Move-T o-F on (o erviews can found, for example, in 20 ]). Sleator and arjan pro ed that Mo e-T o-F ro (MTF) is 2-comp etitiv against an strategy of the adv ersary that is what is called str ong adv ersary MTF has een pro ed to optimal among all the deterministic heuristics for this problem 15 11 with comp etitivit +1 ). Sev eral kinds of adv ersaries can considered for the LUP: for example in Ben tley and McGeo sho ed that MTF is 2-comp etitiv against an adv ersary using the optimal static ordering and answ ering requests without mo ving an item. Indeed this has een also pro en to optimal 15 11 and quite surprisingly it turns out that mo ving items do es not help the adv ersary for this problem. lazy adv ersary for an on-line problem is one that mo es as few as ossible to service requests 16 ]: in the case of list up date problem lazy adv ersary do es not mo an ything. In this pap er consider heuristics for the WLUP and sho that MTF is not -comp etitiv against lazy adv ersary an constan factor in the eigh ted case. prop ose heuristics for this problem, oth deriv ed from MTF: the Counting Move-T o-F ont (CMTF), whic is deterministic heuristic whic uses real coun ters (one coun ter er item) in order to decide whether mo ving to the fron the accessed items; the andom Move-T o-F ont (RMTF), whic is randomized heuristic, obtained CMTF substituting coun ters biased coins. Both are sho wn to 2-comp etitiv against lazy adv ersary Moreo er consider the Up date Pr oblem where items are to found in tree instead of in sequen tial list. The tree is represen ted means of lists of successors and is searc hed leftist depth �rst searc h. The only ossible up date op eration consists in rearranging the lists of hildren of the ertices. If eigh eac ertex means of the size of its subtree, can handle the list of the hildren of an ertex using an eigh ted list up date heuristic in order to ar ar ee e. ee,