[GP92] L.J. Guibas and M. ellegrini. New algorithmic results for lines-i n-3-space prob- lems. ec hnical Rep ort TR-92-005, In ternational Computer Science Institute, Jan uary 1992. [Mat90] J. Matou sek. Cutting yp erplane arrangemen ts. In Pr din gs of the 6th CM Symp osium on Computational Ge ometry pages 1{9, 1990. [Mit70] D.S. Mitrino vic. nalytic ine qualities Springer erlag, 1970. [Mul88] K. Mulm uley fast planar partition algorithm. In Pr dings of the 29th IEEE Symp osium on oundations of Computer Scienc 1988. [P el91] M. ellegrini. Ra sho oting and isotop classes of lines in 3-dimensional space. In Pr ding of the 1991 Workshop on lgorithms and Data Structur es um er 519 in Lecture Notes in Computer Science, pages 20{31. Springer erlag, 1991. 12 [AS91a] K. Agarw al and M. Sharir. Applications of new space partitioning tec hnique. In Pr dings of the 1991 Workshop on lgorithms and Data Structur es um- er 519 in Lecture Notes in Computer Science, pages 379{391. Springer erlag, 1991. [AS91b] K. Agarw al and M. Sharir. Coun ting circular arc in tersections. In Pr din gs of the 7th CM Symp osium on Computational Ge ometry pages 10{20, 1991. [BO79] J.L. Ben tley and T. Ottman. Algorithms for rep orting and coun ting geometric in tersections. IEEE ans. on Computers C-28:643{64 7, 1979. [CE88] B. Chazelle and H. Edelsbrunner. An optimal algorithm for in tersecting line segmen ts in the plane. ec hnical Rep ort CS-TR-148-88, Univ ersit of Illinois, April 1988. [CEG 90] K.L. Clarkson, H. Edelsbrunner, L.J. Guibas, M. Sharir, and E. elzl. Com bi- natorial complexit ounds for arrangemen ts of curv es and spheres. Discr ete Computational Ge ometry 5:99{160, 1990. [CEGS89] B. Chazelle, H. Edelsbrunner, L. Guibas, and M. Sharir. singly exp onen tial strati�cation sc heme for real semi-algebraic arieties and its applications. In Pr ding of the 16th International Col lo quium on utomata, languages and Pr gr amming um er 372 in Lecture Notes in Computer Science, pages 179{ 193. Springer erlag, 1989. [CEGS90] B. Chazelle, H. Edelsbrunner, L. Guibas, and M. Sharir. Algorithms for bic hro- matic line segmen ts problems and olyhedral terrains. (UIUCDCS-R-90-1578), Marc 1990. [Cla87] K.L Clarkson. New applications of random sampling in computational geometry Discr ete Computational Ge ometry 2:195{222, 1987. [CS89] K. Clarkson and Shor. Applic ations of random sampling in computational geometry I. Discr ete Computational Ge ometry 4:387{42 2, 1989. [CSW90] B. Chazelle, M. Sharir, and E. elzl. Quasi-optimal upp er ounds for sim- plex range searc hing and new zone theorems. In Pr dings of the 6th CM Symp osium on Computational Ge ometry pages 23{33, 1990. [EGS88] H. Edelsbrunner, L. Guibas, and M. Sharir. The complexit of man faces in arrangemen ts of lines and segmen ts. In Pr ding of the 4th CM Symp osium on Computational Ge ometry pages 44{55, 1988. [EMP 82] H. Edelsbrunner, H. Mauer, F. Preparata, E. elzl, and D. d. Stabbing line segmen ts. BIT (22):274{28 1, 1982. [GOS89] L. Guibas, M. Ov ermars, and M. Sharir. Coun ting and rep orting in tersections in arrangemen ts of line segmen ts. ec hnical Rep ort TR434, Couran Institute, 1989. 11 Lemm ([ GP92 ]) Given spher and se gment the fol lowing holds: A) hp and hp 62 imply and B) hp and hp 62 imply and C) hp 62 and hp 62 and center and imply and D) implies that one and only one of and is true. Pr of. ollo ws from elemen tary geometry The analysis in GP92 giv es haracteristic dimension 5. Using Lemma and the nested batc hing tec hnique it is easy to deriv the follo wing theorem: Theorem Given se gmen ts and spher es in it is ossible to ount al the se gment- spher interse ctions in exp cte time 6+ 1+ log Conclusions ha sho wn ariation on the batc hing tec hnique of EGS88 called neste atching te chnique This tec hnique can used under quite general assumption to coun the pairs of geometric ob jects satisfying logical predicate. ha giv en an application of this tec hnique to coun ting the um er of in tersections of collection of circular arcs on the plane. The resulting algorithm is asymptotically faster then the previously kno wn algorithm. or the sp ecial case of coun ting in tersections of arcs of unit discs the algorithm almost matc hes the est kno wn algorithm for coun ting in tersections of segmen ts. The tec hnique is generalizable to deal with other in tersections coun ting problems. Ac kno wl edgm e t Thanks to ank Agarw al for his commen ts on an early ersion. References [Aga89] .K. Agarw al. deterministic algorithm for partitioning arrangemen ts of lines and its applications. In Pr dings of the 5th CM Symp osium on Computa- tional Ge ometry pages 11{22, 1989. [Aga90] .K. Agarw al. artitioning arrangemen ts of lines I: Applications. Discr ete Computational Ge ometry 5:533{573, 1990. [Aga91] .K. Agarw a l. Geometric partitioning and its applications. ec hnical Rep ort CS-1991-27, Dept. of Computer Sci. Duk Univ ersit July 1991. 10 00 points; 3) 3. Condition (4) is similar to (3). Conditions (5) and (6) are similar to condition (1). circle can mapp ed to oin a; b; in 3-dimensional parametric space. Also, as sho wn in AS91b ], circle can mapp ed in to region ( suc that meets if and only if ( (Lemma 2.2 in AS91b ]). The oundary of ( consists of surfaces and it is easy to sho that the region �( corresp onds to the oin ts on the ositiv side of one surface and on the negativ side of the other surface. Therefore de�ne as our olynomial the pro duct of the olynomials de�ning and taking the \p ositiv e" side the region where this olynomial has negativ aluation. Using this tric and the decomp osition metho in CEGS89 obtain cir cl es; 7) 00 cir cl es; 7) 3. Since coun ting circular arc in tersections has een reduced to nested batc hed problem of haracteristic dimension obtain: Theorem Given cir cular ar cs, it is ossible to ount al interse ctions in exp c te time 2+ It is ossible to tailor the pro of of Theorem in order to pro directly Theorem using an algorithm to test condition (7) in time 4+ 1+ log (Theorem (2.6) in AS91b ]), as the base of the inductiv pro of. Ha ving stated Theorem in more general con text can easily deal with the case of coun ting in tersections of arcs of unit circles. Arcs of unit circle If the arcs are all from circles of unit (or constan t) radius can impro the algorithm for coun ting incidenc es. When compare oin ts and circles the haracteristic dimension ecomes 2, since can use simple ertical decomp osition of CEG 90 instead of the metho in CEGS89 ]. esting whether unit circles in tersect ecomes easily test of comparing oin ts and circles of radius o. The haracteristic dimension of this problem is 2. Using the nested batc hing tec hnique of Section ha the follo wing theorem: Theorem Given ar cs of unit adius it is ossible to ount al interse ctions in exp cte time 3+ Sphere-segm en in te rsect ions in 3-space The nested batc hed tec hnique is easily applicable to other coun ting problems. As an example consider the problem of coun ting the um er of in tersections et een segmen ts and spheres in 3-space. Giv en sphere let center its cen ter. Giv en segmen let hp its left end-p oin t, hp its righ end-p oin and the region of con taining and ounded planes oth erp endi cul ar to and passing through its left end-p oin and its righ end-p oin t. An alternativ metho is to split condition (7) in to conditions testing the relativ ositio of with resp ect to surfaces on one lev el and with resp ect to surfaces on the next lev el. But =1 ;M 1+ log 1+ =r 1+ 1+ can sum up terms in and 1+ put log 1+ =r 1+ (1) ), and use the inequalit 3, obtain m; =1 d= +1) d= +1)+ d= +1) d= +1)+ d� No eliminate the summation using �rst the ound on and then the H� older- Mink ws ky inequalit Mit70 ]. =1 d= +1) d= +1)+ [( log =r d= +1) =1 d= +1)+ log =r d= +1) d= +1) +1) d= +1)+ Assuming d� obtain, for some constan 00 m; 00 log d= +1) =r d= +1) +1) d= +1) d= +1)+ (5) Recalling that log (1) the co e�cien ecomes: 00 log d= +1) =r d= +1) +1) 00 log d= +1) log (1) +1) (1 =r d� ho ose su�cien tly large so that the constan in the equation (5) is less than ], and ho ose obtain m; d= +1) d= +1)+ whic completes the pro of. Coun ting circular arcs in te rsect ions In this section sho ho the general nested batc hing tec hnique is used to solv the problem of coun ting in tersections of circular arcs. rom the discussion in Section just ha to coun the um er of pairs of arcs satisfying conditions and concen trate our discussion on condition similar argumen ts hold for and Condition (1) in olv testing oin against line in so clearly ha ines; 1) since can use randomized or deterministic algorithms to �nd =r -cutting of size Cla87 Mat90 Aga89 ]. can dualize oin ts to lines and lines to oin ts in EMP 82 ], therefore points; 1) 2. Condition (2) is similar to condition (1). Condition (3) in olv es testing oin with circle. Using standard decomp osition of an arrangemen of circles CEG 90 obtain cir cl es; 3) 2. oin ts and circles in ha natural dualit in 3-space: (i) circle ecomes the oin a; b; ), (ii) oin dualize in to the set of circles passing through it �( a; b; ist (( a; )) The surface �( is second degree surface in 3-dimensional parametric space de- scrib ed in AS91b ]. can use the tec hnique in CEGS89 obtaining an =r -cutting with m; )( m; mr (1) (1) The follo wing is the main theorem of this pap er: Theorem or any and �=d m; d= +1)+ d= +1) 1+ log (1+ wher dep end on and Pr of. The pro of is an induction on and inspired similar argumen is in EGS88 ]. or 0, is satis�ed nm pairs. The pro duct is computed in constan time. consider and use the inductiv yp othesis on Equation (1) ecomes: m; mr (1) )( d= +1)+ d= +1) 1+ log 1+( 1) )( (2) Fix and ho ose to su�cien tly large (ho large will determined later in the pro of ). If then, from Lemma 4, m; cm 1+ and the theorem is pro ed assuming Supp ose In this case 1+ d= +1) +1)+ d= +1) d= +1)+ d� (3) First notice that at eac lev el of the recursion the term log in (2) con tributes log on one lev el of the recursion; and there are at most log lev els. This is consequence of the fact that the ob jects in (whose coun ter is are represen ted as oin ts. The ob jects in (whic are coun ted in are represen ted as surfaces. The erall con tribution of this term is log +1 ). It is su�cien to drop this term from the recursion (2) and pro that the mo di�ed inequalit m; )+ )( d= +1) d= +1)+ 1+ )+ mr (1) (4) satis�es the ound m; d= +1) d= +1)+ 1+ Cho osing and large enough so that the ound holds for small alues of and apply the inductiv argumen on m; =1 d= +1) d= +1)+ 1+ d= +1) d= +1)+ 1+ mr (1) A; jf a; =1 ;j gj set max or lines and oin ts on the plane obtain simple regions. or circles and oin ts on the plane obtain simple regions, using the tec hnique in CEGS89 ], where is sub-p olylog function. Let and Lemm Given set and as ab ove, for every we an build in time data structur such that, for every an ompute in time log Pr of. pro the claim induction on or 0, m; (1) therefore the lemma is satis�ed. Assume 0. Applying prop ert (I) compute decomp osition of the space in to elemen tary cells eac one in tersected no more than n=r log surfaces in or eac elemen tary cell select oin in its in terior and compute the set of surfaces not in tersecting the region in ositiv osition. asso ciate the cardinalit of with the region and recurse this construction. Also, for eac region and for all the elemen ts whose corresp onding surface is in build the data structure to compute whic can built in time ). The total time and space for this construction satis�es the recurrence: n=r log nr (1) nM )) (1)) (1) Since log (1) the solution to this recurrence is ). Giv en query oin lo cate exhaustiv searc the region con taining it than recurse on the data structures asso ciated with the last lev el collect the coun ters of the ositiv regions and sum them up to form the �nal result. The query time satis�es this recurrence: n=r log )) whose solution is log )). rom Lemma easily follo ws: Lemm If then, for every m; 1+ Let us supp ose no that dualize oin ts and surfaces at lev el and compute the partition (I I). or eac cell of the partition ha set of oin ts con tained it and set of surfaces cutting through. By the prop ert (I I), cm=r log for some constan or eac cell the relativ sign of the oin ts in and the surfaces outside is similar for eac oin in This implies that in time can determine, for all oin ts in and for most arcs in the truth alue of the predicate asso ciated with the -th lev el. or the surfaces in tersecting pro ceed recursiv ely rom the ab discussion m; satis�es this recurrence: 1. ep ab ine ). 2. ep outside cir cl ) 3. ep inside cir cl ). 4. ep ab ine ). can set up ulti-la ered batc hing algorithm with these new predicates and obtain similar result as for he nested atc hing tec hni ue set our problem in more general con text. Let and classes of geometric ob jects and and �nite subsets. Our goal is to compute e�cien tly A; jf a; a; gj where a; =1 ;k is conjunction of constan um er of elemen tary conditions. Eac elemen tary condition is of the form 0, where is olynomial whose structure dep ends on and and whose co e�cien ts dep end only on Also, is tuple of real um ers dep ending only on Moreo er, require that can rewrite in the dual form 0, where is olynomial whose structure dep ends on and whose co e�cien ts dep end only on Also, is tuple of real um ers dep endi ng only on or tec hnical reasons assume that If sa that the oint is on the ositive side of the surfac 0. rom no on will use the terms oint and surfac in this con text. Note that, for giv en an elemen (resp. is mapp ed to oin or to surface. call the oin and the surface dual one to the other. The follo wing conditions ust also satis�ed: (I) Giv en family of surfaces there is constan suc that the space underlying the family of surfaces can partitioned in to ;j log (1) cells of constan descriptiv complexit suc that eac cell meets at most =r log surfaces in the family Moreo er, assume that this decomp osi- tion can computed in exp ected time (1) ). (I I) Giv en family of surfaces there is constan suc that the space underlying the family of surfaces can partitioned in to ;j log (1) cells of constan descriptiv complexit suc that eac cell meets at most =r log surfaces in the family Moreo er, assume that this decomp osi- tion can computed in exp ected time (1) ). Conditions (I) and (I I) can rephrased requiring that there is =r -cutting of certain size (see Aga91 for surv ey on cuttings) for the arrangemen of surfaces. Let max and let max will refer to as the char acter- istic dimension of the formula while is the char acteristic dimension of the elementary onjunct Let m; the time needed to determine the um er of pairs a; satisfying the conditions asso ciated with the elemen tary conjuncts form to that is the time to compute Giv en an arc denote its end-p oin ts and Let center the cen ter of cir cl ), and disk the disk ounded the circle Let the line through center and and is the halfplane con taining Similarl de�ne and ). Lemm Given cir cle and an ar with endp oints and such that 62 disk and 62 disk if and only if cir cl and center Pr of. It follo ws from elemen tary geometry rom Lemma it follo ws that condition (5) can replaced y: (5) center ep (6) center ep (7) cir cl meet cir cl There are sev en conditions to satis�ed. Conditions (1), (2), (3), (4), (5) and (6) require testing oin in with line or circle in Condition (7) in olv es circles. Eac condition in olv es only simple ob jects. This prop ert of \simplici y" is imp ortan for the batc hing tec hnique will use in Section 4. 3. ecessar cie co io or Before describin the algorithm sho that for the coun ters and can similarly write list of necessary and su�cien conditions in olving only simple geometric ob jects. Lemm Given cir cle such that disk and disk if and only if cir cl and center Pr of. ollo ws from elemen tary geometry Giv en and the conditions for whic an upp er arc is coun ted in are the follo wing: 1. ep inside cir cl ). 2. ep inside cir cl ) 3. center ep ). 4. center ep 5. cir cl meet cir cl ). or need to split the coun in to four di eren coun ters. 31 32 33 34 The �rst coun ter is for the case when the left end-p oin of is in and the righ end- oin is inside cir cl and ab ine ). The second coun ter is for the case when the left end-p oin of is in and the righ end-p oin is elo ine ). The third and fourth coun ters are obtained from the �rst and second rev ersing the role of the left and righ end-p oin ts. giv explicitl the condition for 31 Arc is coun ted in 31 if: 2. Arcs whose oth endp oin ts lie in The um er of arcs in this category whic meet is coun ted in ). or eac arc coun ted in ha exactly in tersections. 3. Arcs for whic one endp oin lies in and the other do es not lie in The um er of arcs in this category whic meet is ). or eac arc con tributing to ha exactly one in tersection. Clearly ). Let and or eac category of arcs in Agarw al and Sharir AS91b build data structure of size 3+ ). or an query arc satisfying the conditions of the arcs in the alue of ), and can computed in time log using those data structures (Lemma 4.4 in AS91b ]). The time sp en to set up the data structures and erform the queries at no de is log 3+ ). Using simple batc hing tec hnique the query time and the prepro cessing can balanced to 3+ 1+ 3+ ). Using prop erties (a) and (b) obtain an erall 3+ exp ected time metho (Theorem 4.5 in AS91b ]). In the next section sho that more re�ned taxonom and di eren batc hing sc hema can yield etter time ound. re ned decom osi ti on sc hem Giv en an arc de�ne: ep is the left end oin of the arc ep is the righ end oin of the arc ine is the line connecting the endp oin ts of cir cl is the circle con taining the arc Giv en and the follo wing conditions are necessary and su�cien for the pair to coun ted in ). (1) ep ab ine ). (2) ep ab ine ). (3) ep outside cir cl ). (4) ep outside cir cl ) (5) meet cir cl ) can notice that the con tribution of to the list of necessary and su�cien conditions is giv en circle and line, while this is not the case for Condition (5) in olv es \comp osite" ob ject (an arc) instead of \simple" ob ject (p oin t, line, circle). Next, sho ho to re�ne condition (5) so that it in olv es only simple ob jects. ecom osi ti on strateg Giv en collection of circular arcs in let the um er of pairs of arcs of that in tersect, where eac pair is coun ted with ultiplicit one or according to the um er of in tersections generated the pair. do not consider the sp ecial case of tangen arcs, but the algorithm can mo di�ed easily to tak this in to accoun t. In linear time can split eac arc in in to constan um er of -monotone arcs, obtaining collection Clearly ). Without loss of generalit will deal with collection of -monotone arcs. Let sets of circular arcs. Let the um er of bichr omatic in tersections generated an arc in and an arc in will sho that it is su�cien to solv the bic hromatic case to solv the general problem. Since the arcs of are -monotone and can build an her ditary se gment tr for (see CEGS90 ]). start generating se gment tr on the in terv al decomp osition of the -axis induced the pro jection on the -axis of the end-p oin ts of arcs in asso ciate eac elemen tary in terv al on the -axis with leaf of in left to righ order, and then build as minim um heigh binary tree er its lea es. Eac no de is asso ciated with an in terv al on the -axis, whic is the union of in terv als asso ciated with the descendan ts of also ha ertical strip ]. store at the set of arcs of whose -pro jection con tains but not where is the paren of store at the set where is descenden of includ ed itself. also assume that the arcs in and are truncated within It is easy to hec the follo wing prop erties: (a) log (b) Lemma 4.1 in AS91b ]: rom (b) it follo ws that to compute just compute for eac no de and sum these alues er all no des. Prop ert (a) ensures that, buildi ng the hereditary segmen tree, the sum of the input sizes of the subproblems has increased only of logarith- mic factor. rom no on in the discussion, consider one sp eci�c no de and ound the time needed to compute ). Let the subset of upp er ar cs in where an upp er arc is ortion of an upp er semi-circle. will sho ho to compute similar argumen is used to coun ). or ev ery de�ne the region as the part of the ertical strip ab de�ne as the part of the disk whose oundary con tains whic falls within the ertical strip Using the auxiliary de�nitions and divide the arcs in in to three categories: 1. Arcs of whose oth endp oin ts lie in denote with the um er of arcs of in this category whic meet or eac arc coun ted in ha exactly in tersections. tro duction Computing in tersections of geometric ob jects is fundamen tal topic in computational ge- ometry Giv en simple ob jects (segmen ts, circular arcs, Jordan arcs, etc.) it is ossible to coun and rep ort all in tersection oin ts in time, assuming that in (1) time can compare an ob jects. Since the um er of in tersection can quadratic in the naiv approac is orst case optimal for ep orting all in tersections. It is th us of in terest to �nd output sensitiv algorithms for whic the time complexit dep ends on the actual um er of in tersections to rep ort. The �rst suc algorithm for Jordan arcs due to Ben tley and Ottmann BO79 runs in (( log time and it is based on sw eeping line ap- proac h. or collection of line segmen ts Chazelle and Edelsbrunner CE88 presen ted an optimal log algorithm. Clarkson and Shor CS89 and Mulm uley Mul88 giv randomized algorithms whose exp ected running time is log for collection of Jordan arcs. If are in terested in ounting the um er of in tersections without rep orting them explici tly the um er of in tersection itself is not an ymore lo er ound for the problem. Since can as large as are in terested in �nding sub quadratic algorithms whic do not dep end on or coun ting line segmen ts in tersections Guibas et al. GOS89 giv randomized algorithm whose exp ected running time is 3+ for an 0. deterministic algorithm with log time ound is in Aga90 Mat90 ]. or the problem of coun ting in tersections of circular arcs the �rst substan tially sub- quadratic algorithms ha een presen ted in AS91b (see AS91b for review of some previous partial results). Agarw a and Sharir AS91b giv an algorithm to compute in ter- sections of circular arcs whose exp ected running time is 3+ ), for an 0. or the sp ecial case of circular arcs with the same radius their time ound reduces to 2+ ). In this pap er presen mo di�cation of the general approac in AS91b for coun ting in tersection of circular arcs. The main results are the follo wing: 1. randomized algorithm for coun ting in tersections of circular arcs whose exp ected running time is 2+ (Theorem 2). 2. randomized algorithm for coun ting in tersections of unit circular arcs whose exp ected running time is 3+ (Theorem 3). The asymptotic time ound of Theorem is similar to the time ound obtained for line segmen ts in GOS89 ], th us settling an op en question osed in AS91b ]. Line segmen ts can seen as arcs of circles of in�nite radius. The ounds of Theorems and are ac hiev ed using the neste atching te chnique This tec hnique is generalization of the batc hing metho in EGS88 for batc hing the computation of queries er ulti-lev el tree similar to those discussed in CSW90 and AS91a ]. or sp ecial case this tec hnique had een used in el91 ], here giv complete description of the metho in more general setting. The pap er is organized as follo ws, in Section brie surv ey the approac in AS91b ], in Section giv an impro ed problem decomp osition. In Section describ the nested batc hing tec hnique. In Section deriv the result for general circular arcs. In Section discuss the case of unit circular arcs. In Section apply the nested batc hing tec hnique to coun ting the in tersections of segmen ts and spheres in 3-space. rac 2+ 3+ ternational omputer cience nstitute, en ter t., er ele .A. and ept. of omputer cience, ing’s ollege, trand, ondon e-mail: m.p ellegrini oa .cc. cl.ac.u