[20] V. an and J. Reif. ast and E�cien arallel Solution of Linear Systems Pr c. 17th nnual CM Symp osium on The ory of Computing 143{15 2, 1985. [21] F. Preparata and D. V. Sarw ate. An Impro e arallel Pro cessor Bound in ast Matrix In ersion Inform. Pr ess. ett. 7:148{149 1978. [22] E. L. Yip. Note on the Stabilit of Solving Rank-p Mo di�cation of Lin- ear System the Sherman-Morrison-W dbury orm ula. SIAM J. Sci. Stat. Comput. 7:507{513 1986. [23] S. Zohar. eplitz Matrix In ersion: The Algorithm of W. F. renc J. Asso c. Comput. Mach. 16:592{60 1, 1969. 32 [6] A. K. Chandra. Maximal arallelism in Matrix Multiplicati on IBM ese ar ch ep ort R.C. 6193 1976. [7] B. Co denotti and M. Leoncini. Incomplete actorization Metho ds for Banded eplitz Matrices I.E.I. chnic al ep or B4-18 Istituto di Elab orazione del- l’Informazione del CNR, Pisa, 1989. [8] B. Co denotti and F. Romani. Stabilit and Complexit of Newton’s Metho Applied to arallel Matrix In e rsion International Confer enc on Line ar lgebr and its Applic ations alenci a, 1987. [9] Concus and G. Meuran t. On Computing INV Blo Preconditionings for the Conjugate Gradien Metho d. BIT 26:493{504 1986. [10] L. Csanky ast arallel Matrix In ersion Algorithms SIAM J. Comput. 5:618{ 623, 1976. [11] G. J. Da vis. Numeric al Solution of Quadratic Matrix Equation. SIAM J. Sci. Stat. Comput. 2:164{175 1981. [12] D. Fisc her, G. Golub, O. Hald, C. Leiv a, and O. Widlund. On ourier-T epli tz Metho ds for Separable Elliptic Problems Mathematics of Computation 28:349{ 368, 1974. [13] S. ortune and J. Wyllie. arallelism in Random Access Mac hines Pr c. 10th nnual CM Symp osium on The ory of Computing 114{118 1978. [14] J. on zur Gathen. arallel Arithmet ic Computations: Surv ey 12th Int. Symp. Math. ound. of Computer Scienc e, ctur Notes in Computer Scienc 233:93{1 12, 1986. [15] G. H. Golub and C. F. an Loan. Matrix Computations Johns Hopkins Univ er- sit Press, Baltim ore, Md, 1989. [16] J. Grcar and A. Sameh. On Certain arallel eplitz Linear System Solv ers. SIAM J. Sci. Stat. Comput. 2:238{256, 1981. [17] D. Heller. Surv ey of aralleli sm in Numeri cal Linear Algebra. SIAM ev. 20:740{7 77, 1978. [18] T. Kailath, A. Vieira and M. Morf. In e rses of eplitz Op erators, Inno ations, and Orthogonal olynom ials SIAM ev. 20:106{119 1978. [19] W. Kratz and E. Stic el Numerical Solution of Matrix olynomi al Equations Newton’s Metho d. IMA J. of Numeric al nalysis 7:355{369, 1987. 31 Example 6. is eplitz, while and are lo er triangular eplitz suc that is banded eplitz: 516679 279703 127793 0839437 11893 277015 164592 516679 279703 127793 0839437 11893 864845 164592 516679 279703 127793 0839437 68101 864845 164592 516679 279703 127793 742669 68101 864845 164592 516679 279703 852 742669 68101 864845 164592 516679 409388 277015 11893 0839437 127793 279703 0525222 852 742669 68101 864845 164592 With (0 56912 249638 obtain iX where 19786 04579 17548 13383 13147 03350 08550 18569 07363 19408 15969 11016 17924 11816 02339 11386 06945 09011 26615 21461 16794 03407 05834 12694 06093 23906 07352 15148 23425 02114 11671 04871 21307 04890 15953 24800 10522 00212 07364 02842 03877 00327 05883 10155 04718 08562 00020 04053 31445 08884 21435 01865 13629 02701 11535 31798 06154 19150 11108 12000 53519 05517 37719 17518 18779 03365 03734 54391 00649 36847 13035 20896 in 16 iterations, and 77824 10 10 With 4118 Newton’s metho fails to con erge. eferences [1] G. Amm ar and W. Gragg. Sup erfast Solution of Real ositiv De�nite eplitz Systems SIAM J. Matrix nal. Appl. 9:61{76, 1988. [2] O. Axelsson. Incomplete Blo Matrix actorization Preconditioning Metho ds. The Ultim ate Answ er? J. of Computational and Applie Mathematics 12:3{ 18, 1985. [3] O. Axelsson and B. olm an. On Appro xim ate actorization Metho ds for Blo Matrices Suitable for ector and arallel Pro cessors. Line ar lgebr and its Applic ations 77:3{26, 1986. [4] R. Bevilacqua, B. Co denotti, and F. Romani. arallel Solution of Blo ridi- agonal Linear Systems Line ar lgebr Appl. 104:391{ 57, 1988. [5] R. H. Chan and G. Strang. eplitz Equations Conjugate Gradien ts with Circulan Preconditioner SIAM J. Sci. Stat. Comput. 10:104{119 1989. 30 517239 542287 617065 627036 992267 835852 110293 075454 949065 276742 481544 681173 978031 396513 220374 359957 With (0 437063 70993 Newton’s metho con erges to 10 12 580130 34110 540 854 5883 30 101 40 118 304544 38 83 3014 034 303 431 304 013383 18 38554 05 10 400 533 484515 34 in 14 iterations, with 123 10 11 Starting from 37836 obtain 58013 540627 0602264 125883 01667 426473 304544 301464 269826 464609 21286 133826 238554 1064 253317 484515 in 12 iterations, with 38192 10 Example is eplitz, while and are lo er triangular eplitz suc that is banded eplitz: 461566 858435 490227 707031 22595 461566 858435 490227 414279 22595 461566 858435 736799 414279 22595 461566 906584 707031 490227 858435 974593 736799 414279 22595 Starting from (0 535218 986517 Newton’s metho con erges to 10 53558 14 85 41 00 33 851 015835 30 50505 558 441 10 000 35 000835 315 001 41 01 03 00 51 0051 44 0808 31353 85 04535 88 40 in 14 iterations, giving 84185 10 With 77865 obtain 27893 0923633 079576 200933 158357 27074 0795578 106 083539 162677 27749 0656186 0517145 0808646 166859 26886 in 12 iterations, and 76787 10 Note that oth and appro ximate the same (real) solv en t. 41713 06611 24949 18596 16937 15012 10747 95104 04612 47739 15629 20858 66944 07775 64334 43617 00145 62218 13185 03048 13581 28319 20814 13234 56233 05984 30451 13265 12261 29882 09639 06417 01498 12158 15423 32263 in 16 iterations, with 53918 10 Starting from 14178 Newton’s metho con e rges to the real solv en 620434 75959 109756 563788 178393 831679 125155 0939193 0621351 577561 766806 470617 461337 785254 0549352 10672 287831 0880682 235339 358634 401347 0833514 0544886 547929 215709 614566 652756 277448 23819 25092 1711 846046 31629 665308 0193916 17968 in 16 iterations, and 28591 10 Example 0051665 733489 428635 531839 753396 606722 49199 213826 495661 202535 924642 0790184 259717 753891 404637 280178 With (0 242021 970271 Newton’s metho con erges to the solv en 10 11 05 333 00 004 04 3050 534 01400 40 138 80 0351 05410 51 144338 0050 05 853 181 41 04 15 11031 8050 081 331851 830 10 880 0450 54 31 03 01530 in 10 iterations, giving 15583 10 10 With 27089 obtain 894743 74742 28599 442651 41626 109748 0558818 204132 346077 334101 46281 347477 12301 78924 240963 227666 in iterations, and 81937 10 Example (but not ositiv de�nite), and 504133 916786 941018 642083 916786 581326 296251 968074 941018 296251 530552 756876 642083 968074 756876 549169 to dev e lop fast and e�cien sequen ti al and parallel algorithms (see section 4). ur- thermore, the matrices of the factorizations could computed with cost dep ending only on the bandwidth (i.e. not on the size of the system). The factorization can alw ys applied. ha studied the existence of these factorizations and sho wn ho this problem is related to the existence of solution of certain nonlinear matrix equations. In particular ha stated the relation et een the factorization and the equation ha determined the general form of solution of this equation and found conditions (either necessary or su�cien t) for the existence of solution. Finally ha erformed um er of computational exp erimen ts whic sho that the matrix equation related to the incomplete factorization do es ha solution in man cases not co e red the theory en In the follo wing list six examples of resolution of quadratic matrix equations. Example 185442 415787 568279 762019 812455 465055 656925 0738415 991509 968499 0970314 392705 131298 51184 910668 771585 With (0 204103 978949 obtain 03 4013 384 10 185 03134 35 101 34 14 81 05 4440 085 31 015 53 51303 440 5448 100 0053 4443 003 10 40 454 031808 03 in iterations, with 05067 10 Starting from 22472 Newton’s metho fails to con erge. Example 117961 722142 41316 788115 268241 56837 221061 210068 334215 39728 87456 732023 326577 999912 0197027 35755 329825 470401 414453 52622 262314 320514 00550452 621506 979834 0592741 794505 123669 684797 0894222 352167 87444 573304 735454 314397 910233 With (0 132979 991119 obtain iX where 16675 20072 75241 29353 06194 73149 47776 15227 06188 36409 08412 77690 60712 22441 14749 20536 49309 14988 72694 14407 06448 12861 01095 69993 05172 55553 47431 38670 34290 67070 47075 12145 89753 44735 06330 09691 where and In the latter case alw ys obtain real iterations, while in the former can also lo ok for complex solutions. The actual en tries of the matrices ere hosen at random, uniformly in the in terv al 1). Six um eric al example are rep orted in the app endix. ha also tested sev eral yp es of structured matrices of di eren size, and erformed undreds of random tests for eac com bination. summ ary of some of the outcomes of this analysis is depicted in Figure 1. found that often solv en exists in man cases not satisfying the su�cien conditions of section 6. 20 40 60 80 100 diagonal orthogonal tridiagonal, diagonal eplitz tridiagonal general Figure 1: erce tages of solv en existence for some yp es of and (2) ha computed the factor oth in the elem en case (i.e. lo e bidiagonal) and in the blo case (i.e. banded lo er triangular). In the former case, Newton’s iterativ metho has een used to solv system of nonlinear equations. In all the exp erime ts, ha een able to compute the solution. In the latter case, ha dev el op ed LISP program for sym olicall determini ng the nonlinear equations needed to mini m iz the rob enius norm of the matrix (see section 3.2), and for sym olic ally computing the partial deriv ativ es needed to impl em e Newton’s metho d. Suc program directly pro duces the OR TRA co de for actual (n um eri c) computations. No signi�can di erences ere observ ed with resp ect to the scalar case. (3),(4) ev aluated the sp ectral radius of the iteration matrices. In all exp erime ts, found con e rgen iterativ metho ds, and the factorization has sho wn itself to more suited to generate fast iterativ metho d. This fact is quite natural, since this factorization is obtained corresp onding to the minim i zation of the rob enius norm of matrix with sp ectral prop erties close to the ones of the iteration matrix. nc ns In this pap er ha presen ted framew ork for preconditioning and solving banded eplitz linear systems using incomple te factorizations. These tec hniq ues allo ed 26 It is in teresting to compare this approac with an incomplet Cholesky factoriza- tion of the matrix (26). In the latter case main tain the blo en tadiagonal view of the matrix and write where and where Th us the incomplete factorization do es exist, and the matrix has rank 6. me al exp m no rep ort on sev eral results concerning the practical implem e tation of the fac- torization tec hni ques in tro duced in the previous sections. The um eri cal exp erim en ts ha een erformed on an IBM 3033 computer using the OR TRAN 77 program- ming language. Newton’s iterations relativ to case (1) elo ere conducted on Macin tosh Icx using Mathematica This section is organized in four parts (1)-(4). 1. solution of the matrix equation AX 2. solution of the nonlinear system arising to determine the factorization with minim um 3. ev aluation of the um er of steps of the iterativ metho ds corresp onding to the incomplete factorization 4. ev aluation of the um er of steps of the iterativ metho ds corresp onding to the incomplete factorization with minim um (1) In all the cases considered the matrix is either unsymm etri or symm etri sign inde�nite. or what concerns the starting oin t, hose either or 25 where is the normal (out ard) deriv ativ e leads to the follo wing co e�cien matrix: (26) where is the same as for the oisson equation, and can apply the incomple te factorization (2) to (26) orking on the blo tridi- agonal matrix where and are matrices. Observ that The incomplete factorization (2) will exist if and only if the matrix equation has solution. In this case the di erence matrix will an 2) 2) blo matrix (with blo size ), whose eleme ts are all zero but the follo wing 11 and In this case has rank 24 has solution. Note, in fact, that and comm ute and the matrix eing ositiv de�nite, since all the eigen alues of are greater than (in fact cos 1)), ). Then the yp otheses of the Theorem 11 apply and the blo ks are easily found in The matrix ha all the eigen alues less then -2, hence from the results of section can see that the iterativ metho (12) will con erge or not dep ending on the actual alue of Exp erimen tal results ha sho wn that the metho con ergers only if 7. The matrices and are symme tric and nonnegativ de�nite, hence, for Theorem 9, the factorization exists. The blo ks of the matrix are: ecause and comm ute and th us it holds rom and from the fact that the eigen alues of are all greater than 2, it follo ws that the iterativ metho (15) is not con e rgen t. Another ma jor problem that leads to banded (almost) eplitz linear system is the solution of the biharmonic equation via di erence appro ximation. The biharmonic equation is The �nite di erence appro ximation er using mesh size of (1 and the follo wing conditions on the oundary of and 23 The conditions giv en are certainly to restrictiv to ha lot of applications that satisfy them ho ev er, in Section will see an imp ortan sp ecial case for whic the conditions do es hold. In 11 Da vis rep orts on pro cedure for solving AX using Newtons triangularizations. The basic step of suc pro cedure is accomplished mo di�ed ersi on of the algorithm. Exp erimen tal results are also rep orted whic sho that suc mo di�ed pro cedure �nds solv en of in man cases where the approac fails. The sequen tial cost of the metho d, for matrices, is dominated the quan tit where is the um er of iterations for the algorithm to reduce sub diagonal elemen to 0. In view of applying our incomplete factorization, the metho can usefully adopted in case the order of the blo ks is uc lesser than ec ses er en res In this section tak in to accoun ery imp ortan sp ecial cases, namely linear systems arising from the discrete appro ximati on �nite di erences of oisson and biharmonic equations. Then presen um er of exp erimen tal results obtained applying Newton’s metho to the solution of AX for arious hoices of and These con�rm that solution to the quadratic matrix equation problem can found in man cases not co ered the theory The solution of the oisson equation is an example of problem whose �nite di erence appro ximati on giv es rise to banded eplitz linear system. oisson equation is The �nite di erence appro ximation er using mesh size of and the Diric hl et conditions, on the oundary of leads to linear system of equations whose co e�cien matrix is an banded eplitz as (1), in whic oth and are equal to and is The incomplete factorization (2) can applied to the co e�cien matrix ecause the matrix equation AX 22 em et ith nonsingular. If the matrix and ar symmetric, and the matrix is symmetric, nonne gative de nite and ommutes ith the matrix then the matrix is solvent of the uadr atic uation. If is nonsingular, then, ulti ply ing er obtain the equation AX (24) Let us consider the equation AX (25) By Theorem the matrix is solv en of the equation (25). The matrix is symm etri c, hence is solv en of the equation (24). In this case one of the ossible factorizations and has the follo wing blo ks In particular, if is blo symme tric the yp otheses of the Theorem 11 turn in to symm etri and nonnegativ de�nite, i.e. the eigen alues of ust in mo dule great or equal to 2. If and comm ute, then and Let an eigen alue of (the matrix is symme tric ), then where is an eigen al ue of If 2, then and the iterativ metho (12) is con e rgen t. 21 (sym olic) olynomial computations (sum, pro duct and partial deriv ativ es). Finally there are Lisp functions that generate ortran co de for the (n um eri c) computation of the pro duced form ulas. or example, giv en function )], where ], Newton’s metho applied to compute solution of requires, at the th step, the computation of the ec tor and of the ma- trix whose -th eleme is Giv en there Lisp function NEWTON that pro duces just the ortran co de to compute and ). 6. Ex Let us consider no the question of the existence of the incomple te factorization. su�cien condition for the existence of solv en of the quadratic equation is stated in the follo wing prop osition, whic imm edi ately leads to solution algorithm. et and al matric es. If ther exists ortho gonal matrix such that and i.e. and shar the same set of eigenve ctors her and ar upp er triangular matric es, then the matrix uation AX has solution if the triangular matrix uation has solution and rom the yp otheses it follo ws that AX No w, let an upp er triangular matrix. (Note that this osition cor- resp onds to transformation of unkno wns.) It is not hard to see that the upp er triangular matrix equation giv es rise to system of 1) equations and 1) unkno wns that can easily solv ed pro vided that no equation reduces to the constan t=0 form. One of the ossible solution path is depicted elo w: +1 where the [( )( 1) 1]-th equation is solv ed with resp ect to In the follo wing giv another su�cien condition for the existence of solv en of the quadratic matrix equation, together with the explicit solution. 20 Note that if there exists alw y matrix suc that is symm etri c, then the nonnegativ de�niteness of is necessary and su�cien condition for the existence of the factorization (7). If the yp otheses of the Corollary are eri �ed and and comm ute, ha and Let an eigen alue of If is nonnegativ de�nite, then and the iterativ metho (15) is con ergen t, if Consider no the problem of actually computing the matrix whic minim i zes the functional can lo ok for mini um of the con e functional whic is equiv alen to the previous one. The minim um can obtained equating to zero the partial deriv ativ e of ). In the follo wing, will �rst consider the case in whic (e.g. assume to eleme bidiagonal, and to symm etri tridiagonal, with -th en try denoted and 1-th en try ). Then will deal with the general case. Let and complex um ers. Then the minim um of can computed solving the system of nonlinear equations 2( 1) 1) The solution of suc system can computed Newton’s metho d, and as starting oin ts suggest the alues 2, and 2, whic are the solution of the system i.e. and giv rise to an incomple te factorization themselv e s. The blo extension of this approac leads to system of nonlinear equations. Though not di�cult, the pro cess of obtaining suc equations and dev el oping co de for its solution is time consuming. Th us, ha impl em e ted to ol for the sym olic computation of these equations and the automatic generation of ortran co de for their ume ric ev aluation. The complete co de listing is ailable with the ec hni cal Rep ort ]. brief description follo ws. The to ol consists of Lisp functions to sym olic ally erform simple matrix op er- ations and functions, suc as matrix sum, ro column pro duct and the square of the rob enius norm of matrix. Suc computations require the abilit to handle ulti ariate olynomials hence the most basic functions of the pac age are related to 19 lla et the matrix ith symmetric. If the factori ation exists then 1. is symmetric and nonne gative de nite, 2. 3. and ar symmetric and nonne gative de nite. The blo and ar of the form her is an ortho gonal matrix. lla et symmetric and blo symmetric tridiagonal eplit matrix (23) ith symmetric and nonne gative de nite and symmetric. If and ar symmetric and nonne gative de nite and one of the fol lo ing onditions holds 1. and shar the same set of eigenve ctors, 2. rank max rank rank her is the matrix given by the factori ation of the matrix 23 exists, and it exists an ortho gonal matrix such that the matric es ar the blo of the factori ation 18 emm et If one of the fol lo ing onditions hold 1. the left singular ve ctors of ar ual to the right singular ve ctors of 2. rank max rank rank her and then ther exists an ortho gonal matrix such that is symmetric, and the system (21) has solution. Let and the SVD of and Then using the substitution obtain (22) If the condition (1) holds, the and is solution of (22). If the condition holds and rank rank ), then there exists solution of Let the SVD of th us is an orthogonal matrix and satisfy the system (21). If condition holds and rank rank ), sho the existence of in the same Note that if one of the matrix and is nonsingular then the condition holds. In particular, if and are symm et ric and normal, then is solution of the system (21). Moreo e r, um er of exp erimen tal results, leads to conjecture that the system (21) has alw y at least solution rom Lemma it descends the follo wing theorem. em et symmetric matrix. If is symmetric and nonne g- ative de nite and one of the fol lo ing onditions hold 1. the left singular ve ctors of ar ual to the eigenve ctors of 2. rank max rank rank her then ther exists an ortho gonal matrix such that is solvent of the uation 18 summariz the ab results with the follo wing Corollaries. 17 ns re ence ns state here some formal prop ositions ab out the existence of the incomple te and factorizations. No satisfying result is kno wn ab out ev e the mere existence of solution for the general case of quadratic matrix equations AX (17) and for the matrix equations (18) Some iterativ algorithms for the solution of (17) and (18), ha een prop osed (see 11 19 ]), whic are all based on Newton’s metho d. Let us analyze in more details the equations (17) and (18). 6. Ex ha analyzed the equation (18) when is symm etri matrix, and state necessary (su�cien t) condition for the existence of solv en in Theorem (Theorem 7). em et an symmetric matrix. If is solution of 18 then is symmetric and nonne gative de nite, and is of the form (19) her is an ortho gonal matrix. If is symme tric and is solution of (18), then Then (18) can rewritten as (20) and using Lemma 2, ha that is symme tric and nonnegativ de�nite and On the other hand, assume that is symm etric and nonnegativ de�nite. If is of the form (19) then satisfy Th us, using (20), ha that is solv en of (18). an to sho that it exists an orthogonal matrix so that satisfy i.e. that is symm etri c. The follo wing lemm studies the existence of the matrix and giv es metho to �nd it when the matrices and satisfy some particular conditions. 16 ple (1) +1 (2) +1 (3) +1 +1 The third form ulation is ell suited to imple m en ted in parallel en vironm e (see 20 ]). The computational cost of this approac will analyzed next. Note that all these sc hem es ha quadratic con ergence 15 ]. Analogous results could obtained for iterativ metho ds deriv ed from the incomplete factorization, whic is ev en more suitable for the application of iterativ metho ds. Exp erimen tal results on this will rep orted in section 7. no analyze the cost of the classical iterativ metho (12) deriv e from the incomplete factorization (2). The computation of the iteration matrix (13) for the sequen tial case is di eren from that for the parallel case. While in parallel can e�cien tl compute matrix ers and pro ducts, in sequen ti al it can etter to solv triangular (matrix) equations. Th us, our sequen tial metho is as follo ws: 1. Solv and Observing that only the �rst columns of and are nonzero, this can done with arithmeti op erations (see steps and ii of the direct sequen tial algorithm). 2. Solv and then This costs time. (The metho is +1 The cost of sequen tiall setting up the metho is then dominated step 1) and therefore is ). In parallel can tak adv an tage of the kno wledge of (the form of the iteration matrix, and it turns out that its computation can done in log (2 log )( log )). or what concerns the execution of the metho d, it is kno wn that the um er of steps required an iterativ metho to compute the solution of linear system with relativ analytic error of (2 is log )). Eac step requires an matrix ect or ultipl ic ation and the sum of -v ectors. In sequen tial this costs arithmeti op erations, and the e rall execution costs log ))). In parallel, eac step can carried out in log log ), and the whole circuit has log max log log )) log ). 15 after ha ving used as preconditioning matrix, conjugate gradien metho ds are supp osed to ork ery quic k ly (ab out iterations) when applied to solv systems with as co e�cien matrix. urthermore, note that is giv en 1) so that an upp er ound to the condition um er can easily computed, with resp ect either to the sp ectral norm or the max norm. The ev aluation of an upp er ound to the condition um er with resp ect to the max norm is prett easy for what concerns the sp ectral norm, one can pro ceed as follo ws: 1. can written as where is an matrix. 2. The sp ectral norm of is giv en (( (( )( )) from whic it readily follo ws that the kno wledge of the eigen alues of the matrix su�ces to determi ne 3. Use the previous pro cedure to ev aluate and therefore It is orth oin ting out that can ev aluated in terms of op erations in olv ing only matrix. (iii) Consider no the matrix equation whic has solv en This equation can solv ed using Newton’s metho 20 ], whic leads to the iterativ expression +1 The ab iterations can carried out means of di eren form ulations, for exam- 14 is an eigen alue of If is symm etri c, then and the iterativ metho (12) is con e rgen if the follo wing constrain ts hold: +1 (14) The inequalit (14) is satis�ed for where lim 1, and lim 2. Due to the anishing term +1 exp erim en tal results ha sho wn that can considered constan ev en for small alues of Hence, in practice, the con ergence of the iterativ metho (12) is quite indep enden from the um er of the blo ks of the matrix The iterativ metho corresp onding to the factorization has the form +1 (15) where is an arbitrary -v ector. The iterativ metho (15) con e rge if and only if If are symm etric then i.e. and comm ute and is symm etri c. Th us, ha (16) where is the eigen alue of with maxim um mo dule ). rom (16), it follo ws that if the iterativ metho (15) con erges. (ii) No turn our atten tion to the ossible use of the incomple te factorization (2) as preconditioning for the conjugate gradien metho d. It is ell kno wn that suc tec hniq ue results in faster algorithm as long as the preconditioned co e�cien matrix is close to the iden tit matrix. If ultipl oth sides of the equation get the system and our in tere st is in studying ho close is the matrix to the iden ti matrix. It turns out imm ediatel that 1) First of all, note that only eigen alues of are di eren from 1, and that the minim um olynomial of has degree not greater than It follo ws that, 13 (2 (7 2) (2 )( )) (2 (7 2) the incomplete factorization (2), and consider the linear system By using (2) as splitting of one can get the equiv ale system whic naturally leads to the iterativ metho +1 (12) where is an arbitrary -v ector. It is ell kno wn fact that the ab iterativ metho is con e rgen t, pro vided that 1. No w, recalling that the -th blo eleme of the matrix can written according to the form ula (5), ha 1) (13) Th us, the iterativ metho will con erge if the sp ectral radius of the matrix is less than one. Supp ose that and comm ute (e.g. if is blo sym- metric ). Let an eigen alue of then +1 12 1) 1) can imple m en ted PRAM with max log log log pro cessors with running time ounded max log log log ). Dep ending up on the actual alue of suc algorithm can signi�can tly etter than the general log time algorithm for matrix in e rsion. �nally observ that eplitz ma- trix ector pro ducts could also computed FFT circuits. Ho ev er this ould not impro the asymptotic erformance of the algorithm. er er nc ns In this section analyze the suitabilit of the incomple te factorizations (2) and (7) to generate rapidly con ergen iterativ metho ds. consider three ossibilities. (i) Use the incomplet factorization as splitting of to generate classical iterativ metho +1 in this case are in terested in studying the sp ectral radius of the iteration matrix (ii) Use the matrix as preconditioner to obtain system whic is ell suited to the application of conjugate gradien metho ds in this case our in tere st is in the ev aluation of the condition um er of the preconditioned co e�cien matrix. (iii) Use the matrix as starting oin for the application of Newton’s metho to the in e rsion of in this case our in tere st is in the ev aluation of the di erence et een and (i) As in section 3, let 11 (= 1) 1) It is not di�cult to see that the cost of the ab algorithm is dominated step 3, whic requires appro xim ately arithmeti op erations and storage (note that the storage used for the can e rwritten with the s). In step of algorithm DS1 used the recurrence 1) +1 1) and the equalit if �rst compute and then 1) then succeed in reducing the amoun of temp orary storage to ). This is done in algorithm DS2. It is in te resting to note that, esides the storage for and algorithm DS2 only uses small additional ork space, i.e. ). In fact, the storage for +1 can the same as for Of course the total ork space is ). On the other hand, the time cost of DS2 is appro ximatel since oth step and step requires roughly arithmetic op erations. Consider no the parallel implem en tation of factorization (2). Recall that com- mon feature of fast parallel algorithms for matrix in ersion is the need of high matrix ers, whose computation dominates the erall parallel cost. By using form ul (4) can tak adv an tage of the kno wledge of the form of and Ev en if the ex- plicit computation of and still requires ering, the matrix in olv e are only of order Th us an (( log )( log )) time ounded PRAM algorithm seems within reac h. The algorithm DP do es in fact ac hiev suc erformance. Algorithm DP 10 sho wn that the Sherman-Morrison-W dbury form ula applied to splitting of the yp can impl em e ted um eri cally stable algorithm, pro vided that and are ell- conditioned. The analysis to erformed here starts assuming (the original band eplitz matrix) to ell-conditioned, and giv es conditions for eing ell -conditioned. ollo wi ng Yip, one can then easily see that under these conditions our factorizations lead to stable algorithms. rom the fact that it follo ws that (1 Moreo er, can written as where the expression for the matrix can deriv ed from section 3.1, so that (1 kk ha then cond cond )(1 )(1 kk whic can easily ev aluated only in terms of the matrices and In this section restrict ourselv es to the ev aluation of the erformance of factor- ization (2). Similar results could deriv ed for the incomplete factorization as ell. presen oth sequen tial and parallel algorithms for the computation of means of (4). In 22 Yip analyzes one sequen tial implem e tation of (4) that is suitable for the general case, i.e. when is generic rank matrix the cost of his metho is ). By exploiting the blo eplitz structure of and our �rst sequen tial implem e tation (algorithm DS1) attains erformance of arithmetic op erations and storage. Alternativ e ly (in algorithm DS2) can reduce the storage usage to at the price of wice as uc time. In oth cases the hidden constan ts are small. In parallel computation setting can tak further adv an tage of the kno wledge of and presen an asymptotically fast algorithm for solving whic is either in or dep ending on whether is constan alue or gro ws with the size of the problem, and is �eld with haracteristic zero. Let us �rst consider the sequen ti al algorithms. It can easily eri�ed that the algorithm DS1 pro duce, in absence of roundo errors, the exact solution of the original system (Note: if step has substeps, then the latter are implem en tation of the former.) where The -th ector comp onen of is then Ev en in this case ha found an explicit expression of the solution of the original system in terms of and consider here also another in tere sting factorization. lo ok for matrix of the form where and are matrices, and suc that its en tri es are computed in order to minim i ze the rob enius norm of the matrix i.e. seek matrix for whic attains its minim um The inc omplete factori ation of the blo tridiagonal eplit matrix is ossible sinc the functional has minimum. will deal with the problem of actually �nding minim um for the ab describ ed functional in section 6. Let no consider the problem of solving using direct metho d. Let the incomple te factorization. get )] pro vided that no eigen al ue of is equal to 1. Note that this situation is not lik ely to ccur ecause of the hoice of me al ma la In this section, brie lo ok at um eric al stabilit issues. restrict ourselv es to analyze the application of the Sherman- Morrison-W dbury form ul to (2), i.e. to the splitting Analogous results can obtained for the Cholesky incomplete factorization. follo the approac presen ted in 22 Yip. He has emm et an nonne gative de nite symmetric matrix ith normal Schur de omp osition Then the matrix satis es if and only if it holds her is an ortho gonal matrix. em et the matrix The factori ation exists if and only if 1. is symmetric and nonne gative de nite, 2. 3. is symmetric and nonne gative de nite, and the uation (9) has solution. In ar ticular, if is solution of then it holds Prop erties 1, 2, and follo imm e diately from the constrain ts (8). Then, Lemm 2, the equation )( ecomes from whic obtain (9). In section will study the equation (9) in its more general form, Assuming that solution of (9) has een found, use the Sherman-Morrison- dbury up dating form ula to obtain an explicit represen tation of Rep eating the same metho used for the factorization, obtain the follo wing analogous result (10) The -th blo eleme of the matrix can then written as 1) +1 (11) where and Using (11) in to (10) leads to the follo wing expression of the blo eleme of the matrix The -th blo eleme of the matrix can then written as 1) +1 (5) where and if otherwise Using (5) in to (4) leads to the follo wing expression of the blo eleme of the matrix with The -th ector comp onen of is then (6) orm ula (6) is an explicit expression of the solution of the original system in terms of and In section will mak use of (4), (5) and (6) to form ulate oth sequen tial and parallel algorithms for the solution of mple The approac of section 3.1 could also applied to an incomplete Cholesky factor- ization. lo ok for the matrices suc that: (7) where are matrices, and This holds if and only if the follo wing constrain ts are satis�ed: )( (8) rom the follo wing Lemma and Theorem 3, it descends that also the existence of the incomplete factorization is related to the existence of solution of particular matrix equation. In turn, this means that the quadratic matrix equation AX (3) ust ha solution. The follo wing Theorem holds. em The factori ation exists if and only if the matrix uation AX has solution. will deal with the question of the existence of the LU incomplete factorization of nonsymme tric eplitz matrices in section 6, where will giv su�cien condi- tions for the existence of solv en for (3), and in section 7, where will presen exp erime tal results, whic mak it eviden that the incomplet factorization (2) exists in man cases not co e red the theory Let assume that solution to (3) has een found and consider the incomple te factorization If the matrix is nonsingular, then the Sherman-Morrison-W dbury up dating form ul 15 16 22 obtain an explicit represen tation of namely (4) The fact that the matrix has lo rank (i.e. rank ), and that and are still blo eplitz will allo us to obtain go erformance algorithms for the solution of the use of (4). It is easy to see that, since then it holds 1) where Similarly ha 1) log denotes the logarithm to the base of 0. denotes the sp ectral radius of the matrix denotes the rob enius norm of the matrix i.e. nc ns Let an blo tridiagonal eplitz matrix, i.e. (1) where and are matrices (i.e. is and ). If and is symme tric then is symme tric, and if then is blo symm etric Note also that banded eplitz matrix of order and bandwidth can view ed as blo tridiagonal eplitz matrix. Our goal is to dev el op e�cien algorithms based on yp es of factorization, namely 1. (Incomple te factorization) 2. (Incomple te factorization) where is blo lo e (upp er) bidiagonal eplitz matrix. mple lo ok for matrices and suc that (2) where and are matrices, and This holds if and only if the follo wing constrain ts are satis�ed: or the case of parallel algorithms, mak use of the parallel random access mac hine (from no on simply called PRAM) 13 ], with an extended instruction set including the arithmetic op erations and tests er ground �eld The usual cost measures for PRAMs are parallel time and the maxim um um er of pro cessors op er- ating in parallel. The notation will used to denote an time ounded PRAM with pro cessors. Giv en �eld one imp ortan class of um eric al and algebraic problems er is the class (see e.g. 14 ]). Problems in can solv ed PRAMs with oly- nomially (i.e. man pro cessors running in olylogarithmic (i.e. log )) time with resp ect to the size of the problem. Also, for an giv en 1, the sub class of is de�ned as the set of problems solv able in time log PRAMs with olynomial um er of pro cessors. remark that the classes are mainly to ol used computational complexit theorists to classify fast parallel algorithms. In other ords, algorithms are not alw ys in ten te to of practical in tere st. Our goal is here to sho that, using our incomple te factorization metho d, ery fast parallel algorithms can obtained for blo eplitz nonsymmetri problems, th us extending previous results whic apply to the symm etri case. assess the cost of the parallel algorithms of Section 3, use the follo wing kno wn results. 1. If and are -v ectors, then the inner pro duct is in for it can computed the naiv fan-in algorithm in log ). The um er of pro cessors can reduced of factor log in the follo wing First, partition the ectors in log ectors, and log of log eleme ts eac h. Then compute sim ultaneously in log log the log scalar pro ducts using the sequen tial algorithm. Finally using the fan-in algorithm, add the log partial results in (2 log log log )). 2. Matrix ec tor pro ducts can computed in log log ), as conse- quence of the latter result, th us pro ving that this problem is in 3. The matrix pro duct is for it can computed in log log ), where 3. Suc result, with log 7, as �rst due to Chandra and then impro ed sev eral authors. (The curren alue of is appro ximatel 2.38.) 4. Finally the in ersi on of an matrix with elem en ts in �eld of haracter- istic zero is in for it can carried in log (7 2) log result of Preparata and Sarw ate 21 ], who in turn impro ed the fundamen tal ork of Csanky (3 2) log )) 10 ]. Throughout the pap er, will view banded matrices of size as blo tridiago- nal ones, as is done in for generic banded matrices, and use the follo wing notations and or de�nitions. in an incomplete Cholesky factorization of ositiv de�nite band eplitz matrices. generalize Grcar and Sameh’s incomplete factorization, and in tro duce incomple te factorization metho ds also for nonsymmetri banded eplitz matrice s. describ strategies whic allo to compute oth an and incomplete factorizations. or the sak of brevit sho ho to compute the and the factorizations using one metho d, and then ho to compute the factorization using the other metho d, ev e if oth metho ds could used to deriv oth factorizations. Our approac allo ws to erc om some dra wbac ks of oth sup erfast metho ds, whic are not suitable for parallel imple m en tation, and parallel band solv ers, whic can only applied to systems enjo ying sp ecial prop erties (e.g. ositiv de�niteness). On the other hand, the algorithms based on our incomple te factorizations ha go erformances oth in sequen tial and in parallel, and can applied to solv general banded eplitz systems. Related ork in the �eld can found in ], where circulan matrices are used as preconditioners of eplitz ones to accelerate conjugate gradien metho ds. The rest of this pap er is organized as follo ws. In the next section, giv some prelim inary results of parallel complex it analysis and in tro duce the main nota- tions used in the pap er the incomplete factorization metho ds are describ ed in section more precisely section 3.1 con tains the description of an factorization, and sec- tion 3.2 of factorizations. In section presen the algorithms deriv ed the factorization metho ds and analyze their demand on computational resources in section study some iterativ metho ds obtained viewing the factorizations as splittings in section the existence of the incomple te factorizations is tak en in to accoun t. �nd necessary condition and su�cien condition for the existence of the incomplete factorization, and su�cien condition for the existence of the incomple te factorization. Section deals with the application of incomple te factorizations to the matrices obtained from the discrete appro xim ation of oisson and biharmonic problems and presen ts some exp erimen tal results on the existence of the incomple te factorization. Finally rep ort in the app endix some um eri cal examples. re es ns In this section brie describ the mo dels of computation used for cost analysis. then recall some kno wn results concerning the arithmetic parallel complexit of basic linear algebra op erations (to used in Section 4), and �nally in tro duce notations adopted throughout the rest of the pap er. measure the cost of running sequen ti al algorithm, op erating er �eld coun ting the total um er of arithmeti op erations er and the um er of mem ory cells used as the orkspace. This is often referred to as the straigh t-line programs mo del. Sev eral authors ha considered incomplete factorization metho ds for either solving or preconditioning linear systems (see for example ]). As it is ell kno wn, the in terest in incomple te factorization tec hniques arises ecause direct metho ds (as ell as the corresp onding factorizations) applied to the solution of sparse or structured linear systems are lik el to destro the sparsit or the structure, resp ectiv el The case of sparse matrices has een in esti gated more in tensi e ly and Cholesky incomple te factorization has een suggested as ma jor tec hnique to oid (at least partially) the �ll-in caused those metho ds. Let us recall, in more detail, some basic ideas esides the notion of incomple te factorization. If one an ts to compute factorization, sa of matrix and if has some prop erties, lik sparsit it generally happ ens that its factors and lo ose all or some of these prop erties. In fact, for example sparse matrix do es not ha e in general, sparse factors. or these reasons, it has een suggested to consider, for matrix with some prop erties, factorization suc that the factors ha the same prop erties of ii the matrix is smal with resp ect to giv en measure (e.g. norm, rank). Th us ha decomp osition of the yp from whic the term incomplete factorization comes out. In this pap er, in e stigate sp ecial case of structured linear systems, namely that of banded, and or blo tridiagonal, eplitz linear systems. Banded eplitz linear systems of bandwidth uc less than the order of the co e�cien matrix arise in man problems of mathematic al ph ysics and statistics, suc as least squares appro xi- mations olynomials, stationary time series, and problems in olv ing con olutions. Giv en blo tridiagonal eplitz matrix presen an incomple te fac- torization, where and are lo er and upp er blo bidiagonal eplitz matrices, resp ectiv e ly and incomplete factorizations, where is lo er blo bidiago- nal eplitz matrix. Both metho ds preserv the eplitz structure of the factors, and this allo ws to dev elop go erformance algorithms for the solution of linear systems asso ciated with Indeed, preserving the eplitz structure will allo us to use ast ourier ransform (FFT) algorithms to erform matrix-v ec tor ulti plic ation. The existence of these incomplete factorizations is related to the existence of solv en of certain matrix equations. In this pap er, in e stigate ab out the existence of solv en of these equations. giv some conditions that assure the existence of solv en and sho ossible form of it. Sev eral e�cien sequen tial and parallel algorithms for the solution of eplitz linear systems ha een dev elop ed er the last decades (see 16 17 18 23 ]). In particular, sev eral sup erfast (sequen ti al) metho ds for the solution of dense eplitz systems ha een dev el op ed, whic erform log arithmetic op erations (see for an e rvie and for e�cien imple m en tations). On the side of parallelism, Grcar and Sameh 16 ha presen ted three parallel algorithms for the solution of ositiv de�nite banded eplitz linear systems (see also 12 ]). One of their algorithms results C. Bernini B. Co denotti M. Leoncini G. Resta TR-91-07 Ma 1992 Let blo tridiagonal eplitz matrix. in tro duce incomple te factor- izations of namely and where is blo lo er (upp er) bidiagonal eplitz matrix. �rst address the question of the existence of the prop osed factorizations, whic is related to the existence of solutions to suitable matrix equations of size dep enden on the bandwidth of and then analyze the e�ciency of the factorizations. also rep ort on um er of computational exp er- imen ts whic sho that the quadratic matrix equations in olv ed do ha solv en in man cases not co ere the theory �nally consider applications of these tec hniq ues to the solution of linear systems arising from the discrete appro ximati on of the oisson and biharmonic equations.