Bibli o graph [BBKTW] Ben-Da vid, S., Boro din, A., Karp, R., T� ardos, G. ,Wigderson, A. ,‘On The er of On-line Algorithms’, Pr c 22nd nn ual CM Symp osium on the The ory of Comput- ing 1990, pp.379-388. app ear in lgorithmic [BM] Ben tley J. L., McGeo h, C. C., ‘Amortized Analyses of self-organizing sequen tial searc heuristics’, Communic ations of the CM 28(4):404-41 1, April 1985. [CL] Chrobak, M., Larmore, L., Personal Communic ation 1990. [IR WY] Irani, S., Reingold, N.,W estbro ok, J., oung, N., Personal Communic ation 1990. [KR] Karp, R. Ragha an, ., Personal Communic ation 1990. [R W] Reingold,N., estbro ok, J., ‘Optim um O�-line Algorithms fo The List Up date Prob- lem’, chnic al ep ort ALEU/DCS/TR-805, August 1990. [R W2] Reingold, N., estbro ok, J., ‘Randomized Algorithms for the List Up date Problem’, chnic al ep ort ALEU/DCS/TR-804, June 1990. [ST] Sleator, D. D., arjan, R. E., ‘Amortized E�ciency of List Up date and aging Rules’, Communic ations of the CM 28:202-208, ebruary 1985. ecause ij ij decreases as increases for 3. The pro of for case then follo ws from the inductiv yp othesis and the transition probabilities. Case 2: 2. If 16, then =2 ij 31 16 and 16 It is su�cien to pro that ij ij 31 16 ecause ij for 4. It is also su�cien to pro that ij ij 16 ecause ij ij decreases as increases for 3. The pro of for case then follo ws from the inductiv yp othesis and the transition probabilities. The stronger ound of (31 1) 16( 1) on the comp etitiv ratio of LI can obtained using the cost function used in the pro of of Theorem 2. Note that SPLIT’s comp etitiv ratio is at least 1.75 for the cost function. On list consisting of elemen ts and the sequence that rep eats the subsequence i; will force SPLIT to ha an exp ected cost arbitrarily close to 75 er rep etition. The cost of SPLIT will dep end on the um er of requests to item in et een eac request to item SPLIT’s cost con erges to 75 as the um er of requests to item increases. An optimal algorithm will only incur cost of er request to 0.4. Conclusion The main op en question here is to determine the est ossible comp etitiv ratio for ran- domized on-line algorithm for the list up date problem. Theorem settles this question for the deterministic case. It is still unkno wn whether the est ound can ac hiev ed dividin the analysis in to pairs; do giv to uc in allo wing the adv ersary to service ev ery pair of items optimally? Presumably if this is the case, then it will imp ortan to etter understand the optimal o�-line algorithm. Another question is to examine ariations of this mo del that allo items other than the requested item to mo ed for free. In link ed list, an item that precedes the requested item in the list could mo ed in constan time. Ho ould the results hange under this new mo del? The question of lo ok ahead is also in teresting for the list up date problem. Ho do es the erformance of an on-line algorithm impro if it is allo ed to see some um er of requests in adv ance? pro something sligh tly stronger. Let ij an input sequence for list con taining only and ij is obtained as follo ws: If the th request in is to an item other than or then no request is made at time If the th request in is to or then that item is requested at time pro that (31 16) ij =1 [( ij )) ij ))] In other ords, allo the optimal algorithm to service requests to ev ery pair of items in separate list of items, ev en if the optimal algorithm on eac pair do es not merge to form consisten algorithm on elemen ts. or example, the adv ersary can ho ose to ha ahead of and ahead of but ahead of Since compare the cost of LI cost to the cost of the stronger adv ersary do not ha to accoun for paid exc hanges. The optimal algorithm when op erating on list of length will nev er use paid exc hanges. divide the sequence in to in terv als, suc that new in terv al starts ev ery time incurs cost of one on ij Recall that since are using the cost function in this analysis, the cost of accessing the �rst item is and the cost of accessing the second item is 1. Let and the �rst request in consecutiv in terv als; that is, incurs cost at time and but do es not incur cost for an where Let the sequence of request times in the in terv al through where item or are requested. Without loss of generalit assume item is requested at time Then or Note that can assume that ev ery in terv al is longer than one request ecause the optimal algorithm on list of length will incur cost of at most one on consecutiv requests. ound the cost of SPLIT in an in terv al, main tain an inductiv yp othesis on the distribution of states at the eginning of eac in terv al. Using the inductiv yp othesis, ound the cost of SPLIT and then pro that the inductiv yp othesis still holds at the eginning of the next in terv al. The inductiv yp othesis for an in terv al dep ends on whic item is requested �rst in the in terv al. If item is the �rst request in the in terv al, then the inductiv yp othesis is 16. If item is the �rst request in the in terv al, then the inductiv yp othesis is ij ij 16. Case 1: 2. If 16, then =1 31 16 and ij ij 16 It is su�cien to pro that 31 16 ecause for 2. It is also su�cien to pro that ij ij 16 that precedes in the list. use the sym ol to indicate precedence in the list, i.e. if precedes in the list. The probabilities for the four states are denoted as follo ws: ij :spl it ij :spl it i:spl it i:spl it Let ij the probabilit that at time item precedes item in the list. Then ij ij ij ). Fix sequence ). Let if item is requested at time otherwise Then the exp ected cost of servicing the sequence is LI ) =1 i;j L;i [( ij )) ))] If 62 i; then the state of the pair i; do es not hange. If then 1) ij 1) ij )) 1) are the transition probabilities for the pair i; Let ij t; if and item app ears efore item in ’s list at time otherwise ij t; if OPT has to step er item to access at time The cost of OPT is then =1 i;j L;i ij t; t; )] Claim: or an pair i; 31 16 =1 ij t; t; )] =1 [( ij )) ij ))] Pro of of Lemm 3: Supp ose at time precedes in ’s list. This means that as the requested item, since ij 1) It also means that precedes in ’s list ecause ij 1) After time mo es efore so precedes in oth and ’s lists. An request to will cost oth algorithms 1) and will not hange the relativ osition of and in either list. An request to will cost oth algorithms 1) 0.3. The SPLIT Algorithm The follo wing is description of the randomized strategy called LI Eac item main tains oin ter that oin ts to some other item in the list. main tain the in arian that the oin ter for an item either oin ts to the item itself or to some item that precedes it in the list. Let i:spl it denote the item then item oin ts to. The algorithm orks as follo ws: Initiali zation: or to i:spl it If item is requested: With probabilit Mo item to the fron With probabilit 2: Insert item efore item i:spl it Set i.split to the �rst item in the list. Theorem 4: et any quest se quenc and OPT the optimal deterministic o�-line algo- rithm that servic es Then if OPT and SPLIT start with their lists in the same on�gur ation, LI ) (31 16) In the analysis of SPLIT use sligh tly non-standard cost function; The cost of accessing the th item in the list is instead of An upp er ound that obtain on the comp etitiv ratio of an algorithm coun ting the cost as is also an upp er ound on the comp etitiv ratio coun ting the cost as or the remainder of this section, use the cost function. examine pair of items, i; The pair can in one of four states dep ending on the relativ osition of i:spl it and :spl it in the list. Giv en starting con�guration and an input sequence, the probabilit distribution of the states for that pair is ell de�ned. If item is requested, the cost of servicing that request is the sum er all items of the probabilit sequence but ignoring requests to items other than and then their relativ osition in the list of items is exactly their relativ osition in the list of items. This idea of \factoring" the list in to lists of length as used indep end en tly in BM de�ne the follo wing cost function for eac pair of items. ij t; 1) app ears efore in ’s list and item is requested at time 1) app ears efore in ’s list and item is requested at time otherwise ij t; is de�ned similarly with resp ect to OPT’s list. ij t; 1) if has to step er item to reac request to at time =1 i;j L;i ij t; t; pro that for all and =1 ij t; t; =1 ij t; t; Th us ha reduced the problem to lists of length o. If the optimal algorithm ev er uses paid exc hange et een items and the algorithm can altered so that the cost on and remains the same and no paid exc hange is. alter the strategy as follo ws: used as follo ws: Supp ose item app ears after in the list efore the exc hange. The the optimal algorithm just aits for the next request to item and then mo es ahead of pa ying only the cost to access So no w, can assume that the optimal algorithm do es not use paid exc hanges. sa that ij t; t; and ij t; t; are the cost at time on the pair i; for and resp ectiv ely The theorem follo ws from the follo wing lemma: Lemm 3: If at time and wher the ost of on i; is 1) and the ost of on i; is 1) then ther is time such that and oth and have ost of 1) on i; at time Lemma implies that 1) 1) 1) Theorem 1: or al 1) The pro of of Theorem is in section 2. The question then remains whether randomization can help. It is imp ortan to distinguish et een the yp of adv ersary the randomized algorithm is orking against. An oblivious adv ersary ust ho ose the request sequence without kno wledge of the algorithm’s random hoices BBKTW ]. An adaptive on-line adv ersary can see the algorithm’s random hoices in hosing the request sequence, but ust also service the requests on-line BBKTW ]. sho randomized strategy LI and pro the follo wing theorem: Theorem 2: gainst an oblivious adversary, for al LI )] 31 16 The pro of for Theorem is in section 3. Both theorems are obtained examining pair of items and analyzing ho uc the on-line algorithm sp ends on that pair compared to ho uc sp ends on the pair. or the pro of of Theorem 1, the costs are distributed among the pairs suc that when sum the cost for eac pair, obtain exactly the cost of in servicing There is no hop of eating comp etitiv ratio of L= 1) against an adaptiv adv ersary ecause ecause it has een sho wn that there is lo er ound of L= 1) on the comp etitiv ratio of an algorithm against an adaptiv on-line adv ersary [R W2]. There is lo er ound of for an algorithm against an oblivious adv ersary [KR]. This is ac hiev ed on list of length o, where the adv ersary feeds the algorithm random sequence of requests of 1’s and 2’s. The cost of an on-line algorithm is then er request. The analysis for the o�-line algorithm in olv es Mark hain whose states consist of the con�guration of the list and some um er of requests in to the future. The transitions are then dictated the next request in the sequence. This tec hnique has also een used Reingold and estbro ok and indep end en tly Chrobak and Larmore on lists of length three to obtain lo er ound of ab out 1.27 [CL], [R W2]. The di�cult in extending this tec hnique to longer lists is that there is no kno wn simple rule for the optimal o�-line algorithm. Subsequen to the ork presen ted here, Reingold and estbro ok ha devised randomized on-line algorithm that ac hiev es 75 [R W2]. The tec hnique of analyzing pairs of items as also applied to the memoryless algorithm that mo es the requested item to the fron of the list with probabilit to yield comp etitiv ratio of log =L for lists of length [IR WY]. Although this ound approac hes as the size of the list gro ws, it is signi�can ecause it is memoryless algorithm that eats the lo er ound against adaptiv on-line adv ersaries for list of �xed length. 0.2. ron Pro of of Theorem 1: Fix sequence ). examine the relativ osition of items, and in the list. Their relativ osition hanges only on request to or Notice that if ere to run on list with just the items and using as request 0.1. In tro uction In this pap er, examine the problem of up dating list of items so that requests to access items can erformed e�cien tly The problem is form ulated as follo ws: are giv en list of items. receiv as input sequence of requests. Eac request is the name of an item. The cost of servicing request is one plus the um er of items that precede it in the list. After an item is accessed, it can mo ed an ywhere closer to the fron of the list at no extra cost. The idea is to mo del link ed list storing unordered data, where in order to access an item, one has to egin at the fron and searc linearly through the list un til the item is found. In searc hing for the item, one can main tain oin ter to the place where the item is to placed once found. Then the item can mo ed to the new sp ot in constan time. also allo aid exchanges where an item ma also mo ed an ywhere in the list, but the cost of mo ving the item is the distance it is mo ed. An algorithm is on-line if it decides where to place eac requested item without kno wledge of future requests. An algorithm is o�-line if it can see the en tire request sequence efore servicing the requests. The est kno wn optimal o�-line algorithm uses !) steps where is the um er of items and is the um er of requests ]. call the optimal o�-line algorithm are in terested in ev aluating the orst case er all request sequences, of the ratio of the algorithm’s cost on to ’s cost on ormally let the cost of algorithm on and the cost of on sa that is -comp etitiv if there exists suc that for all Notice that the constan can dep end on the um er of items but not on the request sequence. is an upp er ound on the omp etitive atio for algorithm The comp etitiv ratio as �rst in tro duced Sleator and arjan in analyzing on-line algorithms for the list up date problem ST ]. Sleator and arjan giv deterministic algorithm, (Mo e-to -F ron t) whic simply mo es eac requested item to the fron of the list after it is requested. Let the cost of on request sequence They sho that for all More precisely the analysis in [ST] sho ws that (2 1) =L on list of length Since then, it has een sho wn [KR] that for an deterministic algorithm for the list up date problem on list of length there exists suc that 1) see this fact, supp ose the adv ersary at eac step requests the last item in ’s list. Th us is harged er request. service the sequence the adv ersary orders the list according to decreasing frequency accessed. Ordering the list costs some �xed amoun dep ending only on Once the list is ordered, the list remains static. The adv ersary then incurs cost of at most 1) er request on era ge. The lo er ound indicates that ac hiev es the asymptotically est comp etitiv ratio. sho that in fact, ac hiev es the est ossible ratio for ev ery list length es lts ist te ro le Sandy Irani omputer Science ivision er el ey er e ley alifornia une rac In is pap er iv randomized on-line al orit for list up date pro lem. Sleator and ar an determi nistic al orit m, e -to- ron t, at ac iev es comp etitiv ratio of for lists of len arp an an at no deterministi al orit can eat at e-to- ron in fact ac iev es an optimal comp etitiv ratio of randomized al orit at ac iev es comp etitiv ratio of ainst an livious adv ersary is is rst randomized strate ose comp etitiv factor eats constan less an 2.