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Abstract

In previous work [1] we showed that the dynamics of human blood
clotting could be fruitfully modeled and simulated as a hybrid system
(HS), i.e. one with interacting continuous and discrete parts. Here we
show that, although a complete analysis of the hybrid system is (com-
putationally) infeasible, analysis and control techniques can indeed be
applied to a large, critical subsystem (corresponding more or less to the
model of [2]), a set of about 80 ordinary differential equations. We out-
line the theory behind the control techniques and then demonstrate in
a series of simulations their application to control of pathological blood
clotting, both hypercoagulatory (Factor-V Leiden) and hypocoagulatory
(hæmophilia A). In particular, we simulate steering during a clotting event
of the crucial blood-protein thrombin, via controlled injection of recombi-
nant factor VIII (for hæmophilia) or the anti-coagulant heparin (for FV
Leiden). It remains to remedy the shortcomings of this control technique,
and to extend it to the remainder of the hybrid system of [1]; methods for
these are proposed, and addressed in a subsequent paper.

1 Author Summary

Human blood clotting is a complicated and not fully understood biological pro-
cess, which both makes it interesting to researchers and renders treatment of
its disorders difficult. Indeed, current treatments make no attempt to manipu-
late coagulation in real time; rather, periodic (on the order of one day to one
week) measurements and interventions are made with the aim of keeping certain
known risk factors within safe ranges. This limitation is a consequence of two
facts: first, the state of current sensor technology, which precludes real-time
measurements of blood proteins (and hence real-time feedback control); and
second, the lack of theoretical techniques for such control. This paper address
the second of these limitations by applying techniques from computer science
and from mathematical control theory and demonstrating their validity—and
limitations—both mathematically and in a series of simulations. By providing
part of the solution to the theoretical problem of controlling blood clotting,
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we expect to provide an impetus for the development of the relevant sensor
technologies.

2 Introduction

Previously [1], we proposed a hybrid-system approach to human blood clotting,
constructed a model in that spirit, and performed a series of simulations of
the coagulation cascade in normal and pathological cases. Hybrid systems are
heterogenous in virtue of containing both continuous and discrete parts (time
or state space). The rationale behind the approach was that blood clotting, like
other complicated biological processes, necessarily involves both continous-time,
continuous-state dynamics—as in the ordinary differential equations (ODEs)
arising from the the chemical equations of protein kinetics—as well as discrete
events (like thresholds) and discrete states (e.g. presence/absence of calcium).
In particular, inclusion of discrete elements allows us to capture qualitative
information, and consequently to model the entire blood-clotting process. We
stress that the complete clotting cascade cannot be rendered as a set of ODEs,
and that such models as do exist—e.g. [3], [4], [2], [5], [6], [7], [8], and [9]—treat
only a subset of the coagulation cascade.

The simulations demonstrated the utility of the model for certain purposes
(prediction, theoretical investigation, sensitivity analysis), but ultimately we
should like to use it as a basis for the real-time control of blood-clotting. Now,
the standard technique for control of hybrid systems is numerical solution of a
set of partial differential equations—the Hamilton-Jacobi equations—which for
systems of dimension greater than about five is computationally infeasible (a
consequence of the curse of dimensionality) [10]. Unfortunately, our system has
upwards of 100 state variables, so this technique is patently unworkable.

The approach taken here is to consider only a subsystem of the model, a set
of nonlinear ODEs which were originally drawn largely from [2]. In fact (though
we do not show it here), the model can be decomposed into this (purely continu-
ous) subsystem and two hybrid systems, the three interacting only through two
state variables. In a subsequent paper we will show how this decomposition can
be exploited, along with control of the ODEs, to control clot formation in the
complete model; in the present study we content ourselves with deriving and
simulating the control techniques for the system of ODEs alone. Specifically,
the control task is to steer the concentration of thrombin (activated blood fac-
tor II) along a desired trajectory during a clotting event, by controlled rate of
injection of an exogenous pharmaceutical (e.g. heparin). We demonstrate two
different techniques to effect this control: the first, following [11], using nonlin-
ear feedback and a change of variables to partially linearize the ODEs, and then
controlling the linearized, single-input/single-output (SISO) system using stan-
dard methods; and the second based on step-input control. In the simulations,
the input is either the anti-coagulant heparin or (recombinant) factor VIII, and
the output is thrombin, the most important enzyme product of the coagulation
cascade (see below).
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We present the theory of the control techniques first, along with some
preparatory results on alternative approaches, before presenting a series of sim-
ulations. We then simulate the clotting process in a patient with the pro-
coagulatory disorder Factor-V Leiden and in a patient with moderate hæmophilia
A, and then repeat the simulation under application of the control techniques.
Finally, we discuss both the relevance of this control task to the overall task of
controlling blood clotting, as well as implementation issues, and then propose
an alternative technique to remedy some of the defects of the present approach.

3 Theory

The model to be controlled is a system of about 80 coupled, nonlinear ODEs,
of the most general form,

ẋ = f(x, u) (1)

where u is the (single) control variable (say, an anti- or pro-coagulant). The
control task is to force one of the state variables (thrombin) to track a desired
trajectory. In fact, the ODEs can be expressed, as we shall see, in a less general
form; and the approach described in this paper will be to exploit some of the
peculiarities of the system which distinguish it from the most general case.

Now, control of linear systems is comparatively easy, so a standard approach
is to design the controller around a linear approximation to the true system,
found by considering only the first term of the Taylor expansion, the Jaco-
bian ∂f

∂x (x0), near an equilibrium point x0. Unfortunately, the Jacobian in our
model is singular, so (by the Hartman-Grobman theorem) the linearization is
not guaranteed to approximate the true system.

Alternatively, the system may be exactly linearized (as opposed to merely ap-
proximated by a linear system) by choosing the appropriate nonlinear feedback
u = ψ(h(x)) and looking at the system through a change of variables ξ = Φ(x):

ξ̇ = Aξ + bv,

y = ξ1, (2)

where in fact (A, b) are in controllable canonical form, so the system is com-
pletely controllable. Here h(x) is an output function which reflects our observa-
tions of the state variables, and v is a synthetic input related to the true input
u by a known function. From this perspective we can ask whether or not, given
the dynamics in (1), there exists an output funtion rich enough to support the
linearization. The answer is particularly straightforward if, as in our case, the
ODEs are affine in the control, i.e. can be written as:

ẋ = f(x) + g(x)u, (3)

in which case necessary and sufficient conditions for the linearization can be
given in the form of conditions on the vector fields f(x) and g(x) and iterated
Lie brackets thereof. Specifically, the matrix of vector fields

[g(x), adfg(x), ..., adn−2
f g(x), adn−1

f g(x)], (4)
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often referred to as the strong-accessibility distribution, must have full rank (n)
in the region of interest; and the set of vector fields

g(x), adfg(x), ..., adn−3
f g(x), adn−2

f g(x) (5)

must be involutive∗ in the region. Here, by recursive definition,

adkfg := [f, adk−1
f g], k > 0

adkfg := g, k = 0.

If these conditions are not met and full-state linearization is not possible,
one may attempt to partially linearize the system. Here, the linearization is
carried out with respect to some given output function, which will admit the
formulation of some number q of new state variables with linear dynamics. Of
course, if full-state linearization is not possible, then q, called the relative degree
of the affine-control system, is strictly less than n, the dimension of the state
space.

Consider again the differential equations of our system as the affine-control
system of Eq. (3), where this time h(x) = y, the variable we wish to control.
Differentiating the output with respect to time yields:

ẏ =
∂h

∂x
ẋ (6)

=
∂h

∂x
f(x) +

∂h

∂x
g(x)u

= Lfh(x) + Lgh(x)u,

where Lηλ(x) := ∂λ
∂xη(x), the Lie derivative of the function λ along the vector

field given by η. Now if Lgh(x) is nonzero, then the system is said to have a
strict relative degree of one, and we can force it to track a desired trajectory yd
by choosing:

ud =
1

Lgh(x)
(ẏd − Lfh(x)), (7)

and making sure that the initial conditions match (y(0) = yd(0), ẏ(0) = ẏd(0)).
Changing variables according to ξ = Φ(x) := h(x) and defining for the nonce
ẏd =: v, a synthetic input, we see a one-dimensional linear system ξ̇ = 0 · ξ + v
and an (n− 1)-dimensional nonlinear system η̇ = λ(ξ, η). Notice that the linear
system is decoupled from the nonlinear one, in the sense that ξ̇ is not a function
of η.

If, on the other hand, Lgh(x) is zero, then we differentiate y a second time
to get:

ÿ = L2
fh(x) + LgLfh(x)u, (8)

∗A set of vector fields is involutive if the Lie bracket of any two of those vector fields is
within the span of the original set, where the Lie bracket [f, g] of two vector fields is defined

as ∂g
∂x

f − ∂f
∂x

g.
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and, if LgLfh(x) 6= 0 (i.e. the system has strict relative degree two), choose:

ud =
1

LgLfh(x)
(ÿd − L2

fh(x)), (9)

this time making sure that ÿ(0) = ÿd(0) as well. Choosing ξ = Φ(x) :=
[h(x), Lfh(x)]T again yields a linear system (this time two-dimensional) which
is decoupled from the remaining (n− 1)-dimensional nonlinear system.

In general, for a system of strict relative degree q, we choose

ud =
1

LgL
q−1
f h(x)

(y(q)
d − L

q
fh(x)), (10)

and set all the initial conditions yd(0), ẏd(0), ..., y(q)
d (0) appropriately. Note that,

if q = n, the dimension of the state space, then

Φ(x) := [h(x), Lfh(x), ..., Ln−1
f h(x)]T (11)

is a valid change of coordinates (locally diffeomorphic), which in fact puts the
system into controllable canonical form—i.e., (3) is fully linearizable by state
feedback.

4 Application to the model

4.1 Feedback Linearization

Full-state linearization as lately described faces a significant issue when applied
to the present model. Although verifying the two conditions associated with (4)
and (5) is mathematically straightforward, it is computationally intensive. Com-
puting the vector fields requires the computation of two Jacobians for every Lie
derivative, and about 80 Lie derivatives. Calculating each Jacobian itself entails
about 802 derivatives of polynomials. Even neglecting the multiplication and
addition operations, this brings the total to nearly a million computations—each
of which is a (symbolic) derivative of a polynomial, increasing the total number
of computations yet more. And most unfortunately of all, each derivative (at
least potentially) generates more variables, via the chain rule of differentiation,
so the polynomials have increasingly more terms in later vector fields.

Apart from computational difficulties, it remains to construct the output
function, h(x). No mechanical procedure for this construction exists.

In fact, we can circumvent the computational obstacles: [12] has shown that,
in the case of reaction systems like the present one, the strong-accessibility rank
is bounded from above by the rank of a matrix (the “accessibility matrix”)
which is independent of x, and is computed very simply. The existence of such
a matrix depends once again on being able to express the governing ODEs in
an even more specific form. In particular, Eq. 3 can be written

ẋ = Cr(x) + bu, (12)

5



where each element in the vector r(x) is a monomial corresponding to one of the
chemical reactions of the system (i.e one of the arrows in the chemical formulae);
and b is a constant vector, i.e. does not depend on the state. The present case is
a special case even of the one discussed in [12]; for this system, the accessibility
matrix is the augmented matrix M := [b, C], and it can easily be shown that

∀x, rk(M) ≥ rk([g(x), adfg(x), ..., adn−2
f g(x), adn−1

f g(x)]). (13)

Crucially, the rank of M is easy to compute, and we avoid crunching through
the iterated Lie derivatives of the right-hand side.

Using heparin as the single input, rk(M) < n, the dimension of the state
space, so the system is not fully linearizable by state feedback; i.e. there is no
single-variable output function h(x) that can be constructed to support such
feedback. In fact, chemical-reaction systems will almost always have fewer re-
actions (arrows) than state variables (chemicals), so C will almost always have
fewer columns than rows (i.e. n). Thus even if C has full rank, the strong-
accessibility rank will generally be less than n.

So the system is not completely controllable. However, there is reason to
believe that clotting can be controlled just by controlling the concentration of
thrombin (activated factor II): Clotting occurs downstream in the coagulation
cascade of the ODEs of this study, and interacts with them only via thrombin.
(See e.g. the hybrid-system model of [1].) Thus we attempt to partially linearize
the system of Eq. 3 with thrombin the output y = h(x). Indeed, using heparin
as the control variable and augmenting the system with the appropriate terms
from the heparin chemical reactions, the strict relative degree of the system is
two.† Alternatively, using Factor VIII as the input yields a strict relative degree
of three.

Now, in practice, small numerical discrepencies (arising e.g. from a mis-
match between the plant and the model, or from numerical approximations) are
eliminated by including in the controller a proportional and an integral term [13]
This is accomplished by replacing the y(q)

d term in Eq. 10 with the synthetic
input

v(t) = y
(q)
d (t) +Kp(yd(t)− y(t)) +

Ki

t

∫ t

0

(yd(τ)− y(τ))dτ. (14)

The gain terms, Kp and Ki, are adjusted by hand.
Finally, practical application will also require discretization of the controller.

The sampling rate of the controller affects the controllability of the system,
so under a sufficiently low rate the theory lately outlined will fail to achieve
†Lacking complete controllability, is there something the system has gained? I.e., is there

a trade-off in the area? An affirmative answer can be given if one considers the computational
complexity: In order to compute the feedback law, we need only calculate (two) twice-iterated
Lie brackets; whereas if the system were completely controllable, the two vector fields would
require the calculation of n-iterated Lie brackets. In a system as complicated as ours, this
would be a serious problem, even given a simple output function. Additionally, we need only
specify two, rather than n, initial conditions. This question is even more relevant when an
output function which will provide strict relative degree n is available.
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exact output tracking. We demonstrate a working discrete controller in the
simulations below.

4.2 Step-Input Control

A much simpler control technique was also applied; the rationale for it is dis-
cussed below. This strategy is predicated on the assumption that a single step
input might suffice to force the system to track the desired thrombin trajectory
“reasonably well.” More precisely, the assumption is that the step input that
matches both the desired peak concentration of thrombin and the occurrence of
this peak will result in a thrombin trajectory that deviates very little over its
entirety from its desired counterpart. Therefore this technique was implemented
by performing a parameter search over repeated trials for that step input which
would minimize the peak-concentration and peak-time discrepencies. Thus the
input u was modified on successive trials by modification according to:

u = u+α(max
t
{y(t)}−max

t
{yd(t)}) +β(argmax

t
{y(t)}− argmax

t
{yd(t)}), (15)

where α and β—positive for anti-coagulant inputs and negative for pro-coagulants—
adjust the relative contribution of each term, and were adjusted by hand.

5 Methods

The ODEs for the non-intervention case are derived from the chemical equations
in [2], from which also the rate constants have been taken. They are reproduced
here in Table 1. The blood factors are referred to by their Roman-numeral
designations, a lowercase “a” denoting the activated form. Other abbreviations
inlude: mIIa for meizothrombin, LBS for the concentration of lipid binding
sites, PS for protein S, PC for protein C, APC for its activated form, TFPI for
tissue-factor-pathway inhibitor, Tm for thrombomodulin, AT for antithrombin,
and TF for tissue factor. A subscripted “i” indicates the inactivated form of an
enzyme.

The form of the heparin equations comes from [14] and appear in Table
2. The abbreviated proteins are heparin, thrombin (activated factor II), and
antithrombin; (IIa-AT) is a stable complex which can no longer dissociate into
inhibitor and protease.

Such are the forms of the heparin reactions; however, to these authors’ knowl-
edge, the exact values of the rate constants under physiological conditions have
never been determined. The following expedient was therefore adopted: on and
off rates were set to intermediate values within the biologically normal ranges for
enzyme-substrate reactions (see for example Table 4.4 in [15], but also [2]): kon

rates were set at 0.1 s−1 nM−1 and koff rates at 10 s−1. This approximation does
not vitiate the theoretical apparatus, but it does have numerical consequences
which will be considered in the discussion below. Heparin is also thought to fa-
cilitate the inactivation of Factor Xa, but for simplicity these interactions have
been neglected.
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Table 3 lists all the non-zero initial concentrations. The concentration of
lipid binding sites and the intial activating amount of tissue factor were chosen
to match [16], as in [2]. All other concentrations are normal physiological values.

All simulations were performed in Matlab using the stiff ODE solver ode15s.
Computation of the strict relative degree of the system were also performed in
Matlab, using the symbolic toolbox.

6 Results

We first simulate coagulation in a patient with the hypercoagulatory disorder
Factor-V Leiden, with and without intervention by the anti-coagulant heparin,
as well as normal (nonpathological) clotting. Initiation of the clotting event is
assumed to take place via the intrinsic pathway and is therefore modeled by
initializing tissue factor at a concentration of 5 pM (following [2]).

Factor-V Leiden renders the blood protein factor Va (a pro-coagulant) re-
sistant to inactivation by the activated-protein-C/protein-S complex. It was
modeled simply by eliminating this chemical reaction (thus removing the corre-
sponding monomials from the differential equations).

Figure 1 shows the thrombin profile during normal clotting (dark blue),
clotting in a “patient” with Factor-V Leiden (light blue), and that clotting in
the same patient but with the feedback-linearizing controller (green). Exact
output tracking has been achieved; however, several defects are immediately
obvious. First, the controller operates continuously (i.e. updating as often as
the numerical simulation of the ODEs does), whereas any practical controller
must be digital. Second, the controller is required to make a large excursion
about 215 seconds into the simulation, a consequence of the nonlinearities in
the control law (i.e. the Lie derivatives in Eq. 10. The magnitude of the
excursion impugns the accuracy of the numerical simulation of the ODEs in
that region. Third, the rate of heparin input should be limited; certainly, it
cannot be negative, since this implies withdrawal of heparin from the site of the
injury.

We address the final defect first. Note, however, that the theory outlined
above does not guarantee the success of any these remedies. As lately noted,
the input cannot be a negative number, nor can it be much higher than a single-
digit nanomolarity.‡ We impose an upper bound of 2 nM/s and a lower bound
of zero by “squashing” inputs outside this range, i.e. setting any u calcuted
from Eq. 10 which exceeds one of these bounds to the value of the bound. The
result appears in Fig. 2.

The controller gains were optimized to yield the best match to the desired
trajectory, but clearly näıvely constraining the outputs significantly degrades
the tracking. The results for the digital controller were similar: Discretizing at
a 2 Hz sampling rate gives the best achievable tracking, but this is still defective
(Fig. 3).

‡Continuous intravenous infusions over a 24-hour period total between 20,000 and 40,000
IU (International units), which comes to about 10.29 pM/s.
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Figure 1: Simulated control of thrombin concentration during a clotting event
in a patient with Factor-V Leiden. The controller gains were set to 0.005 (Kp)
and 0 (Ki) and the controller updates continuously

Whether the controlled trajectories of Figures 2 and 3 present a hypocoagu-
latory risk is something of an open question: Rapid product formation “down-
stream” in the cascade—i.e. the formation of fibrin from fibrinogen and acti-
vation of Factor XIII—requires concentrations of thrombin less than 2 nM [17],
so the low peak may not critically affect clotting. (Nevertheless, it may, and so
we propose a more sophisticated approach in section 8 below.)

How well can we do with our simple, step controller? Better, in fact, than
with the previous technique. Choosing α = 5 × 10−4 and β = 5 × 10−5 in Eq.
15, the input will settle on u = 9.5 pM/s, at which rate the peak concentration
and its occurrence can be very nearly matched (Fig. 4).

Finally, we consider moderate hæmophilia A, at which native levels of the
zymogen Factor VIII are about 2.5% of normal levels. Applying the step-input
technique (but using α = 1× 10−4 and β = 1× 10−5) again yields remarkably
faithful tracking, as seen in Fig. 5, this time with an input of Factor VIII at 6.7
pM/s.
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Figure 2: Simulated control of thrombin concentration during a clotting event
in a patient with Factor-V Leiden, again continuously sampling. The controller
gains were set to 0.1 (Kp) and 0 (Ki) and the input was constrained in the
range between 0 and 2 nM/s.

7 Discussion

We have shown via an algebraic criterion that our system of ODEs is not full-
state linearizable. As a matter of fact, we can say more. It follows from the
method of transforming chemical equations into ODEs that every reversible
reaction will introduce two identical columns into C [12]. Thus, while the rank
of C is obviously upper-bounded by the number of unidirectional reactions (i.e.
the number of arrows in all our chemical equations) since this is the number of
columns in C, it is also upper-bounded by the (generally smaller) number of uni-
or bidirectional reactions (i.e. counting each pair of arrows as just one reaction;
henceforth simply called “reactions”). If this number falls short of the dimension
of the state space, then full-state linearization requires the deficit to be covered
by the control vector fields—which, in the case of a single-input, can provide
additional rank of at most one. And indeed, the number of reactions in our

10



0 50 100 150 200 250 300
−10

0

10

20

30

40

50
Constrained Discrete Control

time (s)

co
nc

en
tra

tio
n (

nM
), 

co
nc

en
tra

tio
n r

ate
 (n

M/
s)

 

 
[Hep] rate
[IIa] Desired
[IIa] Diseased
[IIa] Controlled

Figure 3: Simulated control of thrombin concentration during a clotting event
in a patient with Factor-V Leiden, this time using a discrete controller sampling
every 0.5 s. The controller gains were set to 0.1 (Kp) and 0 (Ki) and the input
was constrained in the range between 0 and 2 nM/s.

system falls well short of n. So in chemical systems of mass-action kinetics with
no outflow, a single output, and a single input, a necessary (though insufficient)
condition for full-state linearization is that there be at least as many reactions
as state variables.

Again considering the present system, we find that without the heparin re-
actions there are 66 reactions and 73 state variables. Now, we are obviously
interested in pharmaceutical interventions in addition to heparin (a whole host
of pro-coagulants, for instance). But it can now be claimed that in order to
even stand a chance of fully linearizing the system with one of these interven-
tions as the (sole) input, the drug must interact with the system via at least
six more reactions than the number of variables that these reactions introduce.
(Recall that each reaction will generally introduce more state variables, either
as compounds of other chemicals or as “activated,” and hence new, factors.)

Finally on the topic of full state linearization, and interestingly, it can be
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Figure 4: Control of thrombin concentration in a patient with FV Leiden by a
single step input at time t = 0. The input is 9.5 pM/s.

shown that outflow of the blood factors—in particular, heterogeneous outflow—
can increase the rank of the accessibility matrix, and hence of the strong-
accessibility distribution [12]. For simplicity, the model as it stands neglects
outflow, but in fact in vivo coagulation will perforce have some flow (both in
and out) of clotting factors, and if it be not negligible over the time scale of
interest, may provide for greater controllability of the system.

But how precise does our control need to be, after all? The answer is not
known, but there is some suggestion that the required amount of thrombin for
clotting is much less than the actual peak concentration: Brummel et al. have
demonstrated in an in vitro study that less than 2 nM of thrombin is required for
rapid product formation downstream in the cascade [17]. Certainly this suggests
that step inputs suffice to steer hæmophilia-A and Factor-V-Leiden patients
through safe clotting, given the qualitative matches of Figs. 4 and 5. In case
these matches are not sufficient, however, we propose in the following section
a model-predictive approach to remedy the defects of the feedback-linearizing
controller.
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Figure 5: Control of thrombin concentration in a hæmophiliac using a single
step input at time t = 0. The input is 6.7 pM/s.

However, the step controllers have another enormous advantage over the
feedback-linearizing control: they require no sampling, only initiation at the
inception of a clotting event. There is not currently a method for measuring
blood-protein concentrations in real time—certainly not at the required 2 Hz
sampling rate. We interpret our results on feedback linearization, then, as
showing that if indeed a greater degree of accuracy is required for thrombin
tracking, then it would be fruitful to devise the appropriate sensors for real-
time sampling, since they would make possible this suitable technique. Now,
näıvely constraining the input vitiates the accuracy of this technique (Figs. 2
and 3), hence the need for the model-predictive controller.

Two more model assumptions require elaboration. First, both controllers
show sensitivity to the choice of rate constants; recall that the unknown heparin
on and off rates were chosen in a reasonable physiological range (§5). Specif-
ically, increasing the disparity between on and off rates makes control more
difficult, even in the case of continuous control and no constraints on the in-
put. This suggests that the difficulty is numerical rather than theoretical. In
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particular, if the off rates are three or more orders of magnitude greater than
the on rates, then the unconstrained continuous controller is required to make
greater excusions like the one seen in Fig. 1, jeopardizing the numerical sta-
bility of the ODE solver. And of course, these excursions would be prevented
by any serious input constraints, so in a realistic scenario this controller might
be unsuitable. Similarly, the step-input controller under such on and off rates
can succeed in matching the thrombin peak only by greatly distorting the sub-
sequent thrombin trajectory (not shown), so its usefulness in treating Factor-V
Leiden is limited, too, by the actual values of the rate constants. Inasamuch as
the rate constants for the non-heparin reactions are fairly well established [2],
however, the step controller’s utility in treating hæmophilia A is unaffected by
these considerations.

Finally, these simulations were carried out under an assumption of locality:
the supply of unactivated (zymogen) blood factors was treated as limited. This
choice was made to conform to the model of [2] as well as to the in vitro results
of [16]. In reality, however, zymogens are replenished by circulating blood,
and activated proteins are similarly removed. On the other hand, the limited
amount of lipids also restricts the amount of each zymogen which can ever
take part in the reaction, since nearly all of the clotting reactions take place
on a phospholipid surface. Congruently, simulations (not shown) indicate that
even if the zymogens are modeled as inexhaustible, the thrombin curve remains
qualitatively the same. We proceeded then with the locality assumption, in
order to obviate the complexities of an added circulation model.

8 Future Work

The significance of both the controllers presented in this paper for clinical appli-
cation would be greatly improved by various improvements to the model. First,
as lately noted, the rate constants for heparin interactions with the clotting
process are not known; if a precise controller is to be constructed along the lines
proposed here, these must be determined. Second, a circulation model would
dispense with the somewhat dubious locality assumption, as well as possibly
afford more powerful control, since inflow and outflow can increase the strict
relative degree of the system (and hence the number of linearized variables
which can be controlled).

Feedback linearization has been shown to be effective in exactly tracking
thrombin trajectories in patients with both Factor-V Leiden and hæmophilia
A, but only given the estimated rate constants of §5 and no constraints on
the input. Adding constraints greatly degrades tracking. Now, an approach
to address exactly this issue is (linear) model-predictive control: A model of
the plant is used to “look ahead,” each time step, a certain number (N) of
time steps into the future evolution of (the linearized part of) the system, from
which the optimal input given the constraints is computed for all N steps (this
amounts to solving a quadratic programming problem). The look-ahead allows
the controller to adjust present inputs in light of future constraints. We are
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currently implementing such a controller.
Finally, it must be demonstrated how the decomposition of the hybrid-

system model of the entire clotting process (discussed in the introduction) can
be used, in conjunction with these control techniques, to control clot formation.
An approach based on reachability proofs on Petri nets will be demonstrated in
a subsequent paper.
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Reaction kon (nM−1 s−1) koff (s−1) kcat (s−1)
II + LBS 
 IIL 0.0043 1 -
mIIa + LBS 
 mIIaL 0.05 0.475 -
V + LBS 
 VL 0.05 0.145 -
Va + LBS 
 VaL 0.057 0.17 -
VII + LBS 
 VIIL 0.05 0.66 -
VIIa + LBS 
 VIIaL 0.05 0.227 -
VIII + LBS 
 VIIIL 0.05 0.1 -
VIIIa + LBS 
 VIIIaL 0.05 0.335 -
IX + LBS 
 IXL 0.05 0.115 -
IXa + LBS 
 IXaL 0.05 0.115 -
X + LBS 
 XL 0.01 1.9 -
Xa + LBS 
 XaL 0.029 3.3 -
APC + LBS 
 APCL 0.05 3.5 -
PS + LBS 
 PSL 0.05 0.2 -
VIIIai + LBS 
 VIIIai,L 0.05 0.335 -
Vai + LBS 
 VIIIai,L 0.057 0.17 -
PC + LBS 
 PCL 0.05 11.5 -
TFL + VIIaL 
 TF:VIIaL 0.5 0.005 -
TFL + VIIL 
 TF:VIIL 0.005 0.005 -
TF:VIIaL + IXL 
 TF:VIIa:IXL → TF:VIIaL + IXaL 0.01 2.09 0.34
TF:VIIaL + XL 
 TF:VIIa:XL →

TF:VIIa:XaL → TF:VIIaL + XaL 0.1 32.5 1.5, 1
TF:VIIL + XaL 
 TF:VII:XaL → TF:VIIaL + XaL 0.05 44.8 15.2
IXaL + VIIIaL 
 IXa:VIIIaL 0.1 0.2 -
XaL + VaL 
 Xa:VaL 1 1 -
IXa:VIIIaL + XL 
 IXa:VIIIa:XL → IXa:VIIIaL + XaL 0.1 10.7 8.3
VL + XaL 
 V:XaL → VaL + XaL 0.1 1 0.043
VIIIL + XaL 
 VIII:XaL → VIIIaL + XaL 0.1 2.1 0.023
VL + IIa 
 V:IIaL → VaL + IIa 0.1 6.94 0.23
VIIIL + IIa 
 VIII:IIaL → VIIIaL + IIa 0.1 13.8 0.9
Xa:VaL + IIL 
 Xa:Va:IIL 0.1 100 -
Xa:VaL + mIIaL 
 Xa:Va:mIIaL 0.1 66 -
Xa:Va:IIL → Xa:Va:mIIaL → Xa:VaL + IIa 13 15 -
VIIL + XaL 
 VII:XaL → VIIaL + XaL 0.05 44.8 15.2
XI + IIa 
 XI:IIa → XIa + IIa 0.1 10 1.43
APC:PSL + VIIIaL 
 APC:PS:VIIIaL → APC:PSL + VIIIai,L 0.1 1.6 0.4
APC:PSL + VaL 
 APC:PS:VaL → APC:PSL + Vai,L 0.1 1.6 0.4
TFPI + Xa 
 TFPI:Xa 0.016 0.000333 -
TFPI:Xa + TF:VIIaL 
 TFPI:Xa:TF:VIIaL 0.01 0.0011 -
IXa + AT → IXa:AT 4.9 ×10−7 - -
Xa + AT → Xa:AT 2.3 ×10−6 - -
IIa + AT → IIa:AT 6.83 ×10−5 - -
VL + mIIaL 
 V:mIIaL → VaL + mIIaL 0.1 6.94 1.035
VIIIL + mIIaL 
 VIII:mIIaL → VIIIaL + mIIaL 0.1 13.8 0.9
IIa + TmL 
 IIa:TmL 1 0.5 -
IIa:TmL + PCL 
 IIa:Tm:PCL → IIa:TmL + APCL 0.1 6.4 3.6
mIIa + AT → mIIa:AT 6.83 ×10−6 - -
APCL + PSL 
 APC:PSL 0.1 0.5 -
XIa + IXL 
 XIa:IXL → XIa + IXaL 0.01 1.417 0.183

Table 1: The chemical reactions of the critical subsystem modeled in this study.
The equations and their rate constants were all drawn from [2].
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Reaction kon (nM−1 s−1) koff (s−1)
Hep + AT 
 Hep:AT 0.1 10
Hep + IIa 
 Hep:IIa 0.1 10
AT + IIa 
 AT:IIa 0.1 10
Hep:AT + IIa 
 Hep:AT:IIa 0.1 10
Hep:IIa + AT 
 Hep:AT:IIa 0.1 10
IIa:AT + AT 
 Hep:AT:IIa 0.1 10
IIa-AT + Hep 
 Hep:AT:IIa 0.1 10

Table 2: The chemical reactions of the heparin reactions. The equations were
drawn from [14] but the rate constants were estimated (see text).

Species Conc. (nM) Species Conc. (nM) Species Conc. (nM)
Tissue Factor 0.005 Factor VIII 0.7 TFPI 2.5
Factor II 1400 Factor IX 90 Antithrombin 3400
Factor V 20 Factor XI 30 Protein C 60
Factor VII 10 Factor X 170 Protein S 300
Factor VIIa 0.1 Thrombomodulin 1 LBS 3396

Table 3: Initial conditions
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