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A PROOFS OF THEOREMS IN SECTION 9

THEOREM 11. Let the construct Y’ be categorical with support
Y’, which has distance metric d(u,v) = 1(u # v). If a model has
disparity amplification under Definition 9, the model has disparity
amplification under Definition 13 as well.

Proor. We proceed by showing that p-dem (Y'|Z2=0,Y’|Z=1) <
dw(Y'|Z=0,Y"|Z=1).

Since the likelihood function ¢ in Definition 13 is always between
0 and 1, we have |£(u) — £(v)| < 1 = d(u,v) when u # v, so £ is
1-Lipschitz continuous. Therefore p < 1, and it suffices to show
that dem (Y'|Z2=0,Y’|Z=1) < d,(Y'|Z=0,Y’|Z=1).

By [1, Theorem 4], we get

dem(Y'|2=0,Y'|Z=1) < ( max_d(u, 0)) dw (Y'|Z=0, Y'|Z=1)
u,0elY’

=dw(Y'|Z=0,Y’|Z=1),
so we are done. ]

THEOREM 12. A model that passes the demographic parity test
does not have disparity amplification under Definition 13.

Proor. Under Definition 13, a model has disparity amplifica-
tion when, for £(y’) = Pr[Y=1 | Y’=y’] and p; being smallest
nonnegative p such that ¢ is p-Lipschitz continuous,

diy (Y12=0,Y1Z=1) > p; - dem (Y'|Z=0,Y’|Z=1).

The left-hand side of this inequality is diy (Y|Z=0,Y|Z=1) = 0 when
demographic parity holds. The right-hand side of this inequality
is nonnegative since p;" and dem (Y’|Z=0, Y| Z=1) are nonnegative.
Thus, demographic parity ensures that the inequality cannot hold
and the lack of disparity amplification under Definition 13. O

THEOREM 13. Ifthe WYSIWYG worldview holds, then a model that
passes the equalized odds test does not have disparity amplification
under Definition 13.
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Proor. We present the proof for the case where Y’ is continuous,
but the proof for the discrete case is very similar. Let po and p; be the
probability density functions of Y’|Z=0 and Y’|Z=1, respectively.
By Kantorovich duality [2, Equation 5.4], we have

dem(Y,|Z=0, Y’|Z=1)

> ‘/y,tﬁ(v)pl(o) dv — ‘[y’¢(u)p0(u) du (1)

for all ¢ and ¢ such that ¢(v) — ¥(u) < d(u,0) for all u,0 € Y.
We set ¢(v) = ¥/(v) = £(v)/p;’, where £ and p;' are defined as in
Definition 13. Then, ¢(v) — /(1) = (£(v) — £(u))/p; < d(u,0) by
Lipschitz continuity. Thus, (1) applies and implies that

i - dem(Y'|Z=0,Y'|Z=1)
Z/y/ t’(v)pl(v)dv—/yl t(u) po(u)du. (2)

By the WYSIWYG worldview and equalized odds, we have ¢(y) =
Pr[Y=1| Y'=y] = Pr[¥=1 | Y'=y,Z=0] = Pr[Y=1 | Y'=y, Z=1].
Therefore, we can use the law of total probability to rewrite the first
term on the right-hand side of (2) as Pr[Y=1| Z=1], and similarly
the second term becomes Pr[Y=1 | Z=0].

If we let $(v) = ¥(v) = —£(v)/p; in (1) instead, we get p;" -
dem(Y’|Z=0,Y’|Z=1) > Pr[Y=1 | Z=0] — Pr[Y=1 | Z=1]. Finally,
combining this inequality with the previous one gives us

o - dem(Y'1Z=0,Y’|Z=1) > |Pr[Y=1| Z=0] - Pr[V=1| Z=1]

= di (Y|Z=0, Y|Z=1),

which is what we want. O
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