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Abstract— We introduce some game theoretic notions of fair-
ness and robustness in determining power allocations for the
multiple access channel. We describe a procedure, the wireless
fair-share protocol (WFS) which satisfies a strong fairness re-
quirement and in the case where devices have “elastic demands”
leads to games with unique and non-manipulable Nash equilibria.
When there are multiple channels, the Nash equilibrium are also
efficient in the allocation of power among the channels.

Index Terms— Multi-access channel, power allocation, fairness,
game theory.

I. I NTRODUCTION

It is well known that in the multiple access channel there is
a large feasible region. In this paper we consider the problem
of how to choose among these possible power allocations. Our
analysis is motivated by settings in which a large number of
heterogeneous wireless devices (implicitly) choose an alloca-
tion, perhaps even without a detailed protocol.

The first part of our analysis considers the fairness of an
allocation given a fixed set of data rate requirements. We dis-
cuss the idea of a “stand-alone” bound, which provides basic
service guarantees to a device independent of the requirements
for the other devices. This would allow the designer of a new
device to “budget” for worst case performance. We show that
both max-min and proportional fairness do not satisfy this
requirement but the wireless fair-share rule (WFS) does.

The second part of our analysis considers adaptive devices
which have “elastic demand”. For example, consider laptops
with wifi connections. Depending on the use – websurfing,
file transfer or online chat – laptops might have different
preferences, such as when deciding between low power, but
low data rate and higher power, with a higher data rate.
Similarly for devices in a sensor net. Given an allocation
rule, for fixed requirements, the devices would then choose
the data rate that maximizes their “utility” which would be
a function of both their data rate and power requirement.
However, this choice would depend on the choices of the other
devices, leading to a noncooperative game. Thus, we would
like to design an allocation rule such that this game has “nice”
properties.

One basic requirement is that the Nash equilibrium of this
game should exist and be unique. As we will see, neither
max-min nor proportional fairness satisfy this requirement;
however, WFS does. In fact games with WFS also have the
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desirable property that they are difficult to manipulate, either
by a single sophisticated device or group of devices.

Lastly we show that these results extend to the case with
multiple channels. In addition, in equilibrium, the power is
allocated fairly among these channels.

A. Related Work

This power allocation problem has recently been studied in
[1] using the tools of cooperative game theory and complemen-
tary approach to ours, since their model considers the complex-
ity of self-enforcing contracts among devices, while ours posits
much simpler interactions. While their model applies mainly to
settings with a stable set of (game theoretically) sophisticated
devices, ours applies more to settings where the set of devices
varies and the devices do not exert much computational effort
on strategic issues. In addition, our notions of fairness differ
significantly from theirs.

II. M ODEL AND FAIRNESS

Consider the standard multiple access channel withn de-
vicesi ∈ {1, . . . , n} = S. Given a set of transmission ratesri

we are interested in finding a set of power requirements,pi,
such that(r, p) is feasible.1

It is well known that an allocation is feasible if

|ri|S′ ≤ C(|p|S′) ∀S′ ⊆ S,

where C(x) = log(1 + x/N)/2 is the channel capacity for
a Gaussian channel [2],N is the noise level and for any
vector, x, |x|S′ =

∑
i∈S′ xi for any S′ ⊆ S, |x| = |x|S

and |x|−i = |x|S\i. (Note that we use natural logarithms for
analytic simplicity.) It is convenient to use the inverse of the
channel capacity functionc(y) = N(ey−1) in which case the
feasibility constraints can be rewritten as

|p|S′ ≥ c(|ri|S′) ∀S′ ⊆ S.

Note that the inverse channel capacity function is convex and
strictly increasing.

We define an allocation rule to be a mappingF : r → p
whereF(r)i is the power requirement for devicei when the
vector of requirements isr.

1See [2] for a formal definition of feasibility.
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A. Max-min and Proportional Fairness

Two well known allocation rules are max-min and propor-
tional fairness. The max-min allocation rule,Fmm, solves:

{max
p

min
i

pi | |p|S′ ≥ c(|ri|S′) ∀S′ ⊆ S},

while the proportional allocation ruleFpr solves:

{max
pi

min
i

pi/ri | |p|S′ ≥ c(|ri|S′) ∀S′ ⊆ S}.

In our setting, the proportional rule is simply given by

Fpr(r)i =
ric(|r|)
|r| ,

where all devices get the same value ofpi/ri.
Theorem 1:For anyr, Fpr(r) is feasible.

Proof: This follows from the convexity ofc(·). Feasibility
requires that for allS′ ⊆ S

|Fpr(r)|S′ ≥ c(|ri|S′).

From the formula forFpr(·) we see that

|Fpr(r)|S′ = |r|S′ c(|r|)|r| ≥ |r|S′ c(|r|S
′)

|r|S′ = c(|ri|S′)

where the inequality arises from fact thatc(·) is convex,
increasing andc(0) = 0.

For the max-min rule there are cases where devices get
different values ofpi and the formula is not as simple; however
in examples it is useful to note that when there are two devices
and r1, r2 > log(2) then both devices do get the samepi =
c(|r|)/2.

B. Protectiveness

First, we note that both max-min and proportional fairness
are problematic in this setting. Consider an example with 2
devices wherelog(2) < r1 << r2 under max-min fairness.
Thenpi = Fmm(r)i = c(r1 + r2)/2. Note thatpm

1 is strictly
increasing inr2 and becomes arbitrarily large for large values
of r2. This is also true for proportional fairness.

This seems unfair to device 1 which is paying a large
price for device 2’s greediness. This motivates the following
definition.

Definition 1: An allocation rule is protective with stand-
alone-functionf if for any r, i,Fi(r) ≤ f(ri, n). An allocation
rule is fair if there exists some stand-alone-function for which
it is fair.

From the example above we have the following:
Theorem 2:NeitherFmm nor Fpr are protective.
Of course, we are interested in fair allocation rules with

“small” stand alone functions. Clearly, by symmetry, the best
possible stand-alone-function is given byf(ri) = c(nri)/n.
We will now show an allocation rule which satisfies this best
possible stand alone function.

III. W IRELESSFAIR-SHARE (WFS)

It is interesting to note that the feasibility conditions for our
problem are structurally equivalent to those for a multi-class
m/m/1 queue; simply letc(x) = (µ − x)−1 and interpretpi

as the average number of classi jobs, ri as the rate of class
i jobs, whereµ is the capacity of the queue [3].

In [3], Shenker proposed the fair-share queuing formula for
such queues and we now show that one can apply the same
ideas in the wireless setting.

In the wireless setting, we can define the fair-share alloca-
tion as follows: given a vector of rates,r compute the vector
p as follows. Reorder the devices so thatr1 ≤ r2 ≤ · · · ≤
rn. Now the fair-share allocation computes the allocation as
follows. First compute

qi = [C(
i−1∑

j=1

rj +(n− i+1)ri)−
i−1∑

j=1

(n−j +1)qj ]/(n− i+1)

then set

pi =
i∑

j=1

qj .

We will denote this function asFfs(r).
For example,

p1 = Ffs
1 (r) = c(nr1)/n,

so the power requirement for the device requesting the lowest
data rate is independent of the actual requirements of the
devices with higher requirements and is precisely that equal
share if all devices had data rater1. This is actually the
defining principle of the serial mechanism, for examplep2 =
[c(r1 + (n− 1)r2)− p1]/(n− 1), which is independent of the
specific demands for devices with higher demands.2

Using the convexity ofc(·) one can show that this allocation
is feasible.

Theorem 3 (Shenker 1995):For anyr, Ffs(r) is feasible.
Proof: This is proven in [3].

In addition, WFS is protective.
Theorem 4 (Moulin and Shenker, 1992):WFS is protec-

tive with the best possible stand-alone-function,f(ri) =
C(nri)/n.

Proof: This is shown in [4].
This relation has the following interpretation: assume that

all devices have the same rate requirement,ri = rj , ∀i, j. Then
it is natural for each device to be allocated the same power
requirement,pi = pj , ∀i, j. This implies thatpi = C(nri)/n.
Thus, we see that WFS guarantees that no device ever requires
a higherpi than would be demanded if all devices had identical
demands. In fact, all devices, except the one with the smallest
ri, require strictly less power.

The following technical characterizations of WFS will be
important in our analysis:

Lemma 5 (Shenker 1995):Assume that the devices are or-
dered so thatr1 ≤ r2 ≤ · · · ≤ rn. Then for all i, Ffs(r)i

2One can use these ideas to extend the fair share mechanism to other
wireless settings, such as TDMA or FDMA in which cases the allocation
rules are naturally fair – an equal split of either time or bandwidth.
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is continuously differentiable inr, and∂F(r)i/∂ri is strictly
increasing inrj for j ≤ i and independent ofrj for j > i.

We will next show that WFS has other desirable properties
not shared by max-min or proportional fairness.

IV. ELASTIC DEMAND

In this section we extend our analysis to devices with
“elastic demand” [3], [5], that is, devices which can make
choices among rate-power pairs. For example, in a congested
area, a laptop using a wifi connection with a low battery
might prefer a lower rate connection to a high rate one
with excessive power requirements, while one with a fully
charged battery might prefer the other. As is standard in game
theory, we denote the objective function for each device by a
utility function. We assume that devicei has a concave and
continuously differentiable utility functionui(ri, pi) which is
increasing inri and decreasing inpi. Given a set of rate-power
pairs, we assume that a device would prefer the one with the
highest utility.

For example, a device could attempt to maximize the
information transferred subject to the remaining battery power
as discussed in [6], [7]. Another common utility function is
quasilinear in power,ui(ri, pi) = vi(ri)−pi, wherev(·) is an
increasing and concave function. However, we will not restrict
ourselves to any specific utility function in this paper.

Given an allocation mechanism,F , we get a set of depen-
dent payoff functions:

πi(r) = ui(ri,F(r))

which defines a noncooperative game in normal form [8]. A
focal outcome of a game is the Nash equilibrium,rN , which
is defined by the selfish optimality condition

rN
i = argmaxri

πi(ri, r
N
−i)

wherer−i denotes the vectorr with its i’th element removed,
so for example,
(r′i, r−i) = (r1, r2, . . . , ri−1, r

′
i, ri+1, . . . , rn). Note that de-

pending on the allocation function, the Nash equilibrium may
or may not exist. When it is convex, as forFpr and Ffs

existence is guaranteed since the game is convex; however,
when it is not convex, such asFmm there is no guarantee
that the equilibrium even exists.

A. Example

Consider a game with 2 devices and linear utilities,
ui(ri, pi) = αiri − pi. For simplicity setN = 1 and assume
that αi > 1. The first order conditions for a Nash equilibrium
are

αi =
∂Fi(r)

∂ri
.

WhenF = Fpr, andα1 = α2 = 10 the Nash equilibrium
is r = (1.35, 1.35), with π1 = π2 = 6.56; however if
α1 = 20 while α2 = 10 the Nash equilibrium becomes
r = (2.55, 0.59), with π1 = 7.55 and π2 = 1.75 and note
that device 2 has a significantly lower payoff due to device
1’s “greed”.

Now consider the same game whenF = Ffs. Since in both
casesr1 ≥ r2 in equilibrium, we can computer2 by noting
that Ffs

2 (r) = c(2r2)/2, so in both casesr2 = 1.15. Thus,
in the first case the Nash equilibrium isr = (1.15, 1.15),
with π1 = π2 = 7.01, while in the second case the Nash
equilibrium becomesr = (1.84, 1.15), with π1 = 7.01 and
π2 = 22.40.

There are two interesting things to note. First, when the
devices have the same utility functions, WFS leads to higher
utility in equilibrium than proportional fairness. We will not
pursue this issue, since it is well discussed in [3]; however,
we recall that in equilibrium WFS maximizes utility when the
devices are identical, but both max-min and proportional fair-
ness (and most other allocation functions) are inefficient in this
case. Second, under proportional fairness the less demanding
device suffers due to the more demanding device’s “greed”,
while under WFS the less demanding device is protected and
it’s outcome is not affected by the more demanding device.

Lastly, note that for linear utility functions the Nash equilib-
ria of Fmm are uninteresting – the device with the highestαi

is the only device with positive demand at equilibrium. This
is not true for more general utility functions.

B. Uniqueness of Nash Equilibria

As discussed above, all the allocations considered lead to
games with Nash equilibria. However, problems could arise if
there are multiple Nash equilibria. In such a case there is no
natural outcome for the game.

Moulin and Shenker [4] provides a simple method for
checking whether equilibria a unique. Given an allocation
function and a demandr, define a di-graph on the set of
devices by the following rule: there is a directed link from
i to j if ∂iFj(r) 6= 0 and no link otherwise. (There are no
links from a device to itself.) Call this graphG(F , p).

Theorem 6 (Moulin and Shenker, 1992):Given an alloca-
tion functionF and a pointr, if G(F , p) has a directed cycle
then there exists a set of utility functions such that the game
defined byπi(r) = ui(ri,F(r)) has at least 2 Nash equilibria.

This implies that both the max-min and proportional allo-
cations lead to games with multiple equilibria.

Theorem 7:
1)ForFpr and anyr > 0 there exists a set of utility functions
such that the game defined byπi(r) = ui(ri,Fpr(r)) has
multiple Nash equilibria.
2)For Fmm, and any r > log(2) there exists a set of
utility functions such that the game defined byπi(r) =
ui(ri,Fmm(r)) has multiple Nash equilibria.

However, WFS always has a unique solution.
Theorem 8:For the WFS allocation rule,Ffs, for any

set of utility functions,ui, the game defined byπi(r) =
ui(ri,Ffs(r)) has a unique Nash equilibrium.

Proof: This is proven in a more general setting in [4].
We will review the key ideas in the proof as they provide

a recursive procedure for finding the Nash equilibrium. First,
for devicei define the unanimity demand to be the value ofri

which maximizes its payoff,ru
i = argmaxui(ri,Ffs(ri1)),

where1 = (1, 1, 1 . . . , 1). Let i = argminjrj . Then, as shown
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in [4] devicei playsru
i in the Nash equilibrium. Next, freeze

devicei’s strategy and repeat the procedure for the remaining
players. This process yields the Nash equilibrium and can be
used to show that it is unique.

C. Manipulability of Nash Equilibria

Even when a game has a unique Nash equilibrium we
still need to worry about the ability of sophisticated players
manipulating the outcome.

D. Example

Consider our previous example withN = 1, 2 devices and
linear utilities,ui(ri, pi) = αiri − pi.

Recall that whenF = Fpr, andα1 = α2 = 10 the Nash
equilibrium is r = (1.35, 1.35), with π1 = π2 = 6.56, while
whenF = Ffs the Nash equilibrium isr = (1.15, 1.15), with
π1 = π2 = 7.01.

First we note that under proportional fairness there is a very
simple form of manipulation, both devices colluding to play
the WFS equilibriumr = (1.15, 1.15), which would lead
to the WFS payoffsπ1 = π2 = 7.01 (under proportional
fairness). Thus, if they could coordinate, the devices would
have a strong incentive not to play the Nash equilibrium;
however, under WFS they would have no such incentive.

Similarly, a single device could try to manipulate the
outcome. For example if device 1 knew that device 2 was
optimizing with respect to its strategy,r1, then it could
manipulate the outcome as follows: givenr1, player 2 will
chooser2 to maximizeu2(r1, r2). The optimal solution will
satisfy the first order conditions:

α2 =
∂[r2(er1+r2 − 1)/(r1 + r2)]

∂r2
.

Call the solutionST2(r1). Then device 1 could maximize

u1(r1,Fpr
1 (r1, ST2(r1)).

This leads to the ”Stackelberg” equilibrium with device 1
being the leader,r = (2.17, 0.82) andπ = (8.02, 3.02). Note
that this manipulation is even better for device 1 than the
collusive outcome above, but much worse for device 2.

Lastly, we note that even without explicit manipulations,
implicit Stackelberg manipulations can occur due to the timing
of updates. See [9] for more details and [10] for simulation
results.

E. Results

Formally, letST i(ri) be the Nash equilibrium of the game
where devicei’s strategy is fixed atri. Thus,∀i 6= j

ST i
j (ri) = argmaxrj

πi(rj , ri, ST i(ri)−j).

Then a Stackelberg equilibrium of a game with leaderi is
given byr satisfyingr−i = ST i(ri) and

ri = argmaxri
πi(ri, ST i(ri)).

We say that a game is not “individually manipulable” if
every Stackelberg equilibrium is also a Nash equilibrium.

Theorem 9:
1)ForFpr and anyr > 0 and any set of strictly concave utility
functions which are strictly decreasing inpi, the induced game
is manipulable by any device.
2)ForFmm, and anyr > log(2) and any set of strictly concave
utility functions which are strictly decreasing inpi, the induced
game is manipulable by any device.

Proof: This follows from [4].
Note that the above theorem applies to any utility function

that is strictly decreasing inpi. However, WFS is not individ-
ually manipulable for any set of utility functions.

Theorem 10:For the WFS allocation rule,Ffs, for any set
of utility functions, ui, the Nash equilibrium of the induced
game is never manipulable by any device.

Proof: This is proven in [4]
Analogously to the previous result, one can show that WFS

cannot be manipulated by groups of devices, while max-min
and proportional fairness can. (Technically, the equilibrium
under WFS is “strong”. See [4] for details.)

Lastly, we note that WFS is dynamically stable and a wide
variety of distributed optimization mechanisms converge to the
Nash equilibrium [9].

V. M ULTI -CHANNEL SYSTEMS

We next consider the case when there are multiple commu-
nication channels. For example, some subgroup of the devices
have access to a special channel while all devices have access
to a shared channel, such as might occur on the unlicensed
bands when some devices also have access to a licensed band,
such as a cell phone which also runs 802.11.

Number the channels1, 2, . . . , n and letS(k) be the set of
devices that have access to channelk. For each devicei let
rk
i be the rate at which it is transmitting on channelk and

pk
i be the power it is using on channelk. By assumption, if

i 6∈ S(k) thenrk
i = 0 andpk

i = 0.
Since data rates and power are additive the utility for a

device is given by

ui(ri, pi) = ui(
∑

k

rk
i ,

∑

k

pk
i )

whereui(·, ·) is as in the single channel case. Assuming that
all channels use the same allocation rulepk = F(rk) so

πi(ri) = ui(
∑

k

rk
i ,

∑

k

Fi(rk))

which defines the “multichannel game”.
We will now show that all of our single channel results

for WFS hold in the multichannel case. (Clearly the negative
results for max-min and proportional fairness also hold, since
the single channel game is a special case of the multi-channel
game.)

First we note that a Nash equilibrium of the multi-channel
game preserves ordering:

Lemma 11:Let r be a Nash equilibrium of the WFS
multichannel game. Then if for somei, j, k rk

i ≤ rk
j then

for all k′ rk′
i ≤ rk′

j



5

Proof: Note that the first order conditions for a Nash
equilibrium can be written as

∂rk
i
Fi(rk) = −∂rui(

∑
k rk

i ,
∑

k Fi(rk))
∂pui(

∑
k rk

i ,
∑

k Fi(rk))

for all i, k such thatk ∈ S(i) and rk
i > 0. (Note that∂r, ∂p

denote the partial derivatives ofu(·, ·) with respect to its first
and second arguments, respectively.) Thus, in equilibrium for
any pair of nonzero ratesrk

i , rm
i the “marginal costs” must

be the same. Now, suppose that there is an equilibrium with
rk
i < rk

j and rm
i > rm

j . This would violate Lemma 5 since
∂rk

i
Fi(rk) preserves the orderings.

Using this lemma, one can prove the following theorem
using a slight modification of the analysis in [4].

Theorem 12:The WFS multi-channel game has a unique
Nash equilibrium.

In addition, that same proof also shows the following.
Theorem 13:The WFS multi-channel game is never ma-

nipulable by any device.
As before it is also true that the multi-channel is not

manipulable by groups of devices and has robust convergence
properties.

VI. WATER FILLING

A. Example: 2 channels

Consider an example with 2 channelsN1 = 1, N2 = 2,
2 devices and linear utilities,Ui(r1

i + r2
i , p1

i + p2
i ) = αi(r1

i +
r2
i ) − (p1

i + p2
i ) whereα1 = 5, α2 = 4. Note that the utility

functions are separable as

Ui(r1
i + r2

i , p1
i + p2

i ) = [αir
1
i − pi] + [αir

2
i − p2

i ]

so the optimization over each channel can be solved separately.
For the case ofFpr, we getr1 = (1.18, 0.64) and r2 =

(0.76, 0.26). From these we see thatp1 = 5.16 andp2 = 3.53.
However, for the case of WFS we getr1 = (0.92, 0.69) and

r2 = (0.57, 0.35) with p1 = 3.00 andp2 = 2.00. Note that

p1 + N1 = p2 + N2,

which is precisely the “water filling” condition for the efficient
allocation of power between the two channels. As we will see,
Nash equilibria of WFS allocate efficiently between channels,
while max-min and proportional fairness do not. (As can be
seen for proportional fairness in this example and can be
checked for max-min fairness.)

B. General Theory

In this section we will assume that all devices have access
to all channels,i.e.,S(k) = S for all channelsk. If this were
not true then allocative efficiency might not occur, such as
in the case when each device has its own channel. However,
when this is true, then the Nash equilibria of WFS are always
allocatively efficient.

Theorem 14:In the multi-channel model withS(k) = S
for all k, the Nash equilibrium will always be “allocatively
efficient” in the sense that allocation of power between differ-
ent channels is efficient.

Proof: From Lemma 11 we know that there is a “largest”
device,j, such thatrk

j ≥ rk
i for all devicesi and channelsk.

Thus, this device is faces a cost functionFfs
j (rk) = c(|rk|)−

dk(rk
−j) wheredk(·) is a function that does not depend onrj .

Thus devicej’s strategy solves:

max
rj

uj(
∑

k

rk
j ,

∑

k

[c(|rk|)− dk(rk
−j)]).

This is equivalent to

max
λ

{
max

rj

uj(λ,
∑

k

[c(|rk|)− dk(rk
−j)])|

∑

k

rk
j = λ

}
.

Sinceuj(·, ·) is decreasing in its second argument, the inner
optimization is equivalent to

min
rj

∑

k

[c(|rk|)− dk(rk
−j)]|

∑

k

rk
j = λ,

but since the second term in the sum does not depend onrj ,
this is equivalent to

min
rj

∑

k

c(|rk|)|
∑

k

rk
j = λ,

and thus devicej’s Nash equilibrium strategy also leads to an
allocatively efficient outcome.

VII. C ONCLUDING COMMENTS

We have described one attractive solution to the problem of
choosing a particular feasible allocation. Our solution, WFS,
provides performance guarantees, leads to games with unique
Nash equilibria and allocates power efficiently among chan-
nels. One important open question concerns the complexity of
its implementation. One possible avenue is to take advantage
of the polymatroidal structure of the problem via a multiple
timescale approach as proposes in [11].

Nonetheless, we believe that it is important to understands
the (either explicit or implicit) choices in power allocation
among devices and think that this issue deserves further study.

ACKNOWLEDGMENTS

I would like to thank Sergio Servetto, Yun Shi, Roy Yates,
Chris Rose and Narayan Mandayam for helpful comments.
Work supported in part by National Science Foundation Grant
No. ANI–9730162.

REFERENCES

[1] R. La and V. Anantharam, “A game-theoretic look at the gaussian
multiaccess channel,” 2002, to appear in the proceedings of the March
2003 DIMACS workshop on Network Information Theory.

[2] T. M. Cover and J. A. Thomas,Elements of Information Theory. New
York: Wiley, 1991.

[3] S. Shenker, “Making greed work in networks: A game-theoretic analysis
of switch service disciplines,”IEEE/ACM Transactions on Networking,
vol. 3, pp. 819–831, 1995.

[4] H. Moulin and S. Shenker, “Serial cost sharing,”Econometrica, vol. 60,
pp. 1009–1037, 1992.

[5] R. Gibbens and F. Kelly, “Resource pricing and the evolution of
congestion control,”Automatica, vol. 35, 1999.

[6] D. Goodman and N. Mandayam, “Power control for wireless data,”IEEE
Personal Communications, vol. 7, no. 2, pp. 48–54, 2000.



6

[7] C. Saraydar, N. Mandayam, and D. Goodman, “Efficient power control
via pricing in wireless data networks,”IEEE Trans. on Communications,
vol. 50, no. 2, pp. 291–303, 2002.

[8] D. Fudenberg and J. Tirole,Game Theory. Cambridge, Massachusetts:
MIT Press, 1991.

[9] E. J. Friedman and S. Shenker, “Learning and implementation in the In-
ternet,” 2002, mimeo, available from (www.orie.cornell.edu/∼friedman).

[10] A. Greenwald, E. Friedman, and S. Shenker, “Learning in network
contexts: Experimental results from simulations,”Games and Economic
Behavior, vol. 35, no. 1, pp. 80–123, 1999.

[11] D. Tse and S. Hanly, “Multi-access fading channels: Part i: Polymatroid
structure, optimal resource allocation and throughput capacities,”IEEE
Transactions on Information Theory, vol. 44, no. 7, pp. 2796–2815,
1998.


